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Balancedness

language L over a finite alphabet A is
» C-balanced w.r.t. v € A*:
lwl, — W], < C  forall w,w € L with |w| = |w/|
(|w|, denotes the number of occurrences of v in w, |w| the length of w)
» balanced w.r.t.v € A*: C-balanced w.r.t. v € A* for some C > 0
» (C-)balanced for length n: (C-)balanced for all v € A"
» letter-(C-)balanced: (C-)balanced for length 1
» factor-(C-)balanced: (C-)balanced for all lengths n > 1
factor-balanced <= balanced w.r.t. all v € A*
<~ factor-C-balanced for some C > 1



Examples of (factor-)balanced languages

Morse—Hedlund '40:
language of a Sturmian word is letter-1-balanced

Fagnot—Vuillon '02:

language of a Sturmian word is factor-balanced, more precisely
|v|-balanced w.r.t. all v, factor-C-balanced for some C > 1 if
(and only if) the slope has bounded partial quotients

language of the Thue-Morse word is letter-2-balanced
(if |w| =2n+1, then (|w|o, |w|1) € {(n, n+1), (n+1, n)};
if |[w| = 2n, then (|w|o, |wl|1) € {(n, n), (n—1, n+1),(n+1,n—1)})

Berthé—Cecchi Bernales '19:
language of the Thue-Morse word is NOT balanced for length 2

Berthé—Cecchi Bernales—Durand—Leroy—Perrin—Petite '21:

For S-adic languages defined by sequences of (left or right) proper
unimodular morphisms, factor-balancedness is equivalent to
letter-balancedness.



Frequency vector, factorial languages

Proposition 1 (cf. Berthé-Tijdeman '02, Adamczewski '03)

If there is a (frequency) vector (f3)aca such that ||w|, — falw|| < C
for alla€ A, w € L, then L is letter-(2C)-balanced.

If L is an infinite letter-C-balanced factorial language, then there
exists (f3)aca such that ||w|, — falw|| < C forallac A, w € L.

(L is factorial if F(L) = L, where F(L) denotes the set of factors
of words in £)



n-coding

the n-coding of a word ajay---ay € AN is the word over the
alphabet A" defined by

(3132 e aN)(n) — (al e an)(az N an+1) e (aN_n+1 “e aN) € (,4”)N_”""]'7
(arap- - aN)(") is the empty word if n > N

lw|, = [w(?|, if v € A"

L balanced for length n < {w(" : w € L} letter-balanced (alphabet A")



Morphisms preserve letter-balancedness
o morphism (or substitution): o(vw) = o(v)o(w)
Proposition 2
If L C A* is a letter-balanced factorial language and
o : A* — B* a morphism, then F(c(L)) is letter-balanced.

Proof: If L is letter-C-balanced, then for w,w’ € F(o(L)), |w| = |W/|,
w=xo(y)z, w=xo(y)Z,
with y,y' € L, |y| = |y'|, |x z|, |x'Z'| < (24+C#A) max,ca |o(a)|, and
lo()lb = 1o () < D [Ivla = 1¥'a] [o(a)]s < CHA max|o(a)].
acA
Proposition 3

If L C A* is a factorial language, o : A* — B* a morphism with
invertible incidence matrix My and F(o (L)) is letter-balanced,
then L is letter-balanced.

(incidence matrix My = (|o(b)|a)aca beB)

Proof: Use Proposition 1.



Non-erasing morphisms preserve balancedness for length n,
proper morphisms increase length for balancedness

Proposition 4
If L C A* is a factorial language that is balanced for length n,
o : A* — B* a morphism, u € B* a (possibly empty) word that is
a prefix of o(a)u for all a € A (or a suffix of us(a) for all a € A),
then F(o(L)) is balanced for length min,,can-1n. |o(w)|+]u|+1.
In particular,

» F(o(L)) is balanced for length n if o is non-erasing,

» F(o(L)) is balanced for length n+1 if o is left or right proper.

(o is left (resp. right) proper if o(a) starts (resp. ends) with the
same letter for all a € A)



Proof: case n =1, o(a) starts with u € B for all a € A:

morphism & : A* — (B?)*, w — (o(w)u)®

6’(W1) 6(W2) 6’(W3)
[ N O T T O T O O 0 I I
| o(w) | om) | o(ws) |

If £ is letter-balanced, then F(5(L)) is letter-balanced,
thus F(o (L)) is balanced for length 2.

In general, for m < min, c -1~ |o(w)|+|u|+1, we can define a
morphism & : (A" N L£)* — (B™)* mapping n-codings of L to

m-codings of F(c(L)) by

G(araz- - an) = (o(ar)pref,_1(o(az- - an)u)) ™.

Then (O‘(W)U)(m) = 6(W(")) (o(suff,,,l(w))u)(m) for all w € L.
Since £ is balanced for length n, the set £(") of n-codings of
words in £ is letter-balanced, F(6(£(")) is letter-balanced,

thus F(o (L)) is balanced for length m.



Morphisms preserve factor-balancedness

Theorem 1
If L C A* is a factor-balanced factorial language and o : A* — B*
a morphism, then F(o(L)) is factor-balanced.

For non-erasing morphisms, this is a corollary of Proposition 4.
For morphisms with erasing letters, use Propositions 1 and 4.



S-adic languages
sequence of morphisms o = (0k)k>0, ok : Af 1 — AL,

Olk,n) =0k ©0k4+10""-00p-1
language of o
Lo ={w e Aj : we F(opgn(An)) for infinitely many n}
language of o at level k:

L’S,k) = {W €A we f(a[k,n)(A,,)) for infinitely many n}
= ]:(U[k,n)(ﬁfr"))) for all n > k

(0k)k>0 is left (resp. right) proper if Yk > 0 3n > k such that
Olk,n) is left (resp. right) proper

(0k)k>0 is everywhere growing if limy_,o minaca, |00 4)(a)] = o0



Factor-balanced S-adic and substitutive languages

Theorem 2
» If o is a left or right proper sequence of morphisms
and Eg,k ) is letter-balanced for infinitely many k,
then L4 is factor-balanced.

» If o = (0k)k>0 Is left or right proper, Ly is letter-balanced
and the incidence matrices M, are invertible,
then L is factor-balanced.

» If o is everywhere growing and ££,k ) is balanced for length 2
for infinitely many k, then L, is factor-balanced.

> Ifo: A* — A* is a morphism such that o is left or right
proper for some k > 1 and L, is letter-balanced,
then L, is factor-balanced.

» Ifo: A* — A* is an everywhere growing morphism and

L, is balanced for length 2, then L is factor-balanced.
(cf. Queftélec '87, Adamczewski '03, '04)

(for o : A* = A*, L, ={w € A" : w € F(c"(A)) for infinitely many n})



Thue—Morse-Sturmian languages

L:0+—0, M : 0+~ 01, R:0+— 01,
1+— 10, 1+— 10, 1—1,
L is the language of the Thue—Morse word,
for o € {L, R} not ending with L> or R>, L, is Sturmian
Proposition 5
For all o € {L, M,R}*°, L is letter-2-balanced.

Theorem 3
For o = (0k)k>0 € {L,M,R}>°, L is factor-balanced
if and only if o) # M for infinitely many k.

F(o o L(Lp)) is balanced for length |o(0)|+1 for any morphism o
but F(o o L(Lp)) is not balanced w.r.t. ¢(01010) for o € {L, M, R}*.



Theorem 3
For o = (0k)k>0 € {L, M,R}*>°, L4 is factor-balanced
if and only if o # M for infinitely many k.
Proof: If o € {L, R} for infinitely many k, then o is right proper,
hence L, is factor-balanced by Proposition 5 and Theorem 2.
Otherwise, Lo = F(0(Lpm)) for some o € {L, M, R}*.
By Berthé—Cecchi Bernales '19, Ly is not balanced w.r.t. 11
(because its frequency is ¢ and 62" = |M"(1)| for all n).
Also, up, u!, defined by
up =00, M?*(uzn-1) =020, M?(u2n) =1uzp1 1,
Ui = 017 Mz(uén—l) = uén 017 M2(uén) = uén—i—l 107
are in Ly, for all n, and
|uanloo—|thpl00 = [Uanlo1—|t2nlor = |Uh,|10—|U2nl10 = |t2n|11—]th,|11 = .
Forall o € {L, M, R}*, w € Ly, we have |o(w)|s011) = [w|o11, thus
|0 (t20)|0(011) = |0 (U2n)|o(011) = |tU2nl011 =[5, 011 = U2n]11—1—|u3, |11 = n—1.

Therefore, o is not factor-balanced if o ends with M*°.



Letter-balancedness of (primitive) S-adic languages

Necessary conditions:

An
() Moy REY =Ry (£)aca,
n>0

{|o[0’,,)(b)|a — falop,n)(b)| : a€ Ay, b€ Ayyn > O} bounded

not always sufficient: see Cassaigne—Ferenczi-Zamboni '00,
Cassaigne—Ferenczi-Messaoudi '08 and Berthé—Cassaigne—Steiner '13
for Arnoux—Rauzy words, Delecroix—-Hejda—Steiner '13 for Brun words,
Andrieu '18 for Cassaigne words



