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Construction of Sturmian words

0 ≤ σ, ρ < 1

σis irrational

x

y

1

1

y = σx + ρ
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Question

Question

What is the total number of Sturmian factors of length n?

Answer:

Lipatov, 1982

Mignosi, 1991

Berstel and Pocchiola, 1993

https://arxiv.org/abs/1901.01952
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Mechanical de�nition

De�nition

An in�nite word w = w [0]w [1] · · · over {0, 1} is Sturmian if and only if for

all n ≥ 0 we have

w [n] = b(n + 1)σ + ρc − bnσ + ρc

or w [n] = d(n + 1)σ + ρe − dnσ + ρe

for some σ, ρ ∈ [0, 1); σ is irrational.

x

y

y = σx + ρ
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Main idea of the proof

σ × ρ ∈ [0, 1]× [0, 1], it is a unit square;

Ignore irrationality of σ and the d·e case (density);

Partition the square into areas corresponding to factors.

σ

ρ

1

1 •

•

•

•
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Arrangement of order 1

w[0] = bσ + ρc − bρc = 1 if and only if σ + ρ > 1.
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Arrangement of order 2

w[1] = b2σ + ρc − bσ + ρc = 1 if and only if{
0 < σ + ρ < 1, 1 < 2σ + ρ < 2, or

1 < σ + ρ < 2, 2 < 2σ + ρ < 3.
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• •

•

00 01

10 11
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Arrangement of a high order

Lines in the square: kσ + ρ = l , where 0 < l ≤ k ≤ n.

σ

ρ

1

1 •

•

•

• •

•• •

• •

•

• •

• •

•

•

• • • •

• • • •

•

•

•

•

Anna FRID Sturmian words II Aix-Marseille Universit�e, September 2020 10 / 20



Duality

lines ←→ points, points ←→ lines

faces ←→ Sturmian words

x

y

1

1

y = σx + ρ

•
• •
•
•
•
•

•
•
•
•

•
•
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•
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1

1

•(σ, ρ)
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Euler's formula for planar graphs

•

•

•

• •

•• •

• •

•

• •

• •

•

•

• • • •

• • • •

•

•

•

•

v − e + f = 1

2e =
∑
t∈V

deg(t)

ps(n) = f = 1 + e − v = 1 +
∑
t∈V

(
deg(t)

2
− 1

)
.
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Four groups of vertices
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ρ
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C

Hb

Ht

I

ps(n) = 1 +
∑
t∈C

(
deg(t)

2
− 1

)
+

∑
t∈Ht∪Hb

(
deg(t)

2
− 1

)
+
∑
t∈I

(
deg(t)

2
− 1

)

= 1 + n + 2
∑
t∈Hb

(
deg(t)

2
− 1

)
+
∑
t∈I

(
deg(t)

2
− 1

)
.
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Formula with the number of lines

ps(n) = 1 + n + 2
∑
t∈Hb

(
deg(t)

2
− 1

)
+
∑
t∈I

(
deg(t)

2
− 1

)
= 1 + n +

∑
t∈Hb∪I

(c(t)− 1) ,

where c(t) is the number of diagonal or horisontal lines of the arrangement

intersecting in t.

But where do lines intersect?
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Intersections

Suppose that 0 ≤ k ′ < k ≤ n.{
kσ + ρ = l

k ′σ + ρ = l ′

The point of intersection is

t =

(
l − l ′

k − k ′
, l − k

l − l ′

k − k ′

)
All intersection points are of the form(

L

K
,
M

K

)
,

where 1 < K ≤ n, 1 ≤ L < K , 0 ≤ M < K .

Anna FRID Sturmian words II Aix-Marseille Universit�e, September 2020 15 / 20



Intersections

Suppose that 0 ≤ k ′ < k ≤ n.{
kσ + ρ = l

k ′σ + ρ = l ′

The point of intersection is

t =

(
l − l ′

k − k ′
, l − k

l − l ′

k − k ′

)

All intersection points are of the form(
L

K
,
M

K

)
,

where 1 < K ≤ n, 1 ≤ L < K , 0 ≤ M < K .

Anna FRID Sturmian words II Aix-Marseille Universit�e, September 2020 15 / 20



Intersections

Suppose that 0 ≤ k ′ < k ≤ n.{
kσ + ρ = l

k ′σ + ρ = l ′

The point of intersection is

t =

(
l − l ′

k − k ′
, l − k

l − l ′

k − k ′

)
All intersection points are of the form(

L

K
,
M

K

)
,

where 1 < K ≤ n, 1 ≤ L < K , 0 ≤ M < K .

Anna FRID Sturmian words II Aix-Marseille Universit�e, September 2020 15 / 20



How many lines at one point?

As many as integer points on the dual line.
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How many lines at points with the same abscissa?

For
L

K
: n + 1 lines at K points

x

y

1

1

•
• •
•
•
•
•

•
•
•
•

•
•
•
•
•

•

•

•

So, we can sum over abscissas L/K , where 2 ≤ K ≤ n, 0 ≤ L < K ; that is,

over the Farey series.
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The �nal formula

We sum over the abscissas
L

K
; the contribution of each of them to the sum

is n + 1− K .

ps(n) = 1 + n +
∑

t∈Hb∪I
(c(t)− 1)

= 1 + n +
n∑

K=2

ϕ(K )(n + 1− K )

= 1 +
n∑

K=1

ϕ(K )(n + 1− K ),

where ϕ(K ) is the Euler's totient function =

# (positive integers ≤ K relatively prime to K )
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Asymptotics

ps(n) = 1 +
n∑

K=1

ϕ(K )(n + 1− K ) =
n3

π2
+ O(n2 log n).
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Conclusions

We have seen the name of Euler twice in the same proof. So, it is

good mathematics.

Always publish important results in English. Make them accessible for

everyone.
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