Generalized Fibonacci coding problem using MERW and ANS

for general constraints, multidimensional case :-ﬁ:._ =" _-: - -.$_ s
My original 2006 MSc problem: _. _ e .

how to ~optimally store information in % . J. . ﬁ"-a

2D lattice {0,1}2° with no adjacent (©13) ‘1’s ? :':
hard square/2D Fibonacci (Markov field) :' "_:' ::_ 5 :." -
I mn 'l o .f " :. .:l :'
Maximal entropy random walk (MERW) .%_? -" " " _.s.:
chosen according to maximal entropy principle l n
to find optimal transition probabilities ek ' '-'-_- ::' '." '. :'.
7 "
now ~200 citations of our 2009 PRL paper .'E. a. - ot
a |
Asymmetric numeral systems (ANS) 'E:;E.: ':-:- :::' . .
optimized for any prob. distribution of digits e.g. to improve capacity of hard dlsk.
to encode using these found probabilities
now widely used in data compressors (links) | = ) [ A
replacing Huffman and arithmetic coding Daha 7 \%/{/ >
by e.g. Apple, Facebook, Google, Linux, JPEG XL | | Y| ¥

Jarek Duda, 21.06.2021 1 bit/node — 2 - 0.58789 =~ 1.176



https://arxiv.org/abs/0710.3861
https://mathworld.wolfram.com/HardSquareEntropyConstant.html
https://en.wikipedia.org/wiki/Markov_random_field
https://en.wikipedia.org/wiki/Maximal_entropy_random_walk
https://en.wikipedia.org/wiki/Principle_of_maximum_entropy
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.102.160602
https://en.wikipedia.org/wiki/Asymmetric_numeral_systems
https://encode.su/threads/2078-List-of-Asymmetric-Numeral-Systems-implementations
http://th.if.uj.edu.pl/~dudaj/
https://mathworld.wolfram.com/HardSquareEntropyConstant.html

We need n bits of information to choose one of 2" possibilities.
For length n 0/1 sequences with pn of “1”, how many bits we need to choose one?

— n
1h(19) (pn) /271 ﬂ:n —> 0
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0 ! ) | NN :
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(pn‘;l) ~ 2nh(p) for h(p) == —plg(p) — (1 —p)lg(1l —p)

A sequence of symbols with (p;)s=¢ m—1 Probability distribution
contains asymptotically H = ) . p. lg(1/p,) bits/symbol (H < 1g(m))

Seen as weighted average:
symbol/event of probability p contains 1g(1/p) bits of information

(Jaynes) principle of maximum entropy: while limited knowledge,
the best assumption is probability distribution which maximizes entropy.



https://en.wikipedia.org/wiki/Principle_of_maximum_entropy

Fibonacci coding — as a bit sequence with constraints: no two neighboring ‘1’s

e.g. 0010101000010101001001 — each sequence should be equally probable
What about local statistics: of a single step? a 1-qg

w=(t D) 50 100 g @, @

What q should we choose to maximize informational capacity?
Stationary probability: m = (Pr(0), Pr(1))”

TS =17 8-; H
7T=(L,1—i) 05|
24 2-q 0.4 |
Entropy — informational content: g-g |
= 2 ”izsif Ig(1/5i;) =m0 - h(q) °1 |
L J

'd 02 04 06 08 10

H. .. = 0.694241913 bits/node (H = 0.6666... for GRW)

for g = % ~ 0.618034 for MERW (g = 0.5 for GRW)




Graph (M) % stochastic matrix (S)

Mab € {011} 0<Sup <My, Vg, Zb Sap =1

stationary probability (it
N yp y ()

Za TaSap = My

Average entropy production (rate) per step: X g 2p Saplg(1/S4p)

GRW and MERW are equal on regular graphs, but e.g. on defected 2D lattice:

MERW — uniform sequence/path ensemble

10 steps

GDED

Generic Random Walk (GRW): o,
assume uniform distribution among | _ =

(Anderson localization for electrons)

1000 steps A

-

“the nearest neighbors” e, R ;:u
£
1/3 g o
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.............................................................. E =
Maximal Entropy Random Walk | © o=

(MERW): choose that Dm; i

for each two vertices, @
each path of given length o
between them is equally probable | , °
A

y2
Pr(y,)=Pr(1,)

"

GRW assumes we know exactly the used probabilistic algorithm, has characteristic length

MERW assumes only there are no hidden local probabilistic rules, is scale-free limit of GRW

1.5% Mn

. - » .
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https://en.wikipedia.org/wiki/Anderson_localization
http://www.phy.bme.hu/~zarand/LokalizacioWeb/Yazdani.pdf

MERW - uniform probability distribution among paths
GRW - all length 1 paths equally probable, MERW - all length t — oo

Assume unique dominant eigenvalue (Frobenius-Perron for connected aperiodic)

My = Ay for largest A Hubbard: H = — Y.cqge xy ayay = —M
Mt = At ) for t— o e e o x00
The number of length 2t paths & o o o t
with x in the center: )

Z (M t)y X ( M t)xZ ~ )2 tw % @ O th O E
e zyc‘; I N 00

» = Pr(x) « 2 — Born rule

M x . .
Analogously Pr(xy) « YxMyy Py = Syy = Ty% stochastic matrix

11 (MY, w
Generally: Pr(yo ___yl) — ﬁt,b_:;) (Sl)xy — - ywi



Gathered formulas:

M: adjacency matrix GRW MERW
characteristic length 1 00
. | My B Mijy;
Sij = Pr(xerq = jlxe = 10) n (d; = 2; M;;) E (My = AY)
S = m stat. T; = complicated ©;P; (M = A@)
for symmetric M: di/Y;d; P2 (max |4])
Sij =Pr(x, = ilxep1 =J) | M;;/m; complicated &ﬁ
symmetric M (¢ = Y): M;;/d; A @
Syoylsylyz "'Syl_lyl — MVOV1MV1V2 MVl—ﬂ/l MVOVlMVﬂ’z "'MVl—l)/l I/}Yl
z
for path y dy dy, - dy,_, A Yy,
(Sl)i]. = complicated (M)
ALy
l
scaling, generally SCRW(MY) o (SGRW(M))l SMERW(M') = (SMERW(M))
— _ N6 g0 |y dileld) _ T
H(S) = ZnLZSU 1gSii | X S d (M =M") lg(1)




Being able to calculate MERW for any adjacency matrix M, approximate 2D

Fibonacci with w X oo lattice, find conditional distributions for scanning model
AH

Choose Pr(”7|®) based on a = b neighboring values 0001 AH ~ 0.004/20°

AH =~ 0.01...10~° below optimal ~0.587891 bits/node '*

-7

(originally to be encoded with first ANS: now uABS variant)

Hammersley-Clifford theorem: Gibbs field (Boltzmann distribution)

is equivalentwith | | | | | .9 - O - D S|
Markov field: ‘ Ll 9 ?'e e ? !
Pr(?]1) = Pr(’]®) . N =2 FEE=
local, global, | | g o’ 00 )
scanning: U W W _— { o+ 4+ ¢+ |+ 1 L {7

widthw .., $0 _ beforeb a after Ppr(?):@e00@ Tﬂ‘i‘[o,l]

v: 4 e sum}*‘.‘. |* % |line SC&g’O‘O’ H
L *|*‘*|.|.|* o0
MERW: / M M, = e BEu/24EuutEy/2)

Pr(uv) =¥u—"%v  pry— ap  (maxpy, [[¥]2 = 1)


https://mathworld.wolfram.com/HardSquareEntropyConstant.html
https://arxiv.org/abs/0710.3861
https://en.wikipedia.org/wiki/Asymmetric_numeral_systems#Uniform_binary_variant_(uABS)

Asymmetric Numeral Systems

i.i.d. Pr(0) = Pr(1) complex distr.

010001 < abaaabaaa

> Y
= & (1952)
— (prefix,) Huffman coding - _ _ (~1976)
= (also unary, Golomb, Elias, etc.) — arithemtic/range coding
O fast (>300MB/s/core) O slow (<< 100MB/s/core)
_U_ no multiplication, needs sorting uses multiplication
.b; but inaccurate: Pr(s) ~ 27 uses nearly accurate Pr(s)
o  eg for Pr(a)=0.01, Pr(b)=0.99 e.g. for Pr()=0.01, Pr()=0.99
a¥ uses 1 bit/symbol uses ~0.08 bits/symbol
(2007) (2013)
WA tANS: tabled - no multiplication rANS: range - direct replacement
Z "Huffman generalized to fractional bits"  of arithmetic/range coding: with
<t also allows for simultaneus encryption  smaller state, less multiplications
- = mainly used for fast (> 500MB/s/core) mainly used for
smaller models, uses nearly accurate Pr(s) larger models,
- fixed e.g. for Pr(a)=0.01, Pr(b)=0.99 adaptive
Z.  distributions uses ~0.08 bits/symbol distributions

e.g. in general compressors (Apple LZFSE, Fb ZSTD), DNA (CRAM), Google Draco ... JPEG XL



https://en.wikipedia.org/wiki/LZFSE
https://en.wikipedia.org/wiki/Zstandard
https://en.wikipedia.org/wiki/CRAM_(file_format)
https://github.com/google/draco/tree/master/src/draco/compression/entropy
https://en.wikipedia.org/wiki/JPEG_XL

10GB large text benchmark (2020, i9 9900K), 1GB wiki for 10 languages (ANS):

10GB -> Size
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decoding time
7.311 sec.,
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(combining models for various languages)

1z4 -1 (v1.9.2)

lzturbo -10 -p0 (vl1.2)

1lz4x -1 (v1.60)

lizard -40 (v1.0.0)

gzip -1 (v1.3.12) “.zip”

brotli -g 0 (v1.0.7)

zstd -1 (v1.4.5) LZ + tANS/huf
1lz4x -9 (v1.60)

gzip -9 (v1.3.12) “.zip”

brotli -g 4 (v1.0.7)

zhuff -c2 -tl (v0.99beta), LZ4 + tANS
zstd -4 --ultra --single-thread (v1.4.5)
lzturbo -32 -p0 (vl1.2), LZ + tANS

zstd -12 --ultra --single-thread(v1l.4.5)
rar —-m5 -mab5 -mtl (v5.80)

zstd -18 --ultra --single-thread(v1l.4.5)
brotli -g 10 (v1.0.7)

zstd -22 --ultra --single-thread(v1l.4.5)

7-Zip -t7z -mx9 -mmtl (v19.02) - LZMA
arc -m9 -mtl (v0.67)

brotli -g 11 --large window=30 (v1.0.7)
nz -cO -tl (v0.09 alpha)

m99 -b1000000000 -tl (beta)

bwtturbo -59 -t0 (v20.2)

razor (v1.03.7) - adaptive 4bit rANS
bsc -m0 -bl024 -e2 -T (v3.1.0)

bcm -9 (v1.40)

mcm -x -mll (v0.83)


https://encode.su/threads/3315-enwik10-benchmark-results
https://en.wikipedia.org/wiki/LZ4_(compression_algorithm)
https://sites.google.com/site/powturbo/
https://en.wikipedia.org/wiki/Gzip
http://fastcompression.blogspot.com/p/zhuff.html
https://en.wikipedia.org/wiki/RAR_(file_format)
https://en.wikipedia.org/wiki/7z
https://en.wikipedia.org/wiki/Lempel%E2%80%93Ziv%E2%80%93Markov_chain_algorithm
https://en.wikipedia.org/wiki/ARC_(file_format)
https://en.wikipedia.org/wiki/Brotli
http://nanozip.ijat.my/
https://github.com/michaelmaniscalco/m99
https://encode.su/threads/2829-RAZOR-strong-LZ-based-archiver
http://libbsc.com/
https://github.com/encode84/bcm
https://github.com/mathieuchartier/mcm

Operating on fractional number of bits
The basic ANS concept: store information as a natural number x

Assume number x contains Ig(x) bits of information
(=Pr(x) ~1/x Zipflaw)

We know symbol of probability p contains Ig(1/p) bits
So new number x' contains: 1g(x’) =~ lg(x) + 1g(1/p) bits
In other words: x’ = x/p
Like in standard binary system x' = 2x + s = x/0.5
optimal for Pr(s =0) =Pr(s=1) = 0.5

Pr(0)=1/4
X ~ x/Pr(s) s=1 s=0 Pr(1)=3/4
X’ 01 2 3{4 5|6 7/8 9101112131415/16/17/18
. s=0 0 1 2 3 4
s=1 01 2 3 4|5 6 7 8 91011 1213
20,41 .61 91 13- 1 .18


https://en.wikipedia.org/wiki/Zipf's_law

ANS: x - = x/Pr(s) whileencoding symbol s
Redefine even/odd subsets according to densities
x — x — th appearance of ‘'even’(s = 0) or ‘odd’ (s = 1)

Tmy

rANS variants: repeating division in ranges
s(x) = 0ifmod(x,4) = 0, else s(x) =1
to decode or encode 1, localize quadruple (|x/4] or |x/3])
if s(x) =0, D(x) =(0,|x/4]) else D(x) = (1,3|x/4| + mod(x,4) — 1)

C(0,x) = 4x C(1,x) =4|x/3] +1+ mod(x,3)
Pr(0)=1/4
X ~ x/Pr(s) s=1 s=0 Pr(1)=3/4
X’ 01 2 314 5/6 7 8 91011121314151617 /18
X s=0 0 1 2 3 4
s=1 01 2 314 5 6 7 8 91011 1213

41 .61 .91 931 .48




m

rANS - range variant for large alphabet A = {0,..,m — 1}
assume Pr(s) = f, /2" Ca:=fo+f1+ -+ fo_1
start with base 2" numeral system and merge length f, ranges
forx €{0,1,...,2" — 1}, s(x) = max{s:c, < x}, mask=2"—1
encoding: C(s,x) = |x/f;] K n+ mod(x, f;) + ¢
decoding: s = s(x & mask) (e.g. tabled, alias method)
D(x)=(s, f;- (x> n)+ (x &mask) — c¢,)

Plus renormalization to make for example x € {21°,...,2%2 — 1}, n =12

Decoding step (mask = 2™ — 1) |Encoding step (msk=216-1, d=32-n)

s = symbol[x & mask] s = readSymbol();
writeSymbol(s); if(x = (f[s]<<d))
x =f[s] (x >>n) + (x & mask) - c[s]; {writel6bits(x & msk); x >>=16; }

if(x < 216) x =x << 16 + read16bits(); | X =|x / fls]l <<n+ (x % f[s]) + c[s];

CRAM v3 (2015): order 1 rANS: 256 frequencies depending on the previous symbol



https://github.com/jkbonfield/rans_static

RENORMALIZATION to prevent x — oo
Enforcex € I ={L,...,2L — 1} by
transmitting lowest bits to bitstream
“buffer” x contains Ig(x) bits of information
— produces bits when accumulated
Symbol of Pr = p contains Ig(1/p) bits:
lg(x) »=~ lg(x) +1g(1/p) modulo 1

Tabled variant (tABS/tANS) - put everything into a table:

./

asymmetry

[/4/

' ergodicity

%

diffusivity

I

encoding: Pr(a)=3/4, decoding:
s= X —>S,Newx
4 > a, 6+d1
x=5 L\m/ 5—>b,4+2d+d,
p.~ 0.321 p:=10.25 6 >a,l
7—>a,5 — —
§= C . newX nbBits
d, d, produced bits Pr(b)=1/4 decodingTable
example: encoding > < decoding
S

X: 4«  »PH5«4« " »T7T4«  PL« > oC« > idad >4 >«

bits 00 — 1 — 0 00

01



example of tANS construction for L=16 states and size 3 alphabet
t=decodingTable|x]; use(t.symbol); x > t.newX + readBits(t.nbBits);

. cymas 3 8 5
1. Approximate probabilities P16 P~1e P16

asp~L /L
2. Spread symbols: L, of symbol s
(fast, step = 5)

A\

, ‘\/V’g
'

2* Scramble / S \/%\ ) /A M
(4 block cycle) securdPRNG. 9000000000000006

C(sx 1
3. Enumerate appearances (s=()) 16[17 138 19[20121 242 23 24255 26/2728/29[30[3
from L to 2L,- 1 X s=1/8[9 10 11 12| [13[14]15
L=16,Ly=3,L,=8,L,=5 s=2 516 7 81 19
4. Renormalize to make x remain in [ = {L, ..., 2L-1} range
decodingTable: x [16[17]18]1920[21]22[23[24]25]26[27]28]29]30[31
(symbol, symbol|1[1]0|2[2|1]0]2[1{0|2[1|2]1]1[1
nbBits pre-renormalization xy,,[8|9(3|5|6]10/4|7[11]5]8|12/9 |13]14{15
newX)’ nbBitstoreadtoreturnto/{1]|1(3]|22|1]|2]2]1|2]1|1]1|1]|1|1
newX = x,, << nbBits [16/18[24/20/24|20[16[28|22(20[16/24{18]26/28]30

5. Endode/decode - e.g. decoding 11/1000011/01010011

bits — 11 011
x: 25— 23—> 30 —>28 —>18 —>27—> 24—> 23 —>29 —>26—>16—>17 —>19

<270



Which symbol spread should we choose? (link)

(using PRNG seeded with cryptkey for encryption)

for example: ratio loss for

p= (004, 0.16, 0.16, 0.64)
L = 16 states, g = (1,3,2,10), g/L = (0.0625,0.1875,0.125,0.625)

AH/H
method symbol spread Fatio loss
- - ~0.011 | penalty of quantizer itself
would give Huffman
Huffman 1 411222233333333| ~0-080 decoder
spread_range_i() [0111223333333333| ~0.059 Increasing order
spread_range_d() |3333333333221110| ~0.022 Decreasing order
spread_fast() |0233233133133133| ~0.020 fast, in FSE /Zstd
spread_prec() |3313233103332133 ~0.015 | closeto Eg?guzat“’“
better than quantization
spread_tuned() | 3233321333313310| ~0.0046 AH/H due to also using p
spread_tuned_s() {2333312333313310| ~0.0040 | L logL complexity (sort)
spread_tuned p() |2331233330133331| ~0.0058 tesung /(pIn(1+1/i)) ~

i/p approximation



https://github.com/JarekDuda/AsymmetricNumeralSystemsToolkit

tANS (2007) - fully tabled: Apple LZFSE, Facebook ZSTD, Izturbo
fast: no multiplication (FPGA!), less memory efficient (~8kB for 2048 states)
static in ~32kB blocks, costly to update (rather needs rebuilding),
allows for simultaneous encryption (CSPRNG to perturb symbol spread)

tANS decoding step Encoding step (for symbol s)

t = decodingTable[x]; nbBits = (x + nb[s]) >>r;
writeSymbol(t.symbol); writeBits(x, nbBits);

x = t.newX + readBits(t.nbBits); x = encodingTable[start[s] + (x >> nbBits)];

rANS (2013) - needs multiplication - CRAM (DNA), RAZOR, BB-ANS, JPEG XL
more memory effective — especially for large alphabet and precision (CDF only)
better for adaptation (CDF[s] <y < CDF[s + 1] - tabled, alias, binary search/SIMD)
rANS decoding step (mask = 2" — 1) |Encoding step (s) (msk = 216- 1, d=32-n)

s = symbol(x & mask); writeSymbol(s); |if(x = (f[s] K d))

x =f[s] (x >>n) + (x & mask) - c|s]; {writel6bits(x & msk); x >>=16; }

if(x < 216) x=x<<16 +read16bits(); |x=|x/f[s]|] Kn+ (x % f[s]) + c[s];
(Huffman) decoding speed MB/s/core (CPU):| 2013 2021 year

A—0,810,c 11, J1IORINMIBRIORAADIORRRME | 300 |~1000MB/s
encoded symbol sequence: m: “01{'“.“10:""101'“.1 50 150 MB/s

AABAAACAABAAAABAAACA -

o ety a0 g ey o ey ANS | RO

- |~1500 MB/s



https://en.wikipedia.org/wiki/LZFSE
https://en.wikipedia.org/wiki/Zstandard
https://sites.google.com/site/powturbo/
https://en.wikipedia.org/wiki/CRAM_(file_format)
https://encode.su/threads/2829-RAZOR-strong-LZ-based-archiver
https://bair.berkeley.edu/blog/2019/09/19/bit-swap/
https://jpeg.org/jpegxl/

