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o Modeling software systems

p=r=b+ (2 * PTHRESH);

if(re>=t)p=r=t; /* too short to care about */
lse {
¢ sewhﬂe (((cmp(aTHX_ *(p-1), *p) > @) == sense) &&
i ((P)*z 2) > a» {}
if (p<=q .
{2 b througn r is a (lona) run. Does this program work correctly?

** Extend it as far as possible. */

p=g=r;
while (((p += 2) < t) &

CCmpCaTHX_ *(p-1), *p) > @) = sense)) q = p;
/* no simple pairs, no after-run */

r=p=qa+2;
1
}
if (a>b) { /* run of greater than 2 at b */
gptr 'suvep =p;
p=q+=
/* pick up s\ngleton if possible */
if ((p =

ot + l) = last) &
((cmp(aTHX_ *(p-1), *p) > B) == sense))

savep p = q = last;
pZ = NEXT(p2) = p2 + (p - b); ++runs;
if (sense)
while (b < —-p) {
const gptr ¢ = *b;
= s
= *p;
*» =c;
}

= savep;

}
while (g < p) { /* simple pairs */
p2 = NEXT(p2) = p2 + 2; ++runs;
const gptr c = *q++;
*(g-1) = *a;
*qes = C;

g +=

}

if (((b = p) = t) 8& ((t+1) == last)) {l
NEXT(p2) = pZ + 1; ++runs;
b+

}

q=r;
} while (b < 1);
sense = Isense;
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do {
p=r=b+ (2 * PTHRESH);
if(r>=t)p=r=1; /* too short to care about */
else {
while (CCemp(aTHX_ *(p-1), *p) > @) == sense) &&
e =2 >a) {}
if (p<=a){
/* b through r is a (long) run.
= Extend it as far ds possible., */
p=q=
while (((D +=2) < t) &
(Cemp(aTHX_ *(p-1), *p) > @) == sense)) q = p;
r=p=q+2; /* no simple pairs, no after-run */
1
i
if Ca>b){ /* run of greater than 2 at b */
aptr “snvep =P
p=q+=
7% pick up singleton, if possible */
if ((p = t) &
((t + 1) = lost) &&
((emp(aTHX_ *(p-1), *p) > @) == sense))
savep = r = p = g = last;
p2 = NEXT(p2) = p2 + (p - b); ++runs;
if (sense)
while (b < --p) {
const gptr ¢ = *b;
*bt = *p;
*p=c;
p = savep;
while (q < p) { 7* simple pairs */

pZ = NEXT(p2) = p2 + 2; ++runs;
const gptr' c = *qi+;

1

if €CCb = p) — 1) && ((t+1) = last)) {
NEXT(p2) = pZ + 1; ++runs;
bat;

}

a=r;
} while (b < 1);
sense = Isense;

¥
return runs;

Modeling software systems

Does this program work correctly?
O Decomposing into simple
blocks
O Modeling blocks separately

O Correctness of each part
ensures correctness of the
program
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do {
p=r=b+ (2 * PTHRESH);
if(r>=tp=r=1; /* too short to care about */
else {
while (CCemp(aTHX_ *(p-1), *p) > @) == sense) &%
e =2 >a) {}
if (p<=9q){
/* b through r is a (long) run.
e Extend it os far as possible. */
p=q=
while (((p +=2) < t) 8&
(Ccmp(aTHX_ *(p-1), *p) > @) == sense)) q = p;
r=p=q+2; /* no simple pairs, no after-run */
1
}
if (a>b) { /* run of greater than 2 at b */
gptr "suvep =p;
P=gq+=
/* pick up smgleton if possible */
if ((p = t) &
(Ct + 1) = lost) &&
((cmp(aTHX_ *(p-1), *p) > B) == sense))
savep = r = p = g = last;
p2 = NEXT(p2) = p2 + (p - b); ++runs;
if (sense)
while (b < —-p) {
const gptr ¢ = *b;
*brt = *p;
*=c
p = savep;
while (q < p) { /* simple pairs */
pZ = NEXT(p2) = p2 + 2; ++runs;
const gptr c = *g+;
'(q 1D = *q;
=c;
a +- Z;
}
if (b - p) — 3 8& ((t+1) = last)) {
NEXT p2) = pZ + 1; ++runs;
}

9=r;
} while (b < 1);
sense = Isense;

}
return runs;

Modeling software systems

Does this program work correctly?
O Decomposing into simple
blocks
O Modeling blocks separately

O Correctness of each part
ensures correctness of the
program

Does this while loop
terminate/halt?
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Loops as Dynamical Systems

Algorithm

x:=1

y:=2

z:=3

while (x,y,z) # (2,1,0) do
X =2x+y
VYV i=x-y+3z
Z=2x—-y+2z
x:=x
y=y
z:=7
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Loops as Dynamical Systems

Algoerithm
Jx=1 \\\
y=2
\Z = 3/,/' 1
whilé (x,v,z) # (2,1,0) do e b
X =2x+y 3 ’
VYV i=x-y+3z
Z=2x—-y+2z
x:=x
y=y
z:=z
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Loops as Dynamical Systems

Algorithm

x:=1

y:=2

z:=3

P Whﬂe‘(‘x' YV, zr (2, \1 ,0)do 3o = ; M= 2 _11 g
S Y=y 3 2 -1 2
Y E=x-y+3z )

N Z=2x- y+22/

=T

y=y

: X 2 1 0\/x
z:=7 v|:==|1 -1 3|ly
end while z 2 -1 2/\z
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Loops as Dynamical Systems

Algorithm
x:=1
y:=2
z:=3
1 2 1 0
while (x,y,z) # (2,1,0) do %0 =2 M= 1 3
X =2x+y 3 2 -1 2
VYV i=x-y+3z
2 =2x—y+2z Loophalts:»ﬂn:M"(%):(%).
x:=x 3 0
y=y
z:=7
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Linear Dynamical Systems (LDS)

O Given a starting point x € R%. (0.69 —-0.84

O A linear update map M € Rdxd 0.92 0.63

O Defines an orbit
(x, Mx, M*>x, M3x, ...)

|
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Linear Dynamical Systems (LDS)

0.92 0.63

O Given a starting point x € R%. 0.69 -0.84
Réxd

O A linear update map M €

O Defines an orbit
(x, Mx, M*>x, M3x, ...)
Mox

O A target point y € R%. M2y~ X
Orbit Problem /}/

Does the orbit contain the target? A&Sx

[ BN

Jn: M'x =y?
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Linear Dynamical Systems (LDS)

O Given a starting point x € RY. 0.69
O A linear update map M € Rdxd 0.92
O Defines an orbit

(x, Mx, M*>x, M3x, ...)

O A target point y € R%.

Orbit Problem

-0.84
0.63

ey

Does the orbit contain the target?
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Linear Dynamical Systems (LDS)

O Given a starting point x € RY. 0.69
O A linear update map M € Rdxd 0.92
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Linear Dynamical Systems (LDS)

O Given a starting point x € R%. 0.69 -0.84
O A linear update map M € R* 092 0.63

O Defines an orbit
(x, Mx, M*>x, M3x, ...)

O A target point y € R%. i g .
Orbit Problem /}/
Does the orbit contain the target?

Sx Yy
Jn: M'x =y? °

Theorem (Kannan—Lipton’86)

Orbit Problem is decidable for x,y, M
with algebraic entries.
In PTIME for x,y, M over Q.
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Reachability in LDS



Halting of Linear Dynamical Systems
Skolem’s problem

Given x, u, M, decide

Tn € N such that uTM"x = 0?

"Reaching a hyperplane."

O "Open" since the 1930s

O Decidable for instances with dimension
< 4.

Real algebraic entries.
O Open for systems with dimension > 5

O Equivalent to zeros of linear recurrence

sequences.
6/ 30



Halting of Linear Dynamical Systems

Skolem’s problem

Given x, u, M, decide

“A mathematical embarrassment ..."

Fn € N such that uTM"x = 0? Richard Lipton

"Reaching a hyperplane."

“It is faintly outrageous that this problem is still open; it is
saying that we do not know how to decide the Halting Problem
even for ‘linear” automata!”

Terence Tao

6/ 30



Reachability problems

Givenx € Q4, M € Q™4 and a set T C RY, decide: 3n € N such that M"x € T?

Linear loops: T encodes the halting condition.
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So what can we do?

Reachability problems
Givenx € Q4, M € Q™ and a set T C RY, decide: 3n € N such that M"x € T?

|

Linear loops: T encodes the halting condition.

Reasonable targets T: semialgebraic sets.
Example (Skolem’s problem; )
T is a hyperplane defined by u € Q% {zeR?: (z,u) =0}

Example (Positivity problem; 1)
T is a halfspace defined by u € Q: {z € R?: (z,u) > 0}.

Decidability entails major breakthroughs in field of Diophantine approximation.

Ouaknine, Worrell: Positivity problems for low-order linear recurrence sequences. (SODA2014) 7730



So what can we do?

Reachability problems
Givenx € Q4, M € Q™ and a set T C RY, decide: 3n € N such that M"x € T?

|

Linear loops: T encodes the halting condition.
Have to restrict T'

Reasonable targets T: semialgebraic sets.
Example (Skolem’s problem; )
T is a hyperplane defined by u € Q% {zeR?: (z,u) =0}

Example (Positivity problem; 1)
T is a halfspace defined by u € Q: {z € R?: (z,u) > 0}.

Decidability entails major breakthroughs in field of Diophantine approximation.

Ouaknine, Worrell: Positivity problems for low-order linear recurrence sequences. (SODA2014) 7730



Restricting the targets: dimension

Intrinsic dimension

In 3D ambient space:

O Surfaces: intrinsic

Ox+y’=z . .
dimension 2

022+2y=x
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Restricting the targets: dimension

Intrinsic dimension
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O Surfaces: intrinsic
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Restricting the targets: dimension

Intrinsic dimension
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Examples: Our targets

Consider the semialgebraic sets in ambient dimension 4:

Tl:{(t,u,U,W)Zt+u+0—w:0/\(t3:uz\/w23t2+u)}
To={(t,u,0,w): t+u+20-2w=0A+0®+v>w}
Ts = {(t,u,v,w) : t* —u?> =3 A20* = w A 12 — 2u° = 4v}

9/ 30



Examples: Our targets

Consider the semialgebraic sets in ambient dimension 4:

Tl:{(t,u,U,W)Zt+u+0—w:0/\(t3:uz\/w23t2+u)}
To={(t,u,0,w): t+u+20-2w=0A+0®+v>w}
Ts = {(t,u,v,w) : t* —u?> =3 A20* = w A 12 — 2u° = 4v}

O Ti and T, are contained in 3-dimensional subspaces.

9/ 30



Examples: Our targets

Consider the semialgebraic sets in ambient dimension 4:

T ={(t,u,v,w): t+u+v-w=0AE =u?>vVw > 32 +u)}
To={(t,u,0,w): t+u+20-2w=0AF +0*+0v>w}
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Examples: Our targets

Consider the semialgebraic sets in ambient dimension 4:
T ={(t,u,v,w): t+u+v-w=0AE =u?>vVw > 32 +u)}
To = {(t,u,v,w): t+u+20-2w=0A+0*+v>w}
Tz ={(t,u,v,w): t* —1u> =3A20*> =w A * = 2u° = 40}
O Ti and T, are contained in 3-dimensional subspaces.

O T3 has intrinsic dimension 1.

Example
2D polytopes are semialgebraic sets contained in 3D subspaces.
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Our results

Theorem

The reachability problem is decidable when T is a semialgebraic set
O of intrinsic dimension at most 1; or

O which is contained in a subspace of (linear) dimension 3.
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Our results

Theorem

|

The reachability problem is decidable when T is a semialgebraic set
O of intrinsic dimension at most 1; or
O which is contained in a subspace of (linear) dimension 3.

Theorem (Skolem-hardness)
Skolem’s problem at dimension 5 reduces to reachability of T a dimension-2 set.

Theorem (Chonev et al.?)

O Skolem'’s problem at dimension 5 reduces to reachability of a 3D polytope in R*.
O Reachability of a 4D polytope in R* is mathematically hard.

2Chonev, Ouaknine, Worrell: The Polyhedron-Hitting Problem. (SODA2015)
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Semialgebraic targets of dimension 1

Proposition

Given x, M, and semialgebraic T of dimension 1, it is decidable whether
Jn € N such that M"x € T.

Proof sketch.
We show that 3 computable N € N such that if such 7 exists, then 3n < N.

1. Transform the system into Jordan normal form (M = S71JS).

Focus on invariant subspaces of M.
Case analysis depending on spectrum of M.
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Semialgebraic targets of dimension 1

Proposition

Given x, M, and semialgebraic T of dimension 1, it is decidable whether
Jn € N such that M"x € T.

Proof sketch.
We show that 3 computable N € N such that if such 7 exists, then 3n < N.

1. Transform the system into Jordan normal form (M = S71JS).

Focus on invariant subspaces of M.
Case analysis depending on spectrum of M.

2. (Most cases) Solving instances of the Skolem problem.

3. (Corner cases) The system can be seen as a product of arc hitting
models / codings of rotations.

11/ 30



1. Transformation to Jordan normal form

e M = S71JS, where S is an invertible matrix and
] = . with [ =

e \; an eigenvalue of M.
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1. Transformation to Jordan normal form

e M = S71JS, where S is an invertible matrix and
] = . with [ =

e \; an eigenvalue of M.

M'x e T < J*(Sx) € S(T).
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1. Transformation to Jordan normal form

e M = S71JS, where S is an invertible matrix and
] = . with [; =
e \; an eigenvalue of M.

MxeT e J'yeT.

12/ 30



1. Transformation to Jordan normal form

e M=25"1 JS, where S is an invertible matrix and

J1 " (i AT At (’;))\f‘lz e\ [Yin

]2 :_V)Z ) N Al nA"" ce yi,Z
'y = : with [y = l : ||
- 1 o

]s Ys /\? Yisi

e A; an eigenvalue of M.

MxeT = J'yeT.
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1. Transformation to Jordan normal form

e M=25"1 JS, where S is an invertible matrix and

I "1 A AT QAR

J2 2 . AY nAi” || vi2

J'y = , | with [y = N
.. _) n/\;,1 _):

]s Ys /\? Yisi

e A; an eigenvalue of M.

MxeT = J'yeT.

Interesting cases: Assume A; and A; are multiplicatively independent;
MA=1=a=b=0.

Project "y to the coordinates (A'y;s,, /\;’yj,si).

12/ 30



3. Solving instances of Skolem’s problem

T’ is complex semialgebraic of dimension 1;
There exists a bivariate polynomial P such that: J"y € T" implies

P(A?yi,s,‘/ A;,ly],sj) =0
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T’ is complex semialgebraic of dimension 1;
There exists a bivariate polynomial P such that: J"y € T" implies

P(A?yi,s,‘/ A;,ly],sj) =0

n,,. n,,. _~d . iy o . .
The sequence P(Ay;s;, /\]. y],s].) = Zi,]» al,](Ai/\].) is a linear recurrence sequence;

Reaching T = zero of this LRS.
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3. Solving instances of Skolem’s problem

T’ is complex semialgebraic of dimension 1;
There exists a bivariate polynomial P such that: J"y € T" implies

P(A?yi,s,‘/ A;,ly],sj) =0

The sequence P(Ay;s;, A;?yjls].) = Z‘i]» ai,j(Aj)\;)" is a linear recurrence sequence;
Reaching T = zero of this LRS.
We get lucky: use known technology a la Shorey et al.?> and Vereshchagin®.

O (p-adic) Baker’s theorem on linear forms in logarithms.

3Shorey, Tijdeman, Mignotte: The distance between terms of an algebraic recurrence sequence, (1984)
*Vereshchagin: Occurrence of zero in a linear recursive sequence (1985)
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4. Corner cases; codings of rotations

Given M = A an algebraic number of modulus 1, x =1, and open arcs I, . . ., Iy of
unit circle in the complex plain (with algebraic endpoints)

Decide if there exists n > 0 such that A" € U;‘zl I;. (Almost trivial!)

A
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Beyond reachability



Beyond reachability

real t,te,time;
assume (te=14 and 16<=t and t<=17);
while true {
time := 0; - timer measuring duration in each mode

while (t<=22) { - heating mode
t := 15/16*%t-1/16%te+1; time++;
}
time := 0;
while (t>=18){ - cooling mode
t := 15/16*%t-1/16%te; time++;
}
}

Figure 2. A thermostat system, composed of two simple loops
inside a outer loop.

from: Jeannet, Schrammel, Sankaranarayanan: Abstract Acceleration of General Linear Loops, POPL2014
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Beyond reachability

Algorithm
t:=1
u:=-1
vi=2
w:=20

while true do
t:=3t+2u—5w
u:=u+3w
v=4u+3v+w
w:=t+u+2v
end while

Temporal analysis:
Do we get stuck in some set of
bad states? 17/ 30
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Beyond reachability

Define the predicates

Algorithm
t:_z_l Piit+u+v—w=0AE =u’>Vw>3?+u)
5;2_1 Prit+u+20-2w=0AP+v*+v>w
w:=0 Py:t* =12 =3A20" =w A2 —2u% = 4o

while true do

t:=3t+2u—>5w
Does the system satisfy the following LTL

u:=u+3w
vi=4u+3v+w formula?
w:=t+u+2v
end while G(Py = F-P2) AF(P3 V =Pq).
"whenever P holds, then P, must eventually
Temporal analysis: subsequently fail, and eventually either P3
Do we get stuck in some set of will hold or Py will fail"

bad states? 17730



Temporal properties of LDS

Let (M, x)be a LDS, let Ty, ..., T be semialgebraic sets.

Definition (The characteristic word of the LDS (M, x) with respect to T;)

R(M,X,Tl,...,Tk) =dapaiday -+ € P({l,...,k})N

defined by { "
a,=Sc{l,...,

ifandonly if Vie S: M"x € T;and Vj € {1,...,k} \ S: M"x ¢ T;.

18/ 30



Temporal properties of LDS

Let (M, x)be a LDS, let Ty, ..., T be semialgebraic sets.

Definition (The characteristic word of the LDS (M, x) with respect to T;)

R(M,X,Tl,...,Tk) =dapaiday -+ € P({l,...,k})N

defined by Ge "
a,=S5CH{l,...,

ifandonly if Vie S: M"x € T;and Vj € {1,...,k} \ S: M"x ¢ T;.

Interested in temporal properties of the system; Translate to properties on
n(M,x, Tl, . .,Tk)

18/ 30



Temporal properties of LDS

Let (M, x)be a LDS, let Ty, ..., T be semialgebraic sets.

Definition (The characteristic word of the LDS (M, x) with respect to T;)

R(M,X,Tl,...,Tk) =dapaiday -+ € P({l,...,k})N
defined by
a,=SC{1,...,k}
ifandonly if Vie S: M"x € T;and Vj € {1,...,k} \ S: M"x ¢ T;.

Interested in temporal properties of the system; Translate to properties on
n(M,x, Tl, . .,Tk)

Properties given by formulas from Monadic Second-Order Logic (capture
w-regular properties).
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MSO

MSO: Monadic Second-Order Logic

MSO over the structure (N, <) and a finite collection of predicates Py, ..., Px: N —
{true, false}; MSO on infinite words: Predicates P; describes the indices with

letter i.
The grammar of formulas:

g = P()
Yp:=FieN:¢p|VieN:¢
Pp:=3XCN:yp |VXCN:9y
Yp=ieX|i¢gX
y=i<jliz]

Y=g pVylpay =9
pi=i=0]i=1]i=2]...

(where P(i) is a predicate on position i of the word)
(first-order quantification)

(monadic second-order quantification)

(subset membership testing)

(index comparison)

(standard logical operations)

(fixed values)
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MSO

For us, the predicate P; corresponds to those n: M"x € T;.

Examples of MSO formulas for model checking LDS:
O Reachability of target T;: 3n : Pi(n).
O Eventually trapped inside T;: InVm :m >n = P;(m).

O Intarget T; at every odd position (O = the set of odd natural numbers):
JOCN:1€eO0AVXx€O,Fy,z:(WgOANzeOAx<y<z ANAt:x<t<
yVy<t<z)AVx:x €O = Pi(x).

O Whenever Ti; is visited T; is visited some point later:

Vn: Pin) = 3Im > n: Pjm).
O Any linear temporal logic (LTL) formula over predicates P, ..., Py.

19/ 30



The MSO model-checking problem for LDS

Let (M,x)bealLDS, Ty,..., Tx C R4 each T; of which is a semialgebraic set
O of (semialgebraic) dimension at most 1; or

O which is contained in a subspace of (linear) dimension 3.
Then it is decidable whether (M, x, T, . . ., Tx) satisfies a given MSO formula 1.

20/ 30



Key notion: Effective almost periodicity

Definition (Almost periodic words)
An infinite word w € % is almost periodic if for every factor u € X, there exists
p € N such that either:
O u does not occur in w after the position p,
O or u occurs in every factor of w of length p.
Effectively almost periodic word: p can be computed for every factor u.
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Key notion: Effective almost periodicity

Definition (Almost periodic words)

An infinite word w € % is almost periodic if for every factor u € X, there exists
p € N such that either:

O u does not occur in w after the position p,
O or u occurs in every factor of w of length p.
Effectively almost periodic word: p can be computed for every factor u.

Theorem (Seménov’84)

Let w be an effectively almost periodic infinite word over alphabet ©. The MSO theory
over (N, <) extended with the unary predicates {P,} ey, remains decidable.
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Proof sketch

Analysis from decidability of reachability shows:
Observation

Let (M, x) be a LDS and T be a semialgebraic set of dimension 1 or a semialgebraic set
contained in a subspace of linear dimension 3. There exists a computable { € N such that
forall 0 < r < € the word (M¢, M'x, T) is either

O eventually constant; or

O a coding of a rotation up to a finite computable prefix.
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Proof sketch

Analysis from decidability of reachability shows:

Let (M, x) be a LDS and T be a semialgebraic set of dimension 1 or a semialgebraic set
contained in a subspace of linear dimension 3. There exists a computable { € N such that
forall 0 < r < € the word (M¢, M'x, T) is either

O eventually constant; or

O a coding of a rotation up to a finite computable prefix.

Corollary

(M, x, Ty, ..., Tx) is an interleaving of codings of rotations on T (up to a finite prefix).
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Coding of a rotation

Definition (Coding of a rotation on T.)

Given a semialgebraic set A; C T and algebraic point A=A, ..., A € Tk Let
Ag =T\ A;.
Coding: w =apa;--- € {0,1}" wherea, =1 & A" = (A%,...,A") € A;.

23/ 30



Proof sketch (of effective almost periodicity)

The closure C of {(A], ..., A})}nen is semialgebraic. Representation can be
effectively computed!®

5QOuaknine, Worrell: On the Positivity Problem for Simple Linear Recurrence Sequences, ICALP 2014)
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The closure C of {(A”, ..., /\Z)}neN is semialgebraic. Representation can be
effectively computed!®

Factor u = by by occurs in w iff
CNAy NATTAL, N...NAT A, # 0

Almost periodicity by
compactness and
guess-and-check.
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Proof sketch (of effective almost periodicity)

The closure C of {(A”, ..., /\Z)}neN is semialgebraic. Representation can be
effectively computed!®

Factor u = by by occurs in w iff
CNAy NATTAL, N...NAT A, # 0

Almost periodicity by
compactness and
guess-and-check.

Effectiveness by Tarski:
First-order theory of the reals is
decidable.

5QOuaknine, Worrell: On the Positivity Problem for Simple Linear Recurrence Sequences, ICALP 2014)
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Parametric reachability



Parametric Loops as Parametric Dynamical Systems

Algorithm

-

X:=a

while X # 7 do
X := Mx
end while

Theorem (Kannan-Lipton’86)

Orbit Problem is decidable for
x,y, M with algebraic entries.
In PTIME for x,y, M over Q.
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Algorithmwith Inputay, ..., a € R
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M = M(aq, .. .,ax)

while X # 7 do
X := Mx
end while
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Parametric Loops as Parametric Dynamical Systems

Algorithmwith Inputay, ..., a € R

X:=day,...,a)
M = M(aq, .. .,ax)
yZZ y(ﬂ1,...,ak)
while X # 7 do

X = Mx
end while

Theorem (Kannan—-Lipton’86)

Orbit Problem is decidable for
x,y, M with algebraic entries.
In PTIME for x,y, M over Q.
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Parametric Loops as Parametric Dynamical Systems

Algorithmwith Inputay, ..., ar € R For fixed inputd = (a1, e ;‘Zli)Z .
— loop halts &= 3n : M(a)"x(a) = y(a).
X:=aa,...,a) p Y
M :=M(as, ..., a) O Halting depends on input.
yi=y(a, ..., a) O Halting on different n for different
while X # 7 do inputs.

X:=Mx
end while

Theorem (Kannan—-Lipton’86)

Orbit Problem is decidable for
x,y, M with algebraic entries.
In PTIME for x,y, M over Q.
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Parametric Loops as Parametric Dynamical Systems

Algorithmwith Inputay, ..., ar € R For fixed input d = (a1, . .., a):

loop halts &< 3n : M(a)"x(@) = y(@).
M :=M(as, ..., a) O Halting depends on input.
yi=y(a, ..., a) O Halting on different n for different
while X # 7 do inputs.

X:=Mx
end while

X:=day,...,a)

Problem
Does there exist input ay, . . ., a; such that the loop halts?

Jai,...,c €R, n e N: M(ay, ..., a)" (a1, ..., ac) = y(a, ..., a)?
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Problem statement

Q(z1,...,zr): Rational functions in variables z1, . . ., zx
Given
O initial vector x € Q(z1, . .., zr)%,
O update matrix M € Q(zy, . .., 2)™4, and
O target vector y € Q(z1, . .. ,z1).
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Problem statement

Q(z1,...,zr): Rational functions in variables z1, . . ., zx
Given
O initial vector x € Q(z1, . .., zr)%,
O update matrix M € Q(zy, . .., 2)™4, and
O target vector y € Q(z1, . .. ,z1).
do there existd = (a1, ... ,ax) € RF and n € N such that

y(@) = MG)"x@)?
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Parametric Linear Dynamical Systems

Input: s € R

o)

X(s)

-10

M(s) = (1 5:11)

-5
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Parametric Linear Dynamical Systems

Input: s € R

1 5_— M(s)X(s)
x(s) = (S) [

-10 — -5 — N — 5 — 10
1 s—-1 I ~
M(s) = (1 1 )

5 1
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Parametric Linear Dynamical Systems

Input: s € R

o)

M(s) = (1 5:11)
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'
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Parametric Linear Dynamical Systems

Input: s € R
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Parametric Linear Dynamical Systems

Input: s € R

o)

M(s)*x(s)

-10

M(s) = (1 5:11)
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28/ 30



Parametric Linear Dynamical Systems

Input: s € R

o)

M(s) = (1 5:11)

M(s)°x(s)
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Parametric Linear Dynamical Systems

Input: s e R L

Fo ! M(s)ex(s)
1 T
X(s) = (S) T
1 s—1
M) = (1 -1 ) -
~”"’/’ 5k ‘\
-10F '
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Parametric Linear Dynamical Systems

Input: s € R

=)
M(s) = (1 5:11)

_5 4215
= 1452
y(s) (—5 422 )

1+s2

y(s)

-5

'
'
'
'
'
'
' ! M(s)°x(s)
'
'
' '
! ] -
1 ' _»'
1 '] Phe
1 " -
1 Phe
1 4 -
' .
A
oz
— 1 1
3, 5 10
TRaa,
. ““‘-\‘_\
~~

A el

. .

.
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Parametric Orbit Problem

Given

O xyeQ,...,z)7,
O M e Q(Zl/ e /Zk)dXd/
do there existd = (a1, . .., ar) € RF and n € N such that

y(@) = M(@)"x(a)?
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Results

Parametric Orbit Problem

Given

O xyeQ,...,z)7,

O MeQ(zi,...,z)%™,

do there existd = (a1, . .., ar) € RF and n € N such that

y(@) = M(@)"x(a)?

Theorem

O Univariate systems (k = 1): Problem is decidable.
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Parametric Orbit Problem

Given

O xyeQ,...,z)7,
O M e Q(Zl/ e /Zk)dXd/
do there existd = (a1, . .., ar) € RF and n € N such that

y(@) = M(@)"x(a)?

O Univariate systems (k = 1): Problem is decidable.
O Multivariate systems (k > 2): Problem is Skolem hard.
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Thank you!

Talk based on

[ C.Baier, F. Funke, S. Jantsch, T. Karimov, E. Lefaucheux, F. Luca, J. Ouaknine,
D. Purser, M.A. Whiteland, and J. Worrell:
The Orbit Problem for Parametric Linear Dynamical Systems
CONCUR 2021, #28, d0i:10.4230/ LIPIcs. CONCUR.2021.28

ﬁ T. Karimov, E. Lefaucheux, J. Ouaknine, D. Purser, A. Varonka,
M.A. Whiteland, J. Worrell:
What's Decidable about Linear Loops?
POPL 2022, #65, doi:10.1145 /3498727
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The Bivariate Orbit Problem is hard!

JneN, ay,a, € R: M(ay,a2)" x(a1,a2) = y(ar, a2)

Skolem-5 reduces to the Parametric Orbit Problem (with two variables).
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Proposition

Skolem-5 reduces to the Parametric Orbit Problem (with two variables).

Proof sketch.
uM"x = 0?
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JneN, ay,a, € R: M(ay,a2)" x(a1,a2) = y(ar, a2)

Proposition

Skolem-5 reduces to the Parametric Orbit Problem (with two variables).

Proof sketch.

uM"x = AR(A") + BI(A") + CR(p") + D3 (y") + Ewith 1 < |A] = |y|.
O Construct constant matrix N and initial vector x’.
Ax+By+Cz+Dw+E=0

2 +y2 =22 +w

O 2D algebraic target set in C*; T {

the graph of a target vector: T = {y(a1,a2): a; € R}
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Skolem-5 reduces to the Parametric Orbit Problem (with two variables).

Proof sketch.

uM"x = AR(A") + BI(A") + CR(p") + D3 (y") + Ewith 1 < |A] = |y|.
O Construct constant matrix N and initial vector x’.
Ax+By+Cz+Dw+E=0

2 +y2 =22 +w

O 2D algebraic target set in C*; T {

the graph of a target vector: T = {y(a1,a2): a; € R}
O Then uM"X = 0 if and only if 341,42 € R : N"'X’ = y(a1, az). O
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