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Rational series

Let K be a field. A univariate formal power series

S=> s(nx" € K[[x]]

n>0

"

is a rational series if it is the power series expansion of a rational
function at 0. Necessarily, this rational function does not have a
pole at 0. Equivalently, the coefficients of a rational series satisfy a
linear recurrence relation, that is, there exist a1, ..., a, € K such

that

s(n+m)=ai1s(n+m—1)+---+amps(n) forall n>0.

—

~—

Jason Bell, University of Waterloo, Canada (joint with Danie Noncommutative Rational Pélya Series



Pélya’s theorem
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Polya considered arithmetical properties of rational series over

K = Q, and characterized the univariate rational series whose

coefficients are supported at finitely many prime numbers. This was

later extended to number fields by Benzaghou, and to arbitrary

fields by Bézivin. - -

We call a rational series S € K{[x]|] a Pdlya series if there exists a
finitely generated subgroup G < K*, such that all coefficients of S

are contained in G U {0}.
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Theorem (Pélya; Benzaghou; Bézivin)

Let K be a field, let S = P/Q € K(x) be a rational function with
Q(0) # 0, and let

S=>Y s(nx" € K[[x]]
n=0

be the power series expansion of S at 0. Suppose that S is a Polya
series. Then there exist a polynomial T € K|x]|, d € Z>o, and for
each r € [0,d — 1] elements o, € K, B, € K* such that

Equivalently, there exists a finite set F C Zx>q such that

s(kd-+r) = o, fF for all k > 0 and r € [0, d—1] with kd + r & F.
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Berstel-Reutenauer theory

Let R be a (commutative) integral domain. A noncommutative
formal power series S = . S(w)w € R{{X)) is rational if it
can be obtained from noncommutative polynomials in R(X) by
successive applications of addition, multiplication, and the star
operation $* = (1 — S)™1 =3 _,S" (if S has zero constant
coefficient). —
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Recall that for univariate rational series the coefficients satisfy a
linear recurrence relations. Schiitzenberger shows we can extend

this to the noncommutative setting

The series S is rational if and only if it has a linear representation,
or, equivalently, is recognized by a weighted finite automaton.
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What do we mean by linear representation?

Specifically, we have a monoid homomorphism g : X* — My(K), a
row vector u € K19, and a column vector v € K9%! such that
S(w)=u-pu(w)-vforall we X*

I I £v)
If you are familiar with k-regular series this is exactly the same

‘!\——\

thing when we take X = {0,1,..., k —1}.

Notation: We'll let (u, i1, v) denote this linear representation

(ﬂ){"—_—; M./m/w3~Vf K
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Linear recurrences and Cayley Hamilton
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A linear representation (u, p, v) with p : X* — My(K) is minimal if
we cannot find an equivalent representation (v, 1/, v') with
p' o X* = Mg(K) with e < d.

—_—
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There is a graph theoretical way to view noncommutative rational
series over a field K via weighted automata.

A weighted (finite) automaton A = (Q, 1, E, T) over the alphabet

X with weights in K consists of a finite set of states @ and three

maPS el 1e e
(1)Q—K, E:Qx
A triple (p,x,q) € Q@ x X x Q is an edge if E(p,x, q) # 0.
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We say that there is an edge from p to g labeled by x and with
weight E(p, x,q). A state p€ Q is /n/t/a/ if l(p) # 0 and term/na/

if T(p)# 0. v
A path is a sequence of edges L 'F "3 f.é

P = (PO,X17 pl)(pl,Xz, p2) T (p/—17X/7 p/)

Its weight is E(P) = Hf’:l E(pi_1, i, pi) and its label is the word
x1-+--x; € X*. The path is accepting if pg is an initial state and p,
is a terminal state.
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Unambiguous weighted automata

=)

We X

Let A be a weighted automaton. Then A is unambiguous if each
w € X* labels at most one accepting path. It is deterministic if

@ there exists at most one initial state: and

o for each (p,x) € Q x X, there exists at most one g € @ with
E(p,x,q) # 0.
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Noncommutative Pélya series

Reutenauer introduced the notion of noncommutative Pélya series.
~—

<

e

A rational series S EéR_((X)) is a Pdlya series if its nonzero

coefficients are Contained in a finitely generated subgroup G < K*

of the quotient field K of R.
5 UL
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Reutenauer also introduced the notion of an unambiguous rational
series and conjectured that these should be precisely the rational

——

Pélya series.
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Unambiguous Rational Series

A rational series is unambiguous if it can be obtained from
noncommutative polynomials and the operations of addition,
multiplication, and the star operation $* = (1 - S)"!1 =5 _ S"
in such a way that, in these operations, one never forms a sum of
two nonzero coefficients.
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(B-Smertnig) Let R be a completely integrally closed domain with
quotient f/e/d K. Let X be a finite non- empty set, and let

SeER (( )) be a rational series. Then the following statements are
equivalent.

5@ S is a Polya series. 'QX/ LWL

S is recognized by an unamb/guous weighted finite automaton

ith weights in R. ) @

S is unambiguous (over

Jcmme,r)

2 @3 (_R!M,
g= | (N (ar
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The ‘hard’ part of our theorem is showing 1 =-2 in the case where
R = K is a field. (The other parts were already known!)

Notice that (3) = (1) is more or less immediate.
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The Linear Hull
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Second Example
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The linear hull captures the idea of breaking up the representation
into these essential components.

To do this carefully, we introduce a topology and a related invariant
of a linear representation

For a finite-dimensional vector space V/, let F(V') be the collection
of all subsets Y C V of the form Y = Vi U---U V] with | € Z>0
and V; C V vector subspaces.
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Every finite-dimensional vector space V' has a noetherian topology

for which F(V) is the collection of closed sets.

>

The proof of this lemma is the same as the proof that the Zariski

f‘topologyils a topology. @2 ; 2 C? > =
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Let (u, i, v) be a linear representation over the field K, and let
e—,

Q= up(X*) ={up(w):we X"}

be the (left) reachability set. The closed set Q is the (left) linear
hull of (u, 1, v). We can also define the right linear hull.
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Working with the linear hull allows us to break up the supports of
noncommutative Pdlya series into sets where the our linear
representations are in some sense strongly irreducible.

As it turns out, for Pdlya series we can show we can always reduce
to the case where the linear hull is made up of one-dimensional
—

subspaces. -
—— 7
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We have a linear representation (u, i, v). Once we are working in a

component of the linear hull we can reduce further to the case
where the vectors uu(w) and v have all of their coordinates in the
group G U {0} and v has all nonzero coordinates.

Then suppose that v = !gl, ..., 84]". Then if up(w)v € G U {0},

we get an equation z1g1 + - -+ + zgg€4 € G U {0} with the

zi € GU{0}. Y A= ['%,.... 1;}
© n
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The S-unit theorem

Now we use a big hammer.

Let G < K* be a finitely generated multiplicative subgroup of a
field K of characteristic zero. Then there are only finitely many
solutions to z; + - -+ + zg = 1 with (z, ..., z4) E_ﬁd such that no

non-trivial subsum of z; + - - - + z4 vanishes.

char =0 / . +~3::§ KS 'ﬂ—‘; /LL\
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Why is this relevant?
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In positive characteristic we do not have the strong S-unit theorem,
but Derksen and Masser have a version, which when combined with

careful hﬂgﬁt\es/tirp_a/tes is enough to handle the positive

characteristic case.
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As it turns out, we are able to give an algorithm to compute the
linear hull of a linear representation (u, u, v). In particular, we can
use this to show that the question of whether a weighted automaton
is equivalent to an unamlﬂg_gogs weighted automaton is decidable.

*,.
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Thanks!
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