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Basic dynamical notions

Definition

Let (X, T,Z9) be a topological dynamical system, X a compact metric space. An
isomorphism ¢: X — X is an homeomorphism s.t. for some M, € GL(d,Z)

poT"=TM o Vnez
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bpoT"=TM6 ¢ VneZzd

When M =1d
@ an isomorphism is an automorphism.
o Aut(X)={p:Vn e Z9 ¢oT"=T"o0 ¢}
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Basic dynamical notions

Definition

Let (X, T,Zd) be a topological dynamical system, X a compact metric space. An
isomorphism ¢: X — X is an homeomorphism s.t. for some My € GL(d,Z)

bpoT"=TM"6 ¢ Vnezd

Ford=1 T: X=X
An isomorphism is a flip conjugacy

poT =TF oo

Isomorphisms are also called extended symmetries.

2/24



Basic dynamical notions

Definition

Let (X, T,Z9) be a topological dynamical system, X a compact metric space. An
isomorphism ¢: X — X is an homeomorphism s.t. for some M, € GL(d,Z)

poT"=TM"0p VneZ

N(X) = {¢ isomorphism of (X, T,Z%)}
{T"}peze = (T) < Aut(X) < N(X).
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Basic dynamical notions

Definition

Let (X, T,Z9) be a topological dynamical system, X a compact metric space. An
isomorphism ¢: X — X is an homeomorphism s.t. for some My € GL(d,Z)

bpoT"=TM"6 ¢, VneZzd

N(X) = {¢ isomorphism of (X, T,Z%)}
{T"}peze = (T) < Aut(X) < N(X).

Aut(X) = Centomeox)((T))

N(X) = NormHomeo(X)(< 7))
= {¢ € Homeo(X); &(T)p~' =(T)}.
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Basic dynamical notions

Set the linear representation group or linear symmetries

N(X) := {M e GL(d,Z); 3¢ € N(X) with M, = M}.
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Basic dynamical notions

Set the linear representation group or linear symmetries
N(X) = {M e GL(d,Z); 3¢ € N(X) with M, = M}.
For aperiodic systems the following exact sequence hold:
1 Aut(X) 5 N(X) 4o NX) - 1,

where
i is the natural injection
Jj(¢) = M whenever My, = M.
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Basic dynamical notions

Set the linear representation group or linear symmetries

1o

1o

N(X) := {M € GL(d, Z); 3¢ € N(X) with My = M}.

What can we say on N(X), N(X) as a group? Commutative? Amenable? What
are the subgroups? the quotients?. When N(X) = Aut(X) x N(X)?...

What do dynamical properties of (X, T,Z9) say about properties of N(X) and
vice versa ?

3/24



Constant base Z?-odometer

Let L € M(d,Z) be an expansion matrix, i.e.,
L is invertible, |L|| > 1, L7} < 1.
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Constant base Z?-odometer

Let L € M(d,Z) be an expansion matrix, i.e.,
L is invertible, |L|| > 1, L7} < 1.
The constant base odometer

Z?Ln) = {(Xn)nZO € H Z2/1"(Z%) : xpy1 = x, mod L"(ZY) Vn} :
n=0

It is an abelian group: (Xn)n + (Yn)n = (Xn + yn mod L"(Z%)),
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Constant base Z?-odometer

Let L € M(d,Z) be an expansion matrix, i.e.,
L is invertible, |L|| > 1, L7} < 1.
The constant base odometer

Z?Ln) = {(Xn)nZO € H Z2/1"(Z%) : xpy1 = x, mod L"(ZY) Vn} :
n=0

It is an abelian group: (Xn)n + (Yn)n = (Xn + yn mod L"(Z%)),
It is a Cantor set.
For me 79, set T™x = x 4+ (m mod L"(Z9)),.

The action T is aperiodic, minimal and equicontinuous.
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Q: What is N(Z (L"))
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Q: What is N(Z (L"))

M e MZ{ ) <

Yn>0,3m>0, L"ML™(z%) c zq.

In particular
k>0

Similar characterization by
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Fact:

Sd ~ d
AUT.(Z (L"(Zd))) =27 (Lr(Z9))-
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Fact:
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AUT.(Z (L"(Zd))) =27 (Lr(Z9))-

Proposition (C., Petite)

- =
@ The symmetry semigroup N(Zd(Ln(Zd))

~—

is a group.

T

. o 7
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Fact:

Sd ~ d
AUT.(Z (L"(Zd))) =27 (Lr(Z9))-

Proposition (C., Petite)

- =
@ The symmetry semigroup N(Zd(Ln(Zd))

~—

is a group.

T

. o 7
) N(Z (Ln(Zd))) = AUt(Z (L"(Zd))) X N( (L"(Zd)))-

Hence:

I e
N(Z (L”(Zd))) =7 (L7(Z9Y) X N(Z (Ln(Zd))).
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Classification of linear symmetry group of Z(Ln)

Examples: -
o If Ly =(39), then N(Z2(19(z2))) = Z/2Z x Z/2Z.
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Classification of linear symmetry group of Z(Ln)

Examples: -
o If Ly =(39), then N(Z2(15(z2))) = Z/2Z x Z/2Z.
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o If Ly =(39), then N(Z?1n(z2))) = GL(2,7Z).
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2

Classification of linear symmetry group of Z(Ln)

Examples: -
o If Ly = (39), then N(Z2(1nz2y)) = Z/2Z x L/2Z.
L
o If Ly =(39), then N(Z?1n(z2))) = GL(2,7Z).
o If L3 =(§%), then
T -m —m —m2—m —1-m —2—-m —1-m —m
N(Zz(Lg(W))) = {(lm 1+m) ’ (1m %n—l) ’( 1m ng—l )’( 1m m—l) sme Z}‘
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o If L4 = (1 _3 ), then N(Z (LT(ZQ))) = CentGL(27Z)(L4) ~ Gs.
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2

Classification of linear symmetry group of Z(Ln)

Examples: -

o If Ly = (39), then N((ZE(LT(ZZ))) > 7./27. x 1/2L.
If Ly = (39), then N(Z%(15(22))) = GL(2,Z).
If L3 =(§3%), then
T -m —m —m2—m —1-m —2—-m —1-m —m
N(Zz(Lg(W))) = {(lm 1+m) ’ (1m %n—l) ’( 1m ng—l )’( 1m m—l) sme Z}‘

2 -1 o7 ~

o If L4 = (1 3 ), then N(i(Lf(Zz))) = CentGL(27Z)(L4) ~ Gs.

o If Ls = (37'), then N(Zz(LQ(Zz))) = Centgy(2,2)(Ls) which is an infinite group
containing (4 %).
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Classification of linear symmetry group of Z(Ln)

Examples: -

o If L1 =(29), then A7(<Z_2(LT(Z2) ) =2 Z/27 x 7./ 27
If Lo = (39), then N(Z?(15(22))) = GL(2,2).
If L3 =(§3%), then
T -m —m —m2—m —1-m —2—m —1-m —m
N(Zz(Lg(W))) = {(lm 1+m) ’ (1m %n—l) ’( 1m ng—l )’( 1m m—l) sme Z}‘

2 -1 o7 ~

o If L4 = (1 3 ), then N(i(LT(Z2))) = CentGL(27Z)(L4) ~ Gs.

o If Ls = (37'), then N(Zz(LQ(Zz))) = Centgy(2,2)(Ls) which is an infinite group
containing (4 %).

Theorem (C., Petite)

(_
In the two-dimensional case, for a constant-base odometer system Zz(Ln(ZZ)), the

matrices in its symmetry group N( ( Ln(Zg))) satisfy explicit linear relations with respect
to the determinant and the trace of L.
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Examples: -

o If L1 =(29), then A7(<Z_2(LT(Z2) ) =2 Z/27 x 7./ 27
If Lo = (39), then N(Z?(15(22))) = GL(2,2).
If L3 =(§3%), then
T -m —m —m2—m —1-m —2—m —1-m —m
N(Zz(Lg(W))) = {(lm 1+m) ’ (1m %n—l) ’( 1m ng—l )’( 1m m—l) sme Z}‘

2 -1 o7 ~

o If L4 = (1 3 ), then N(i(LT(Z2))) = CentGL(27Z)(L4) ~ Gs.

o If Ls = (37'), then N(Zz(LQ(Zz))) = Centgy(2,2)(Ls) which is an infinite group
containing (4 %).

Theorem (C., Petite)

(_
In the two-dimensional case, for a constant-base odometer system Zz(Ln(ZZ)), the

matrices in its symmetry group IV(Z%LH(ZQ))) satisfy explicit linear relations with respect
to the determinant and the trace of L. Hence it is computable.
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Open problem

For higher dimensional constant-base odometer systems d > 3.

Are the elements of N(Z?Ln)) computable?

Is its group structure computable?
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Subshift

Let A be a finite alphabet and consider in AZ the product topology.
The shift action is defined on A%’ as

Vx € A% ¥n,z € 79, (5"%); = xzin.

X C AZd, is a subshift if it is closed and S-invariant.
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Multidimensionnal constant-shape substitutive subshift

o Let L € M(d,Z) be an expansion matrix,
i.e. Lisinvertible, ||L]| > 1, [[L7}] < 1.

o Let F C Z9 be a fundamental domain of L(Z9) in Z9.
o A substitution map ¢: A — AF
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Multidimensionnal constant-shape substitutive subshift

o Let L € M(d,Z) be an expansion matrix,
i.e. Lisinvertible, ||L]| > 1, [[L7}] < 1.

o Let F C Z9 be a fundamental domain of L(Z9) in Z9.
o A substitution map ¢: A — AF

. L = 2Idge, F = {(0,0),(1,0),(0,1), (~1,—1)}.

*.H
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Multidimensionnal constant-shape substitutive subshift

Iterating the substitution map, for n > 0
¢ A— AP with Fopr = L(Fa) + F.
hypothesis: (F,), is a Fglner sequence, i.e. Vz € Z¢

Rz F)l

0.
n—-+o00 ‘Fn’
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Multidimensionnal constant-shape substitutive subshift

Iterating the substitution map, for n > 0

€ A— AP with Fpyp = L(F,) + F.
hypothesis: (F,), is a Fglner sequence, i.e. Vz € Z¢

FolM(z + F,
jim LFnAEEFL_ g

n—+o0o |F}|
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Multidimensionnal constant-shape substitutive subshift

Iterating the substitution map, for n > 0

€ A— AP with Fpyp = L(F,) + F.
hypothesis: (F,), is a Fglner sequence, i.e. Yz € Z¢

im LB+ F)l
n—-+o0o ‘Fn’
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Multidimensionnal constant-shape substitutive subshift

o Let L € M(d,Z) be an expansion matrix,
i.e. Lisinvertible, ||L]| > 1, [[L7} < 1.

o Let F C Z9 be a fundamental domain of L(Z9) in Z9.
@ A substitution map &: A — AF
The substitutive subshift associated to § is X

{(x e A VR >0,z€7 X| Be(z) Occurs in some £"(a),n > 0,a € A}
with primitivity assumption:
dn>0, Va,be A, boccursin"(a).

The substitution is aperiodic if any point x € X, is aperiodic.
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Basic topological notions

Theorem (Curtis-Hedlund-Lyndon)

Let ¢ be an isomorphism Aofa subshift (X, S,Z9).
There exists a local map ¢: AB(0) 5 A st

d(x)z = (g(X’I\/I;lz—I—B,(O)) for any z € Z°.
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Basic topological notions

Theorem (Curtis-Hedlund-Lyndon)

Let ¢ be an isomorphism Aofa subshift (X, S,Z9).
There exists a local map ¢: AB(0) 5 A st

d(x)z = (g(X’I\/I;lz—I—B,(O)) for any z € Z°.

N(X) is countable.
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Sufficient conditions on substitutions & to get N(Xg) finite:

M. Baake, J. A. G. Roberts and R. Yassawi (2018): Normalizer group of the chair
tiling (and Ledrappier’s shift).

A. Bustos (2019): Normalizer group of the Robinson tiling.

A. Bustos, D. Luz, N. Mafiibo (2021): Normalizer of block substitutions.

C. (2023): Normalizer group for some extremally permutative substitutions.
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Sufficient conditions on substitutions & to get N(Xg) finite:

M. Baake, J. A. G. Roberts and R. Yassawi (2018): Normalizer group of the chair
tiling (and Ledrappier’s shift).

A. Bustos (2019): Normalizer group of the Robinson tiling.

A. Bustos, D. Luz, N. Mafiibo (2021): Normalizer of block substitutions.

C. (2023): Normalizer group for some extremally permutative substitutions.

Some subshifts with N(X) infinite:

M. Baake, J. A. G. Roberts and R. Yassawi (2018): Normalizer group of the full-shift.
M. Baake, A. Bustos, C. Huck, M. Lemanczyk, and A. Nickel (2021): Normalizer
group of some number-theoretic positive entropy shifts.
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The table tiling:

-1 ©o-
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Figure: A pattern of the table tiling




The table tiling: Ly = (393), F{ =[0,1]>NZ?

0— 33, 1

o
N
N
NN
_HwW
w
wo
[SS] ]
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), Ff =10,1]2n 72

0
2

(3

The table tiling: L;

AN
om

AN
—O

oo
o

3/10:2(3
1/0, 2|1

™| —

o
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The table tiling: Ly = (39), Ff =[0,1]>NZ?

0m 38, 1 31 20 3 3e 33
0 2

3 313 3/10:213

3 — 38 oz — PP
0 2

Proposition (C. (2023))
For the table substitution, we have N(X;, S,Z?) = 72 x Dj.
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Q (BBHLN (2021)): Is N(Xg) finite for any substitution £ ?
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Q (BBHLN (2021)): Is N(Xg) finite for any substitution & 7

NO

Theorem (C., Petite)

For any d > 2, there exists an aperiodic primitive constant-shape substitution £ such
that

N(X¢) = GL(d,Z).

First examples known of zero-entropy minimal subshifts!

N(X¢) is not amenable, even for low complexity subshift
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Half-hex tiling

o — [N
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Half-hex tiling

o — [N

Discrete half-hex tiling: Lpn = (39), A" ={(8),(3).(9). (X4

}

0 0 0
0— 0 2, 1— 1 2, 215 2 2.
1 1 1
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There is an almost 1-1 factor map = : Xpp — Zz(LZh)'
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| ker 7| < min{|7*({z})]: z € Zz(LZ,,)}'
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<_
There is an almost 1-1 factor map = : Xpp — Zz(LZh)'
In particular
. . . . . %
@ There is an injective homomorphism 7 : N(Xpp) — N(Zz(LZh))
A1 2
| ker | < min{|m ™" ({z})[: z € Z°(1n )}

N (2
® N(Xhn) € MZ(15,))

R
But N(Z(1ry) = GL(2, Z).
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The half-hex is a 2-dimensional automatic sequence: There is a map
722\ {0} — A"\ {0}
where 7(n) = f € F"\ {0}, if n = LP(f) + LP*1(m) for some m € Z? and p > 0.
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The half-hex is a 2-dimensional automatic sequence: There is a map
722\ {0} — A"\ {0}
where 7(n) = f € F"\ {0}, if n = LP(f) + LP*1(m) for some m € Z? and p > 0.

Any fixed point X of &, satisfies: X, = 7(n)
Moreover, for any M € GL(2,Z)

70 M(n) = Mor(n) (mod L(Z?))

Define an isomorphism by CHL theorem

dm(X)n = Mxp-1,, (mod L(Z?)).

Theorem (C., Petite (2023))

Aut(Xpp) = (S),  N(Xup) = GL(2,Z), N(Xpp) = Z2 x GL(2, 7).
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Theorem (C., Petite (2023))

For any expansion matrix L € M(d,Z) with |det L| > 3, there is an aperiodic minimal
substitutive Z9-subshift X with expansion matrix L such that

@ it is coalescent.
o Aut(X) = (S).
o N(X)is

{M eJ N Lrernd.zL ™,

k>0 n>k

Ino, LML = L=PMLP (mod L(Z9)),¥n, p > no}

o N(X)~ 79 x N(X).

The isomorphisms are explicit.
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Open problem

Problem

For general substitution &
Are the elements of N(Xg) computable?
Is its group structure computable?

Same question for N(X¢).
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THANKS



