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Finite and Infinite Words

Y - alphabet with |X| < oo finite.

A finite word of length n is a sequence uyus - - - U, with u; € X

An infinite word is a sequence uiUs - - - with u; € X.

Let u = uyus - - - U, be a nonempty word of length n, where u; are
letters and i € {1,2,...,n}. We say that u is a palindrome if
Uylz -+ Up = UpUp—1 - - Uy
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Finite and Infinite Words

Y - alphabet with |X| < oo finite.

A finite word of length n is a sequence uyus - - - U, with u; € X

An infinite word is a sequence uiUs - - - with u; € X.

Let u = uyus - - - U, be a nonempty word of length n, where u; are
letters and i € {1,2,...,n}. We say that u is a palindrome if
iz - -~ Up = Uplp—1 - -+ Uy.

For example, the words “noon” and “level” are palindromes.
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The palindromic length of the finite word v is equal to the minimal
number of palindromes whose concatenation is equal to v.
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number of palindromes whose concatenation is equal to v.

Example: Palindromic length of 001001 is 2.

If x is an infinite word and k is an integer such that PL(u) < k for
every factor u of x then x is ultimately periodic.
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The palindromic length of the finite word v is equal to the minimal
number of palindromes whose concatenation is equal to v.

Example: Palindromic length of 001001 is 2.

If x is an infinite word and k is an integer such that PL(u) < k for
every factor u of x then x is ultimately periodic.

[Frid, Puzynina, Zamboni: On palindromic factorization of words, Adv.
Appl. Math., 2013.]
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Given a nonempty word ¢t € ¥, let mper(t) denote the minimal

period of t and let order(t) = mp';L(t) c Q.
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Given a nonempty word t € ¥t let mper(t) denote the minimal

period of t and let order(t) = mpt'r(t) € Q.

We say that a palindrome p € ¥ is non-periodic if order(p) < 2.

Given aword t € 1, let NPP(t) denote the set of all nonempty
non-periodic palindromic prefixes of t.

We say that a word t € ¥ is ordinary if for every factor u of t we have
that | NPP(t)| > | NPP(u)|.
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Let z be an (ordinary) factor with NPP(z) = h. Let

{z1,22,...,2n} = NPP(2), z = zp, and |z1| < |z2| < -+ < |zp|. Let
/2\1,/2\2, c ,Eh_1 € Pal™ be such that Ziyq = Z,‘E,'Z,', where
ief{1,2,...,h—1}.
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Let z be an (ordinary) factor with NPP(z) = h. Let

{21,22,...,2,,} =NPP(2), z=zp, and |z| < |z2] < -+ < |zp]. Let
Z{,22,...,2n_1 € Pal™ be such that zj,y = zZ;z;, where
ie{1,2,....h—1}.

Definition
Let B = {(1,1)}. Given j € N(2, h), let

~

Bi={(9.e) | (g,e) € B—1and €= e+ |z_1Z_+|} and
Bi=BUB_1U{(j,1)}

Let B= By andlet B= {e| (g, e) € B}.
If (9, e) € Bthen we say that e is a base position of z,.
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Figure: Base positions
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Let N(ny,m) = {ne Ny | n <n<n}.
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Let N(ny,m) ={neNg | nm <n<n}.

Let

UC={SCN(1,|z|) | if us < p2 € N(1,|z|) and
€ € Period(z[u1, p2])
then there is E C N(uq, u2) such that |E| < ¢,

and SN | JN(3,6 + ¢ — 1) = SNN(u1, 1) }-
0€EE

7/18



Preliminaries Base positions Nested periodic structure
00000 000000000

Let N(ny,m) ={neNg | nm <n<n}.

Let

UC={SCN(1,|z|) | if us < p2 € N(1,|z|) and
€ € Period(z[u1, p2])
then there is E C N(uq, u2) such that |E| < ¢,

and SN | JN(3,6 + ¢ — 1) = SNN(u1, 1) }-
0€EE

Proposition
We have that B € UC.
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Suppose ny < no € N(1, |z|). Let
@ B(ni,m)={(g,e)eB|n<e<e+|z]—1<m}
@ If B(n, np) # () then let
height(ni, n2) = max{g | (g,e) € B(ny,n2)} and
width(n1,n2) = max{e1 + ‘291’ — & | (g1, 91), (gg, 62) S
B(ny,n)}.
@ If B(ny, np) = () then let width(ny, no) = height(ny, nx) = 0.
We call height(ny, np) and width(nq, ny) the height and the width of
(m, n2), respectively.
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Figure: Height of (ny, ny)
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We consider the special letter b that we use for “padding” as follows:
Let X and X be two finite alphabets such that o U {b} = ¥ and
b¢ Xy
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Let X and X be two finite alphabets such that o U {b} = ¥ and
b¢ ¥,

Given an infinite word xo € X3°, let pad(xg) = x € X be such that
x[2i — 1] = band x[2i] = xo[i], where i € Nj.
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We consider the special letter b that we use for “padding” as follows:
Let X and X be two finite alphabets such that o U {b} = ¥ and
b¢ ¥,

Given an infinite word xo € X3°, let pad(xg) = x € X be such that
x[2i — 1] = band x[2i] = xo[i], where i € Nj.

Given a finite word u € X, let pad(u) = ubugb. .. bu, € TF, where
U= Uil Up, N=ul,and uy, U, ..., Uy € Xo.

We call pad(xp) and pad(u) padded words. Note that every second
letter in padded words is the letter b.
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For u € pad(X]) we define the padded palindromic length PPL(u) to

be the minimal number k such that u = p;bp2b - - - bpk, where
p1, P2, ..., Ppx € T are palindromes.
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For u € pad(X]) we define the padded palindromic length PPL(u) to
be the minimal number k such that u = p;bp2b - - - bpk, where
p1, P2, ..., Ppx € T are palindromes.

Given xg € 2¢°, let

maxPL(x) = max{PL(u) | u € £ is a factor of x} and
maxPPL(xy) = max{PPL(pad(v)) | u € X is a factor of xo}.
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For u € pad(X]) we define the padded palindromic length PPL(u) to
be the minimal number k such that u = p;bp2b - - - bpk, where
p1, P2, ..., Ppx € T are palindromes.

Given xg € 2¢°, let

maxPL(x) = max{PL(u) | u € £ is a factor of x} and
maxPPL(xy) = max{PPL(pad(v)) | u € X is a factor of xo}.

Obviously u € ¥ is a palindrome if and only if pad(u) € = is a
palindrome.

Suppose xo € X°°. We have that maxPL(xp) < oo if and only if
maxPPL(xp) < oo.
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Suppose wp € X3° to be an infinite aperiodic word such that
maxPL(wp) < oo and maxPPL(wp) = k < oco. Let
w = pad(wp) € X°°.
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Suppose wp € X3° to be an infinite aperiodic word such that
maxPL(wp) < oo and maxPPL(wp) = k < oo. Let
w = pad(wp) € .

Let ¢y = 5, co = 8, and c3 = 10 be constants. Given h, m € Ny, let
A(h, m) = ¢f'(2¢1c3h)™ € Ny be a function.
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Suppose wp € X3° to be an infinite aperiodic word such that
maxPL(wp) < oo and maxPPL(wp) = k < oo. Let
w = pad(wp) € .

Let ¢y = 5, co = 8, and c3 = 10 be constants. Given h, m € Ny, let
A(h, m) = ¢f'(2¢1c3h)™ € Ny be a function.

Let hg € Ny be such that if h > hy then

21 > k(czh)™A(h, m) for all m € N(1, k). (1)

k(csh) A(hk) _

Obviously such hqg exists, since limp_ oo > 0.
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Suppose wp € X3° to be an infinite aperiodic word such that
maxPL(wp) < oo and maxPPL(wp) = k < oo. Let
w = pad(wp) € .

Let ¢y = 5, co = 8, and c3 = 10 be constants. Given h, m € Ny, let
A(h, m) = ¢f'(2¢1c3h)™ € Ny be a function.

Let hg € Ny be such that if h > hy then
21 > k(czh)™A(h, m) for all m € N(1, k). (1)

k(csh) A(hk) _ 0

Obviously such hqg exists, since limp_ oo o

We show that w contains an ordinary palindromic factor z such that b
is a prefix of z and | NPP(z)| > hg

12/18



Given m € Ny, let

V(m) ={ne N(1,|z|) | b= z[n] and PPL(z[2,n— 1]) = m}.
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Given m € Ny, let

V(m) ={ne N(1,|z|) | b= z[n] and PPL(z[2,n— 1]) = m}.

Let h=| NPP(z)|. Given m € Ny, let 6(m) = (2¢1c3h)™ € Ny be a
function.
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Given m € Ny, let

V(m) ={ne N(1,|z|) | b= z[n] and PPL(z[2,n— 1]) = m}.

Let h = | NPP(z)|. Given m € Ny, let 8(m) = (2c1c3h)™ € Ny be a
function.

LetDC Ny, €Ny,andDC D. lf D= {or
max(D) — min(D) + 1 < £ then we call D a ¢-cut of D.
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Let

NPS = {(D,¢) | D C N(1,|z|) and ¢ € N; and D # 0 and
D = Spread(D, &) N Close(D) and £ € Period(z[min(D), max(D)])}.
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Let

NPS = {(D,€) | DC N(1,|z|) and £ € N; and D # () and
D = Spread(D, &) N Close(D) and £ € Period(z[min(D), max(D)])}.

Given (D,¢) € NPS, let ©(D,&) = D. Given M C NPS, let
p(M) = {0} U{D| (D,&) € M} and let 5(M) = Upey(m) D-
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Let

NPS = {(D,€) | DC N(1,|z|) and £ € N; and D # () and
D = Spread(D, &) N Close(D) and £ € Period(z[min(D), max(D)])}.

Given (D,¢) € NPS, let ©(D,&) = D. Given M C NPS, let
p(M) = {0} U{D| (D,&) € M} and let 5(M) = Upey(m) D-

Given (D,§) € NPS, let Cut(D,&) ={D C D | Dis a&-cut of D}.
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We define the nested periodic structure:

Let NPS(0) = {(D,¢) € NPS | |D| = 1}. Given m € Ny, let

NPS(m) = {(D,¢) € NPS | if D € Cut(D, ¢) then there is
M C NPS(m—1)
such that |M| < #(m) and D C (M) C Close(D)}.
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We define the nested periodic structure:
Definition

Let NPS(0) = {(D,¢) € NPS | |D| = 1}. Given m € Ny, let

NPS(m) = {(D,¢) € NPS | if D € Cut(D, ¢) then there is
M C NPS(m—1)
such that |M| < #(m) and D C (M) C Close(D)}.

We call (D, &) € NPS(m) a nested periodic structure (NPS) of degree
m and we call D an NPS cluster of degree m.
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Given m € Ny, we show that there is M C NPS(m) such that

V(m)< |J Dand M| < (csh)™. @)
(Dg)em
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Figure: Palindromic extensions
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Thank you
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