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Continued Fractions

Given a quadratic irrational © € R, we write

736]'

1
© = by + Z:[bo;bl,...,bk,al,...
by + 1
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Continued Fractions

Given a quadratic irrational © € R, we write

1

© = by +
0 by + 1

by +

= [bo;bl,...,bk,al,...

Given p prime, how does the continued fraction expansion of pX© change

as k — o0?

Noy Soffer Aranov (University of Utah) Escape of Mass of the Sequences York Conference

2/24



Some Known Results

Given a prime p, write the c.f.e. of pX© as

k . 55—
P @ = [bk701 bk,17 R bk,mk; ak,la ety ak,fk]'
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Some Known Results

Given a prime p, write the c.f.e. of pX© as

k . 55—
P @ = [bk,OI bk,17 R bk,mka ak,17 ety ak,fk]'

Theorem (Aka-Shapira 2017)

Q /= Ce,ppk + O(l)p%k.
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Some Known Results

Given a prime p, write the c.f.e. of pX© as

k . 55—
P @ = [bk701 bk,17 R bk,mka ak,17 ety ak,fk]'

Theorem (Aka-Shapira 2017)

_ k 3
Q /i = copp +o(l)ps”.
@ For every ©, we have limy_,c maxj—1, ., |ax,i| = 0.
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Some Known Results

Given a prime p, write the c.f.e. of pX© as

k . 55—
P @ = [bk701 bk,17 R bk,mk; ak,la ety ak,fk]'

Theorem (Aka-Shapira 2017)

_ k 3
Q /i = copp +o(l)ps”.
@ For every ©, we have limy_,c maxj—1, ., |ax,i| = 0.

© For every O, there is no escape of mass of pk©, that is

max;=1,..¢, log |ax,i| —0

k=00 * , log x|
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Idea of Proof

@ Utilize the connection between the Poincare section in the upper half
plane and the c.f.e.
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Idea of Proof

@ Utilize the connection between the Poincare section in the upper half
plane and the c.f.e.

@ Then, connect between the upper half plane model and lattices in
PGL2(R)/ PGL2(Z).
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Idea of Proof

@ Utilize the connection between the Poincare section in the upper half
plane and the c.f.e.

@ Then, connect between the upper half plane model and lattices in
PGL2(R)/ PGL2(Z).

© Then, escape of mass of the c.f.e. corresponds to escape of mass of
Haar measures supported on a sequence of compact, nested diagonal
orbits.
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Hecke Friends

Setting
Goo = PGL2(R), Too = PGL2(Z), Xoo = Goo /T sos
A = {diag{a, B} : a, 8 € R*}.
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Hecke Friends

Setting
Goo = PGL2(R), Too = PGL2(Z), Xoo = Goo/T oo,
A = {diag{a, B} : a, 8 € R*}.

Definition (Hecke Friends)

Let p be a prime. We say that two lattices A, Ay C X are Hecke
neighbors if A, C A; and A1/Ny =2 Z/pZ.
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Hecke Friends

Setting
Goo = PGL2(R), Too = PGL2(Z), Xoo = Goo/T oo,
A = {diag{a, B} : a, 8 € R*}.

Definition (Hecke Friends)

Let p be a prime. We say that two lattices A1, Ax C X, are Hecke
neighbors if Ay C Ay and A1 /Ay = Z/pZ. We say that two lattices Aq, Ao
are Hecke friends if we can get from one to another through Hecke
neighbors or equivalently Ay C Ay and A1 /Ay = Z/p™7Z for some m > 1.
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Hecke Trees

Remark

If Ag is a lattice then, the set of Hecke friends A C Ag forms a p+ 1
regular tree T,(Ao).
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Hecke Trees

Remark

If Ag is a lattice then, the set of Hecke friends A C Ag forms a p+ 1
regular tree T,(Ag). If Ag has a compact A orbit, then,

@ AN supports an A invariant probability measure piap,.
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Hecke Trees

Remark
If Ag is a lattice then, the set of Hecke friends A C Ag forms a p+ 1
regular tree T,(Ag). If Ag has a compact A orbit, then,

@ AN supports an A invariant probability measure piap,.

© By Dirichlet’s units theorem, it corresponds to a quadratic irrational

.

Noy Soffer Aranov (University of Utah) Escape of Mass of the Sequences York Conference 6/24




Hecke Trees

Remark

If Ag is a lattice then, the set of Hecke friends A C Ag forms a p+ 1
regular tree T,(Ag). If Ag has a compact A orbit, then,

@ AN supports an A invariant probability measure piap,.

© By Dirichlet’s units theorem, it corresponds to a quadratic irrational

.

© Every A € T,(Ao) corresponds to a quadratic irrational © € Q(©).
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Hecke Trees

Remark

If Ag is a lattice then, the set of Hecke friends A C Ag forms a p+ 1
regular tree T,(Ag). If Ag has a compact A orbit, then,

@ AN supports an A invariant probability measure piap,.

© By Dirichlet’s units theorem, it corresponds to a quadratic irrational

©.
© Every A € T,(Ao) corresponds to a quadratic irrational © € Q(©).

@ Thus, every node in the Hecke tree A supports an A invariant
probability measure pian.
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Hecke Trees

Remark

If Ag is a lattice then, the set of Hecke friends A C Ag forms a p+ 1
regular tree T,(Ag). If Ag has a compact A orbit, then,

@ AN supports an A invariant probability measure piap,.

© By Dirichlet’s units theorem, it corresponds to a quadratic irrational

©.
© Every A € T,(Ao) corresponds to a quadratic irrational © € Q(©).

@ Thus, every node in the Hecke tree A supports an A invariant
probability measure pian.

Therefore, we can study the evolution of nested number fields or c.f.e's by
studying the distribution of these measures uaa when A is taken along a
branch in the tree T,(Ao).
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The Hecke Tree T,(/Ao)

No

/ \M

/\ /\ /1IN
/\
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PH(KCp)
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Escape of Mass in Hecke Trees
Definition

We say that probability measures {1 }nen € P(Xs) exhibit ¢ escape of
mass if every accumulation point g = limy_,o pn, satisfies p(Xs) <1—c.
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Escape of Mass in Hecke Trees

Definition

We say that probability measures {1 }nen € P(Xs) exhibit ¢ escape of
mass if every accumulation point g = limy_,o pn, satisfies p(Xs) <1—c.

Remark

Escape of mass of {pk©} corresponds to escape of mass of {NA/\pk@}kZO-

v
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Escape of Mass in Hecke Trees

Definition
We say that probability measures {15 }neny € P(Xx) exhibit ¢ escape of
mass if every accumulation point g = limy_,o pn, satisfies p(Xs) <1—c.

Remark

Escape of mass of {pk©} corresponds to escape of mass of {/"LA/\pk@}kZO'

Theorem (Aka-Shapira 2018)

All but possibly 2 branches in the Hecke tree T,(Ag) do not exhibit escape
of mass. Furthermore, the measures /ﬁ, varied along rational branches
equidistribute.
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Escape of Mass in Hecke Trees

Definition |
We say that probability measures {15 }neny € P(Xx) exhibit ¢ escape of
mass if every accumulation point g = limy_,o pn, satisfies p(Xs) <1—c.

Remark |
Escape of mass of {pk©} corresponds to escape of mass of {/"LA/\pk@}kZO'

Theorem (Aka-Shapira 2018) |

All but possibly 2 branches in the Hecke tree T,(Ag) do not exhibit escape
of mass. Furthermore, the measures /ﬁ, varied along rational branches
equidistribute.

Question |
What happens when we replace R with F,((t~1))?

= = —= —= —= ~n
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Function Field Setting

Let

N
Fylt] = {Zant” cap €Fg,N € N},
n=0

N
Fo((t71)) = { D apt":a, €Fq, N e Z}.

n=—oo
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Function Field Setting

Let

N
Fylt] = {Zant” cap €Fg,N € N},
n=0

N
Fo((t71)) = { D apt":a, €Fq, N e Z}.

n=—oo

Given © in Fy((t™1)), we can write its continued fraction expansion
© = [Ao; A1, .. .], where A; € Fg[t].
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Function Field Setting

Let

N
Fylt] = {Zant” cap €Fg,N € N},
n=0

N
Fo((t71)) = { D apt":a, €Fq, N e Z}.

n=—o00
Given © in Fy((t™1)), we can write its continued fraction expansion
© = [Ao; A1, .. .], where A; € Fg[t].

Lemma
© € QI if and only if the c.f.e. of © is periodic. {

Question
How does the c.f.e. of tX© distribute? {
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Dynamics of CFE's in Function Fields

Let the c.f.e. of tk© be

k . 53
t @ = [bk,Or bk,la sty bk,mk, ak,la sty ak,fk]'
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Dynamics of CFE's in Function Fields

Let the c.f.e. of tk© be

k . 53
t @ = [bk,Or bk,la sty bk,mk, ak,la sty ak,ék]'

Known Results
Q limy_,oo maxj=1,. s, deg(ak ;) = oo (de Mathan-Teulie 2004).
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Dynamics of CFE's in Function Fields

Let the c.f.e. of tk© be

k . =
t @: [bk,Ovbk,la"‘7bk,mk,ak,17"‘7ak,€k]'
Known Results

Q limy_,oo maxj=1,. s, deg(ak ;) = oo (de Mathan-Teulie 2004).
@ /i = Op(k) (Kemarsky-Paulin-Shapira ,Paulin-Shapira 2018)
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Dynamics of CFE's in Function Fields

Let the c.f.e. of tk© be

k . 53
t @ = [bk,Or bk,la sty bk,mk, ak,la sty ak,ék]'

Known Results
Q limy_,oo maxj=1,. s, deg(ak ;) = oo (de Mathan-Teulie 2004).
@ !k = Oo(k) (Kemarsky-Paulin-Shapira ,Paulin-Shapira 2018)
© (Paulin-Shapira 2018) Let © € QI, let

Yoiry max{deg(ax,i) — N,0}

ex,n(©) =
N (©) Efnzldeg(ak,i)
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Dynamics of CFE's in Function Fields

Let the c.f.e. of tk© be

k . 53
t @ = [bk,Or bk,la sty bk,mk, ak,la sty ak,ék]'

Known Results
Q limy_,oo maxj=1,. s, deg(ak ;) = oo (de Mathan-Teulie 2004).
@ !k = Oo(k) (Kemarsky-Paulin-Shapira ,Paulin-Shapira 2018)
© (Paulin-Shapira 2018) Let © € QI, let

S0 max{deg(ax ;) — N,0}
E:&;ldeg(akj) ‘

Then, there exists ¢ = ¢(©) > 0, such that

ek7N(@) =

lim liminfeg ny > ¢ (c-escape of mass).
N—oo k—oo
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Idea of Proof

Method

o Again use Hecke trees T:(Ag) in PGL2(F,4((t71)))/ PGLa(F,[t]) and
study the escape of mass of measures pap, taken along the branches.
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Idea of Proof

Method

o Again use Hecke trees T:(Ag) in PGL2(F,4((t71)))/ PGLa(F,[t]) and
study the escape of mass of measures pap, taken along the branches.

@ Use Paulin’s results to connect ¢ escape of mass of measures piap, in
the Hecke tree to escape of mass of the c.f.e.
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Idea of Proof

Method

o Again use Hecke trees T:(Ag) in PGL2(F,4((t71)))/ PGLa(F,[t]) and
study the escape of mass of measures pap, taken along the branches.

@ Use Paulin’s results to connect ¢ escape of mass of measures piap, in
the Hecke tree to escape of mass of the c.f.e.

Conjecture (Kemarsky-Paulin-Shapira/Paulin-Shapira 2018)

For every © € QI, © exhibits full escape of mass, that is we can take
c=1.
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We Disprove This Conjecture!

Theorem (A.-Nesharim-Shapira, A.-Robertson)

For every prime p, there exists ©(P) = 3" o)t ¢ Fo((t71)), s.t.
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We Disprove This Conjecture!

Theorem (A.-Nesharim-Shapira, A.—Robertson)

For every prime p, there exists ©(P) = 3" o) t—n eFp((t71)), st

© (Partial escape of mass)

p odd (A.-Robertson)

lim liminf e N(@(p)) = . N
N—oo k—s00 p = 2 (A.-Nesharim-Shapira)

WIN T [N
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We Disprove This Conjecture!

Theorem (A.-Nesharim-Shapira, A.—Robertson)

For every prime p, there exists ©(P) = 3" o) t—n eFp((t71)), st

© (Partial escape of mass)

p odd (A.-Robertson)

lim liminf e N(@(p)) = . N
N—oo k—s00 p = 2 (A.-Nesharim-Shapira)

WIN T [N

@ (Full Maximal Escape of Mass) limy_soo lim supy_, exn(9P) =
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We Disprove This Conjecture!

Theorem (A.—Nesharim—Shapira A.-Robertson)

For every prime p, there exists ©(P) = 3" o) t—n eFp((t71)), st

© (Partial escape of mass)

p odd (A.-Robertson)

lim liminf e N(@(p)) = . N
N—oo k—s00 p = 2 (A.-Nesharim-Shapira)

WIN T [N

@ (Full Maximal Escape of Mass) limy_soo lim supy_, exn(9P) =

© (Full Generic Escape of Mass) Moreover, for every € > 0,

lim d(k e N: e n(0P) <1—-¢)=0.

N—o00
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Hankel Matrices and DANW's

Given {©,}pen C Fg, we define
Ok Ok+1
© ©
Holkim)= | <1 =

ek—&-m ek—&-m—&-l
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Hankel Matrices and DANW's

Given {©,}pen C Fg, we define

O Oky1 -+ Ougm
Ho(k: m) = ek.+1 9.k+2 e ek+.m+1
Okym Okymy1 -+ Okiom

Define the diagonally aligned number wall (DANW) of © as

0 n>m+1
1 n=m+1
o) —
Sm.n(®) 0 m=n mod?2

detH@(’"” m;”) m>nand m#n mod 2
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Diophantine Properties of Hankel Matrices |

Let © = 0°,©,t7" =[0;a1,a0,...] and let N = No + Nyt + -+ Npth.
Then, |(N©)| < g~ if and only if for every i = 1,...,¢,

OiNg+Ojr1Ni+ -+ 01Ny, =0.
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Diophantine Properties of Hankel Matrices |

Let © = 0°,©,t7" =[0;a1,a0,...] and let N = No + Nyt + -+ Npth.
Then, |(N©)| < g~ if and only if for every i = 1,...,¢,

OiNg+Ojr1Ni+ -+ 01Ny, =0.

Equivalently,
@]_ @2 e @h+1 NO
@2 @3 e @h+2 .
Ao(t,h+1)N:= | _ _ | =o.
@g el e ethg
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Diophantine Properties of Hankel Matrices |l

Fact
If 'D" = [0;a1,...,an] is a convergent of ©, then,

0 there exists £ € N, such that [(@,0)| < g~¢ and
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Diophantine Properties of Hankel Matrices |l

Fact
If % = [0;a1,...,an] is a convergent of ©, then,
O there exists £ € N, such that [(@,0)| < ¢~¢ and
Q@ for every @ with deg(Q) < deg(Q,), [(QO)| > g~
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Diophantine Properties of Hankel Matrices |l

Fact
If % = [0;a1,...,an] is a convergent of ©, then,
O there exists £ € N, such that [(@,0)| < ¢~¢ and
Q@ for every @ with deg(Q) < deg(Q,), [(QO)| > g~

Hankel Matrix Interpretation

Let m = deg(Qn). Then, there exists ¢ such that
Q Ap(¢,m+ 1)v =0 for some v, and
Q for every u € Fg' \ {0}, Ag (4, m)u # 0.
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Hankel Matrix Interpretation
Let m = deg(Qn). Then, there exists ¢ such that
Q Ap(¢,m+ 1)v =0 for some v, and
Q for every u € Fg' \ {0}, Ag (4, m)u # 0.
Thus, det(Hg(0; m)) # 0.
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Diophantine Properties of Hankel Matrices |l

Fact

If % = [0;a1,...,an] is a convergent of ©, then,
@ there exists £ € N, such that [(@,0)| < ¢g~*
@ for every Q with deg(Q) < deg(Qn), |(QO)]

Hankel Matrix Interpretation
Let m = deg(Qn). Then, there exists ¢ such that
Q Ap(¢,m+ 1)v =0 for some v, and
Q for every u € Fg' \ {0}, Ag (4, m)u # 0.
Thus, det(Hg(0; m)) # 0.

Lemma
k 5 Pn k
Assume that t“© = [0; a1k, a2k, .- -] and let o,
n,
Noy Soffer Aranov (University of Utah) Escape of Mass of the Sequences
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Diophantine Properties of Hankel Matrices |l

Fact

If % = [0;a1,...,an] is a convergent of ©, then,
O there exists £ € N, such that [(@,0)| < ¢~¢ and
Q@ for every @ with deg(Q) < deg(Q,), [(QO)| > g~

Hankel Matrix Interpretation

Let m = deg(Qn). Then, there exists ¢ such that
Q Ap(¢,m+ 1)v =0 for some v, and
Q for every u € Fg' \ {0}, Ag (4, m)u # 0.
Thus, det(Hg(0; m)) # 0.

Lemma

P
Assume that t5© = [0; aik, a2k, ---] and let QZi =1[0; a1k .- ankl-

Then, §m.« # 0 if and only if there exists some n such that deg(Q, k) = m. |
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Escape of Mass in DANW's

Corollary

Let © = 3702, Ot ™" € Ql and let 6 = [0;34T, - 3] Let hi,j be
the j-th non-zero coordinate in the k-th column of §. Then,
4n
e (©) — it Mmax{deg(a) — N, 0}
> ity deg(ax,i)
_ >j=o. 01 max{h 1 — hj— N, 0}
B O—1 :
250 (hrjy1 — hij)
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Escape of Mass in DANW's

Corollary

Let © = 3702, Ot ™" € Ql and let 6 = [0;34T, - 3] Let hi,j be
the j-th non-zero coordinate in the k-th column of §. Then,
4n
e (©) — it Mmax{deg(a) — N, 0}
> ity deg(ax,i)
_ >j=o. 01 max{h 1 — hj— N, 0}
B O—1 :
250 (hrjy1 — hij)

In other words, escape of mass of the c.f.e. corresponds to the proportion

that the large distances between non-zero coordinates in the column takes
up in the period of the column.
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Zero Blocks in DANW'’s - Known Results

Known Results

Q If © € Ql, then, §(©) contains zero windows of unbounded size (de
Mathan-Teullie).
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Known Results

Q If © € Ql, then, §(©) contains zero windows of unbounded size (de
Mathan-Teullie). This corresponds to escape of mass for {tK©}>o.

Noy Soffer Aranov (University of Utah) Escape of Mass of the Sequences York Conference 18 /24



Zero Blocks in DANW'’s - Known Results

Known Results
Q If © € Ql, then, §(©) contains zero windows of unbounded size (de
Mathan-Teullie). This corresponds to escape of mass for {tK©}>o.
@ There exist DANW'’s with zero windows of bounded size
(Adiceam-Nesharim-Lunnon 2020, Robertson 2023, Garrett-Robertson
2024)
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Zero Blocks in DANW'’s - Known Results

Known Results |
Q If © € Ql, then, §(©) contains zero windows of unbounded size (de
Mathan-Teullie). This corresponds to escape of mass for {tK©}>o.
@ There exist DANW'’s with zero windows of bounded size
(Adiceam-Nesharim-Lunnon 2020, Robertson 2023, Garrett-Robertson
2024)

t-adic Littlewood Conjecture (de Mathan-Teullie 2004)
For every © € Fy((t™1)), we have

inf  |[N|-|N|:|(NO)| = inf IN| - |(Ntk©)| = 0.
0#£NEF[t] 0#£NEF[t],k>0
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Zero Blocks in DANW'’s - Known Results

Known Results |
Q If © € Ql, then, §(©) contains zero windows of unbounded size (de
Mathan-Teullie). This corresponds to escape of mass for {tK©}>o.

@ There exist DANW's with zero windows of bounded size
(Adiceam-Nesharim-Lunnon 2020, Robertson 2023, Garrett-Robertson

2024)

t-adic Littlewood Conjecture (de Mathan-Teullie 2004)

For every © € Fy((t™1)), we have

inf  |[N|-|N|:|(NO)| = inf IN| - |(Ntk©)| = 0.
0#£NEF[t] 0#£NEF[t],k>0

Adiceam-Nesharim-Lunnon proved that © satisfies t-adic Littlewood if and
only if F(©) has zero windows of unbounded size.
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Method of Proof

@ We define a tiling from a small set of tiles T to M,y ,(T),
T:T = My (T).
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Method of Proof

@ We define a tiling from a small set of tiles T to M,y ,(T),
T:T = Mpp(T).
@ Define a coding ® : T(T) — M,y p(IF2) to obtain a matrix F.

Noy Soffer Aranov (University of Utah) Escape of Mass of the Sequences York Conference 19 /24



Method of Proof

@ We define a tiling from a small set of tiles T to M,y ,(T),
T:T = My (T).

@ Define a coding ® : T(T) — M,y p(IF2) to obtain a matrix F.

© Prove that the matrix F has the same structure as the DANW of the
Thue Morse or p Cantor sequence.

Noy Soffer Aranov (University of Utah) Escape of Mass of the Sequences York Conference 19 /24



Method of Proof

@ We define a tiling from a small set of tiles T to M,y ,(T),
T:T = My (T).

@ Define a coding ® : T(T) — M,y p(IF2) to obtain a matrix F.

© Prove that the matrix F has the same structure as the DANW of the
Thue Morse or p Cantor sequence.

@ Use symmetries and "self similar structure” of the tiling and the
coding to find sequences in F that exhibits % escape of mass for odd

p and % escape when p = 2.

Noy Soffer Aranov (University of Utah) Escape of Mass of the Sequences York Conference 19 /24



Method of Proof

@ We define a tiling from a small set of tiles T to M,y ,(T),
T:T = Mpp(T).
@ Define a coding ® : T(T) — M,y p(IF2) to obtain a matrix F.

© Prove that the matrix F has the same structure as the DANW of the
Thue Morse or p Cantor sequence.

@ Use symmetries and "self similar structure” of the tiling and the
coding to find sequences in F that exhibits % escape of mass for odd

p and % escape when p = 2.

© Use "self similarity” to find sequences in F exhibiting full escape of
mass.

Noy Soffer Aranov (University of Utah) Escape of Mass of the Sequences York Conference 19 /24



Method of Proof

@ We define a tiling from a small set of tiles T to M,y ,(T),
T:T = Mpp(T).
@ Define a coding ® : T(T) — M,y p(IF2) to obtain a matrix F.

© Prove that the matrix F has the same structure as the DANW of the
Thue Morse or p Cantor sequence.

@ Use symmetries and "self similar structure” of the tiling and the
coding to find sequences in F that exhibits % escape of mass for odd

p and % escape when p = 2.
© Use "self similarity” to find sequences in F exhibiting full escape of
mass.

@ For generic escape of mass use Markov chains to describe the tiling
and show that the density of sequences not exhibiting full escape of
mass is 0.
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The Tiling for the Thue Morse Sequence
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The Coding for the Thue Morse Sequence
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The Tiling for the 11-Cantor Sequence
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Questions

@ Is it true that every rational branch in the Hecke tree has the 0
measure as an accumulation measure? That is, the maximal amount
of escape of mass along rational branches is full.
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e >0,
#{n <N : MA/\,,(Xoo) > 5} —0
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@ What can be said in the general S-adic case, that is when we take the

sequence 1,0, where v, = Py --- P, where P; € S, for some finite
set of prime polynomials 57
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Questions

o

o

o

Is it true that every rational branch in the Hecke tree has the 0
measure as an accumulation measure? That is, the maximal amount
of escape of mass along rational branches is full. We conjecture that
for every ©, for every rational branch {An} € T¢(Ag) and for every
e >0,

lim sup #{n <N: MA/\,,(Xoo) > 5} _

0.
N—oo N

What can be said in the general S-adic case, that is when we take the
sequence 1,0, where v, = Py --- P, where P; € S, for some finite
set of prime polynomials 57

What are the accumulation points of measures taken along a generic
branch in the Hecke tree? Do generic branches equidistribute?

What happens in the building of PGL3?
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Thank you very much
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