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What is known? Reconstruction

query all q P Σℓ

adapt next query on the

find least ℓ to reconstruct w

result of the previous ones

ℓ ď exppΩplog1{2
pnqq Opk

a

n log2pnqq queries
(Dudík, Schulman) (Richomme, Rosenfeld)

� reconstruction of a word from a specific regular language

regular languages with polynomial growth
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Polynomial Regu-
lar Languages

Definition

A regular language L has polynomial growth

if |LX Σn| P Opnkq for some k ě 0.

Theorem (Szilard et al. ’92)

Every polynomial regular language is a finite union of languages of the form

L “ u1v˚
1u2 ¨ ¨ ¨utv˚

t ut`1 for t ě 1, v1, . . . , vt ‰ ε
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Polynomial Regu-
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t ut`1
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Step 1:

Step 2:
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coefficients for univariate polynomial � If α
pv,uq

|u|
‰ 0, then degpBv,uq “ |u|
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� Pqpx1, . . . , xtq is independent of g
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Equations
Definition

Let q P Σ` and g from a polynomial regular language.

Consider the polynomial in
Qrx1, . . . , xts

Eqg,q :“ Pqpx1, . . . , xtq ´
ˆ

g
q

˙

.

Theorem

Let g “ u1vγ1
1 u2 ¨ ¨ ¨utv

γt
t ut`1 from a polynomial regular language. For all q P Σ`, the

t-uple pγ1, . . . , γtq of non-negative integers is a solution of the equation Eqg,q “ 0.

� Problem reduces: finding a set of queries such that system of equations has
unique integer solution U
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loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y

loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“

0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y

`

ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y

loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“

0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y

loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“

0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y

loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“

0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x

`

ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y

loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“

0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x

`

ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y

loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“

0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy

`

ˆ

u2
1

˙ˆ

v2
0

˙

y

loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“

0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y
loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“

0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y
loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“0

` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y
loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“0` 4x

` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y
loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“0` 4x ` 2 ¨ 3x
2 ´ x
2

` 1` y ` 1 ¨ 2y
2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y
loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1

` y ` 1 ¨ 2y
2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y
loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y

` 1 ¨ 2y
2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
ˆ

v1
1

˙ˆ

u2
0

˙

x `
ˆ

v1
1

˙ˆ

v2
0

˙

xy `
ˆ

u2
1

˙ˆ

v2
0

˙

y
loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

letters from different factors

“0` 4x ` 2 ¨ 3x
2 ´ x
2 ` 1` y ` 1 ¨ 2y

2 ´ y
2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

` 0` 2 ¨ 2x ` 2 ¨ 2xy ` 1 ¨ 2y

looooooooooooooooomooooooooooooooooon

“3x2 ` 4xy ` 5x ` y2 ` 2y ` 1



Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v2

ˆ

g
10

˙

∠ 132

ˆ

g
10

˙

“

ˆ

u1
10

˙

`

ˆ

v1
10

˙

x `
ˆ

v1
1

˙ˆ

v1
0

˙ˆ

x
2

˙

`

ˆ

u2
10

˙

`

ˆ

v2
10

˙

y `
ˆ

v2
1

˙ˆ

v2
0

˙ˆ

y
2

˙

looooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooon

both letters from the same factor

`

ˆ

u1
1

˙ˆ

v1
0

˙

x `
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Two Loops

Introduction Polynomials Nice Case General Case
Basics & Initial Results for Reconstruction Two Loops and its problems
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Linearly Indepen-
dent

Parikh Vectors

Lemma

Let L “ u1v˚
1u2v˚

2u3 be a language where v1, v2 P Σ` and u1,u2,u3 P Σ˚ are given.

a word in L (of unknown length)
Ψpv1q, Ψpv2q linearly ùñ uniquely reconstructable
independent over Q with two queries (of length 1)

Sketch of a Proof.

ˆ

g
a

˙

“ |v1|ax ` |v2|ay ` |u1u2u3|a and
ˆ

g
b

˙

“ |v1|bx ` |v2|by ` |u1u2u3|b are
linear equations with one point of intersection
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ˆ

g
a

˙

“ |v1|ax ` |v2|ay ` |u1u2u3|a and
ˆ

g
b

˙

“ |v1|bx ` |v2|by ` |u1u2u3|b

are
linear equations with one point of intersection
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Example continued

L “ 0
loomoon

u1

p10010q˚
loooomoooon

v1

010
loomoon

u2

p010q˚
loomoon

v1

g “ 0p10010q4010p010q3 pγ1, γ2q “ p4,3q

" Eqg,0 : 3x ` 2y ´ 18 “ 0
Eqg,1 : 2x ` y ´ 11 “ 0
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Linearly Depen-
dent

αΨpv1q “ βΨpv2q

� Eqg,apx, yq “ 0 and Eqg,bpx, yq “ 0 are equivalent� query
`g
a
˘

and
` g
ab

˘

Lemma

Let L “ u1v˚
1u2v˚

2u3 be a language where v1, v2 P Σ` and u1,u2,u3 P Σ˚ are given and
vα
1 „1 vβ

2 for some coprime integers α, β ě 1. If there exist a,b P Σ such that the
quantity

|vα
1 |b|u2|a ´ |vα

1 |a|u2|b `
ˆ

vβ
2
ab

˙

´

ˆ

vα
1
ab

˙

is non-zero , then a word in L (of unknown length) can be uniquely reconstructed with
two queries (of length 1 and 2 respectively).
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Equation in detail
For all a,b P Σ:

|vα
1 |b|u2|a ´ |vα

1 |a|u2|b `
ˆ

vβ
2
ab

˙

´

ˆ

vα
1
ab

˙

“ 0

� �

ˆ

vα
1
ab

˙

“

ˆ

vβ
2
ab

˙

|vα
1 |b|u2|a ´ |vα

1 |a|u2|b

and “

ˆ

vα
1
ab

˙

´

ˆ

vβ
2
ab

˙

|vα
1 |b|u2|a “ |vα

1 |a|u2|b ‰ 0
ðñ

vα
1 „2 vβ

2 and Ψpvα
1 q, Ψpu2q lin. dependent

x „k y for k P N iff
`x
w

˘

“
`y
w

˘

for all w P Σk
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Example new

L “ 0
loomoon

u1

p11000q˚
loooomoooon

v1

001
loomoon

u2

p010q˚
loomoon

v1

$

’

&

’

%

Eqg,0 : 2x ` y ´ 7 “ 0
Eqg,1 : 2y ` y ´ 7 “ 0
Eqg,01 : 4x2 ` 4xy ` 2x ` y2 ` 4y ´ 65 “ 0

-15 -10 -5 0 5

-10

-5

0

5

10

15

20

25



Consequence for short queries

Theorem

Let L “ u1v˚
1u2v˚

2u3 and

� vα
1 „1 vβ

2 for some coprime integers α, β ě 1
� k ě 2
� g “ u1vγ1

1 u2v
γ2
2 u3 to guess is long enough such that tγ1{αu` tγ2{βu ě k

For all queries q such that 2 ď |q| ď k:
tEqg,a “ 0u and

tEqg,q “ 0 | 1 ď |q| ď ku ðñ vα
1 u2 „k u2vβ

2
same sets of solutions

� there exists a largest K such that vα
1 u2 „K u2vβ

2 and vα
1 u2 ȷK`1 u2vβ

2 .
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Query for K no short queries

Lemma

If vα
1 u2 „k u2vβ

2 one can determine a K

such that, a word in L (of unknown length) can
be uniquely reconstructed with two queries (of length 1 and K ` 1 respectively).



Query for K no short queries

Lemma

If vα
1 u2 „k u2vβ

2 one can determine a K such that, a word in L (of unknown length) can
be uniquely reconstructed
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Query for K no short queries

Lemma

If vα
1 u2 „k u2vβ

2 one can determine a K such that, a word in L (of unknown length) can
be uniquely reconstructed with two queries (of length 1 and K ` 1 respectively).



Complete Picture for two loops

Are Ψpv1q, Ψpv2q
linearly independent?

Step 1
yes: |q1| “ 1, |q2| “ 1
2 linear equations suffice

no: vα
1 „1 vβ

2
Da,b P Σ :
p˚q is non-zero?

Step 2
yes: |q1| “ 1, |q2| “ 2
2 equations suffice

Step 3
no: |q1| “ 1, |q2| “ K ` 1

vα
1 u2 „2 u2vβ

2
2 equations suffice



More Loops

Introduction Polynomials Nice Case General Case
Basics & Initial Results for Reconstruction Two Loops and its problems



More Loops

� more queries: q1, . . . ,qm P Σ`

� system ofm equations Eqg,qi “ 0

� there exists at least one non-negative integer solution pγ1, . . . , γtq

Goal.

Show that

F : Nt Ñ Nm, x “ px1, . . . , xtq ÞÑ pPq1pxq, . . . ,Pqmpxqq

is injective.
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Tarski-Seidenberg
F : Nt Ñ Nm,

x “ px1, . . . , xtq ÞÑ pPq1pxq, . . . ,Pqmpxqq

extend the domain to real
numbers

�
G : Rt

ě0 Ñ Rm
ě0,

x “ px1, . . . , xtq ÞÑ pPq1pxq, . . . ,Pqmpxqq

�

Theorem (Tarski-Seidenberg)

For every first-order formula over the real
field, there exists an equivalent
quantifier-free formula. Furthermore,
there is an explicit algorithm to compute
this quantifier-free formula.

␣

¨

˝Dx1, . . . , xt, y1, . . . , yt ě 0 :
t

ł

j“1
xj ‰ yj ñ Gpx1, . . . , xtq ‰ Gpy1, . . . , ytq

˛

‚.
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there is an explicit algorithm to compute
this quantifier-free formula.

␣

¨

˝Dx1, . . . , xt, y1, . . . , yt ě 0 :
t

ł

j“1
xj ‰ yj ñ Gpx1, . . . , xtq ‰ Gpy1, . . . , ytq

˛

‚.



Tarski-Seidenberg

Theorem

Let
� q1, . . . ,qm be queries

� Gpxq “ pPq1pxq, . . . ,Pqmpxqq be the corresponding polynomial map

quantifier elimination of the any word in the language
formula returns True ùñ can be reconstructed in

a constant number ofm queries
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