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Fibonacci numbers and Fibonacci word
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Proof by Walnut magic
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Proof by Walnut magic

Z Jupyter untitled1 tast Checkpoint 9 seconds ago
File Edit View Run Kemnel Settings Help

B+ XDOD0O» = C » Code v

Trusted

Jupytertab [ Walnut O 5

reg shift {0,1) {¢,1} " z[a ell[e,. 1][1 1]*[1,0)*":
def phin “?msd_fib 2 $shift(n-1,2) & y=z#l®:
def alpha "?msd_fib (m: 6&1 o) | (ma & Ex Sphin(n,x) 5. m-x.z'n)“:

5] & 7

i itmin,d) &

def diff "Imsd_fib Ea,b,c,d $alph & $alph 41
def bal "?msd_fib me=n & ~EL,j >0 & i

(Bat6emmy & (o (0 B K65 > S6168(smn, 1)) & SAEEFGmn,2)) | (SEEFE(E ) & (A (hck B Keh) = SEEF(umn, D) & SA1FF(Emm,00))"
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Proof by Walnut magic

Z JUpyter Untitled1 Last Checkpoint: 1 minute ago
File Edit View Run Kemel Settings Help
B+ XD O » = C » Code v

Trusted

Jupytertab 7 Walnut O 7

reg shift {9,1} {0,1} -'A[a a]\[e 1][1 13%11,00)*":
def phin “2msd_fib ( $shift(n-1,2) & y=z41"
def alpha "?msd_fib ( e& ) \ (n>s & Ex $phin(n,x) & z+14x=2*n)’
def diff "Pnsd_fib Ea,b,c,d $alpha(i,a) & Salpha(i+n,b) & Salpha(i+n,c) & Salpha(i+men,d) & z+brc=ardsl”
def bal "Pnsd_fib me=n & ~E,j >0 & i<

(($iFF(i,mn,2) & (Ak (ick & kej) => $diff(k,mn, 1)) & SEFF(3,m,n,2)) | ($AiFF(,m,n,0) & (AK (ick & kej) => $diff(k,m,n,1)) & $AifF(3,m,n,0)))":
computed ~:2 states - 93ms

computed ~:1 states - 2ms

((n=08y=e) | (E z (Shlft((ﬂ 1), Ii)ﬁy Kz*l)))) 7 states - 1ms
Total computation time: 1edms

states - oms
o:1 states - ems
=0):1 states - oms
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Proof by Walnut magic

— Jupyter untitled1 Last Checkpoint: 9 minutes ago
File Edit View Run Kemel Settings Help

B+§<"D|:I>-c»cme

Trusted

JupyterLab [7 Walnut O &
2 3 ((>08EcHE(((dFF(E,m,n,2))&(A k ((i<KBke])m>diFF(k,m,n,1)))))8AIFF(3,m,0,2))) | ((diFF(1,m,n,8))&(A k ((ickakei)=>d
LFE(k,m,n, J)))))&dlff(J,m n, a))))m 11 states - oms
Total computation time
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Characterisation for Fibonacci rectangles
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Characterisation for Fibonacci rectangles

For 2 < m < n, the m X n rectangles are balanced if
and only If we are in at least one of the following
cases:

(@ m=boFo+ -+ byFpm
n— byviiFmi1 + - - + buFa;

(b) m-—=boFo + -+

n= Fnviots1 + - - - + bnFp;
CNARAP NP prses

{(c) m— Ed

N=0oFo+ -4+ by 1Fm 1+ Fmeor+ -+ bynFy.

NP
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Alternative definition & best approximations
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Rectangles, intervals, and discrepancy
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Fibonacci represenation

Anlo 1 2 3 456 7

5 9

F,'0 t 1 9 3 5 8 13 91 34
t=95_
30! tnad 1 W
20=21+%+ 1
T l [
2oy = (hr iy = Ay
~
e e
veed 1 !

oL ‘?0,91,‘?2/?3/“'“

"h Z {’qu

. special cases |n characterlsatlonl
And general Ostrowski representations.
e — N —

9/13



Proof strategy (gain — Lose — gain — Lose . ..

10/13
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Characterisation in the general case

Theorem 2.1. Let o € (0,1) be irrational and 2 < m < n. Then the m X n rectangles of
the Sturmian words with slope « are balanced if and only if the Ostrowski representations of
m,n with respect to a are of at least one of the following four shapes:

They have “split representations” in the following sense:

. M N
()= Yok=o brai andn = 3, _brar;
(i) () = ZkM:n brqr with by # 0, and n =(qu '+ chsz+1+2tbkq’€ with t > 0 and
bartitat # 0. 3 —

The smaller number m 1is the denominator of a (semi-)convergent, and we have certain
parity restrictions on the large digits in n:

(i) m =(ay, andﬁ_: ZkM:?)l brqr + ZkN=M+2t brqr with t >0 and bpyior # 0;

() m =0gir=1 Fagarwith 1 < a < ap41 and n = ZkM:BI brqr + Z{LMJFPF% brqr with
t >0 and bpr4142¢ # 0.
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