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Fibonacci numbers and Fibonacci word

n 0 1 2 3 4 5 6 7 8 9 . . .

Fn 0 1 1 2 3 5 8 13 21 34 . . .
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Balanced rectangles
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1 0 0 1 0 0 1 0 1 0 0 1 0 0 1
0 0 1 0 0 1 0 1 0 0 1 0 0 1 0
0 1 0 0 1 0 1 0 0 1 0 0 1 0 1
1 0 0 1 0 1 0 0 1 0 0 1 0 1 0
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...

´ ´ ´
´ ´ ´
´ ´ ´
´ ´ ´
´ ´ ´
. . .

3 / 13



Proof by Walnut magic
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Characterisation for Fibonacci rectangles
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Characterisation for Fibonacci rectangles

For 2 » m » n, the m ˆ n rectangles are balanced if
and only if we are in at least one of the following
cases:

(a) m = b2F2 + ´ ´ ´ + bMFM
n = bM+1FM+1 + ´ ´ ´ + bNFN ;

(b) m = b2F2 + ´ ´ ´ + FM
n = FM + FM+2t+1 + ´ ´ ´ + bNFN ;

(c) m = FM

n = b2F2 + ´ ´ ´ + bM`1FM`1 + FM+2t + ´ ´ ´ + bNFN:
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Alternative de˛nition & best approximations
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Balancedness in 1 dimension
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Rectangles, intervals, and discrepancy
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Fibonacci represenation

n 0 1 2 3 4 5 6 7 8 9 . . .

Fn 0 1 1 2 3 5 8 13 21 34 . . .

. . . special cases in characterisation!
And general Ostrowski representations.
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Proof strategy (gain { lose { gain { lose . . . )
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Characterisation in the general case
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¸ = ı=4

1 1 1 0 1 1 1 1 0 1 1 1 0 1 1
1 1 0 1 1 1 1 0 1 1 1 0 1 1 1
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¸ = [0; 1; 3; 1; 1; 1; 15; 2; 72; : : :]
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1 1 1 0 1 1 1 1 0 1 1 1 0 1 1
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¸ = [0; 1; 3; 1; 1; 1; 15; 2; 72; : : :]

q0 = 1
q1 = 1
q2 = 4
q3 = 5
q4 = 9
: : :
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Thank you!
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