PROPAGATION OF CHAOS FOR THE LANDAU EQUATION WITH
MODERATELY SOFT POTENTIALS

NICOLAS FOURNIER AND MAXIME HAURAY

ABSTRACT. We consider the 3D Landau equation for moderately soft potentials (y € (—2,0)
with the usual notation) as well as a stochastic system of N particles approximating it. We first
establish some strong/weak stability estimates for the Landau equation, which are satisfying only
when v € [—1,0). We next prove, under some appropriate conditions on the initial data, the
so-called propagation of molecular chaos, i.e. that the empirical measure of the particle system
converges to the unique solution of the Landau equation. The main difficulty is the presence of
a singularity in the equation. When v € (—1,0), the strong-weak uniqueness estimate allows us
to use a coupling argument and to obtain a rate of convergence. When v € (—2, —1], we use the
classical martingale method introduced by McKean. To control the singularity, we have to take
advantage of the regularity provided by the entropy dissipation. Unfortunately, this dissipation
is too weak for some (very rare) aligned configurations. We thus introduce a perturbed system
with an additional noise, show the propagation of chaos for that perturbed system and finally
prove that the additional noise is almost never used in the limit.

1. INTRODUCTION AND MAIN RESULTS

1.1. The Landau equation. The 3D homogeneous Landau equation for moderately soft poten-
tials writes

(L.1) O fi(v) = %divv (/Rs a(v = v)[fe(v) Vi(v) = fue(0)V fi(va)] dv*),

where the initial distribution fy : R® — R is given. The unknown f; : R® — R stands for the
velocity-distribution in a plasma. The matrix a : R? — M3y3(R) is symmetric nonnegative and
given by

a(o) = o7 (1= 2 0)

[of?
for some v € (—2,0). We will also use the notation
b(v) = diva(v) = =2|v|"v.

This equation, with v = —3, replaces the Boltzmann equation when particles are subjected to a
Coulomb interaction. It was derived by Landau in 1936. Physically, only the case v = —3 is really
interesting: it is explained in [2] that the case v = —3 is the only one that you can obtain from a
particle system in a suitable weak coupling limit, even if the interaction potential has a finite range
(a fact that was already discovered by Bogolyubov).

When v € (-3, 1], the Landau equation can be seen as an approximation of the corresponding
Boltzmann equation in the asymptotic of grazing collisions. There is a huge literature on that
model. See Villani [37] for the existence theory when v € [—3,1] and links with the Boltzmann
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equation, Arsen’ev-Peskov [1] for a local existence result when v = —3, see [12] for a local unique-
ness result when v = —3, [13] for a global well-posedness result when v € (—2,0). Well-posedness,
regularity and large-time behavior are studied when v € (0,1] by Desvillettes-Villani [7, 8. A
probabilistic interpretation was introduced by Funaki in [16]. We also refer to the book of Villani
[38] for a long review on kinetic models, including this one. Let us only mention a few important
properties: the Landau equation preserves mass, momentum, kinetic energy and dissipates entropy.

1.2. Some notation. We denote by P(R?), the set of probability measures on R3. When f €
P(R3) has a density, we also denote by f € L*(R3) this density. For ¢ > 0, P,(R3) stands for the
set of all f € P(R?) such that mg(f) = [zs |v]7f(dv) < oc.

For f € P(R3), we introduce the notation

(12) b0 = [ bo—v) ). alfeo) = [ atw—u)f@n). o(fo) = (alf0)

Observe that a(f,v) is symmetric nonnegative (since a(v) is for all v € R3), so that it indeed
admits a unique nonnegative symmetric square root. The Landau equation (1.1) can be rewritten

(1.3) Oifr(v) = %diVu (a(ft,v)vvft(v) - b(ft,v)ft(”))~

We will denote by H the entropy functional: for f € P,(R?), for some ¢ > 0 we define H(f) =
Jgs f(v)log f(v)dv € (—o0,+oc] if f has a density and H(f) = oo else. Under the moment
assumption, that entropy is always well defined, see for instance [19, Lemma 3.1].

1
2

We shall also use similar notations for probability distributions of systems of N particles.
Precisely, for N > 1, P((R*)") stands for the set of probability measures on (R*)". When
FN ¢ P((R®)N) has a density, we also denote by FVN € L'((R*)V) this density. We write
Psym ((R3)N) for the set of all exchangeable elements of P((R*)V). For FN € Py, (R?)Y), we in-
troduce my(FN) == f(Rg)N |v1|9FN (dvy, ..., dvx) and define Py (R3)N) = {FN € Py ((R3)N) -
mq(FN) < oo}. Finally, we introduce the entropy of F¥ € P,((R3)N) for some g > 0 by setting

H(FN) = N1 f(Rg)N FN(vy,...,on)log FN (v1,...,on)dvy ...dvy  if FYN has a density,
+00 otherwise.

We will use the MKW (Monge-Kantorovich-Wasserstein) distance, see Villani [39] for many
details: for f,g € Pa(R3),

Wz(ﬁg):inf{(/RBXRz \v—w|2R(dv,dw))1/2 : Ren(f,g)},

where II(f, g) = {R € P(R* x R?) : R has marginals f and g}.
We now recall what is usually called propagation of molecular chaos.

Definition 1.1. Let Y be a random wvariable taking values in a Polish space E with law g and,

for each N > 2, a family (V... ,y][\\,f) of exchangeable E-valued random variables. The sequence
(VN ..., YY) is said to be V-chaotic (or g-chaotic) if one of the three equivalent conditions is
satisfied:

(i) (YN, V) goes in law to g ® g as N — oo;
(it) for all j > 1, (YN, ..., V) goes in law to g%/ as N — oo;
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(iii) N~1 Zf/ dyn goes in probability to g as N — oo.

We refer for instance to Sznitman [34] for the equivalence of the three conditions and to [19] for
quantitative versions of that equivalence. Propagation of chaos holds for a particle system (towards
the solution (f;)¢>o of its limit equation) if starting with initial data fp-chaotic, the particles are
ft-chaotic for all times ¢t. And trajectorial propagation of chaos holds when the trajectories of the
particles are Y-chaotic, for a suitable process Y associated to the limit equation.

We will use the generic notation C for all positive constant appearing in the sequel. When
needed, we will indicate in subscript the quantities on which it depends.

1.3. Well-posedness and strong/weak stability. We first recall that for o € (—3,0) and
f € P(R¥) N LP(R?) with p > 3/(3 + ), it holds that

(1.4) sup / [v — v |® fv)dve <14 CopllfllLe-
veER3 JR3

This is easily checked: write that [Lq [v — v.]* f(vs)dv, <1+ fU*GB(v 1 |[v — v4|* f (V4 )dvy, and use
the Holder inequality.

We next define the (classical) notion of weak solutions we use.
Definition 1.2. Let v € (—2,0). We say that f is a weak solution to (1.1) if it satisfies:
(i) f € L. ([0,50), Pa(R2)),
(ii) if v € (~2,-1), f € LL,.([0,00), LP(R®)) for some p > 3/(4+ ),
(iii) for all p € CZ(R3), allt >0,

(15) [ et = [ ot i) + / [ metwosans.ao)is

where
1< &
Lo(v, v .—§Zaklv—v* o%0(v +Zbk (v —v.)Okp(v).
k=1 k=1
Remark that every term is well-defined in (1.5) under our assumptions on f and ¢, since
(1.6) |Lo(v,0:)] < CopJv = w77 + Ju = v, [172).

If v € [-1,0), we have |Lo(v,vs)| < Cp(1 4 [v]? 4 |v4]?) so that condition (i) is sufficient, while if
v € (=2,—1), we have |Lp(v,v,)| < Cyp(1 + |[v]* + |vi]* + |v — v,|7™1), so that conditions (i) and
(ii) are enough: use (1.4) with a =~ + 1.

For v € (—2,0) we set
2 3 3q — 3y

17 = = d f = =

(1.7) q(7) p(7) =57 5 and, forg > a(v),  p2(7,9) p—

g
It can be checked that 1 < p1(y) < p2(7,q) < 3. Let us recall the well-posedness result of [13].

2+’
Theorem 1.3 (Corollary 1.4 in [13]). Let v € (—=2,0) and fo € P2(R3) satisfy H(fy) < oo and
mq(fo) < oo for some q > q(y). Then (1.1) has a unique weak solution f € L3 ([0,00), P2(R3)) N
L} ([0,00), LP(R3)) for some p > p1(7y). Moreover, this unique solution satisfies ma(fi) = ma(fo)

loc

and H(f;) < H(fo) for all t > 0 and belongs to Li, ([0,00), LP(R3)) for all p € (p1(7), p2(V,q))-

We first state some weak/strong stability estimates and improve the above uniqueness result.
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Theorem 1.4. Let v € (—2,0) and fo € P2(R®) satisfy also H(fo) < oo and my(fo) < oo for
some q > q(7). Let f be the unique weak solution of (1.1) built in Theorem 1.3.

(i) Assume that v € (—1,0]. For any other weak solution g € L (]0,00), P2(R?)) to (1.1)

starting from go € P2(R?), any p € (p1(7), p2(7,4q)), any t >0,

Wi (i) < W3 (o a0)exp (Cop [ (14 ul0)is).

We thus have uniqueness for (1.1) in the class of all measure solutions in LS ([0, 00), P2(R3)).

loc

(i1) Assume that v € (—2,—1]. For any p € (p1(7),p2(7,q)), any
2p—3
N p
B+7)p-1)-1
and any other weak solution g € L7 (]0,00), P2(R3)) N L}, ([0,00), L™ (R3)) to (1.1),

loc

(1.8)

t
W3 (Jin1) < W3 (o g0)ex0 (Cor [ (1+ 12l + 1))

In particular, for any r > [3(q¢ + v)]/[5q + 2vq + 37], we have uniqueness for (1.1) in the class
L2 ([0, 00), P2(R3)) N L}, ([0, 00), L™ (R3)) (it suffices to let p 1 p2(v,q) in (1.8)).

When v € (—1,0), we thus prove the uniqueness in the class of all measure solutions in
L2 ([0,00), P2(R3)). This is quite satisfying and interesting for the well-posedness theory, but
there is another important consequence: we will be able to apply (up to some fluctuations) the sta-
bility result to the empirical measure of an associated particle system. Of course, such an empirical
measure has no chance to belong to some LP space with p > 1, but we will use an approximated

version of this stability principle involving discrete LP norms.

When v € (=2, —1], the strong/weak estimate is of course less satisfying, since we do not manage
to completely get rid of the regularity assumptions on g. The uniqueness we deduce is slightly
better than that stated in [13, Corollary 1.4], but the stability result cannot be applied to the
empirical measure of a particle system.

1.4. Entropy dissipation and a priori bounds. The fact that smooth solutions to the Landau
equation (1.1) belongs to L}, .([0,00), LP(R?)) is a consequence of the entropy dissipation. We
sketch here the argument for the sake of completeness and also because we will use, in the proof
of Theorem 1.8, a similar strategy to obtain some regularity estimate on the particle system.
Precisely, the entropy dissipation for a solution f; of the Landau equation (1.1) writes

GH) == [ [ (V10 o) = Tlog fi02))"alo = 0.) (Vo i(0) = Vlog fw.)) f(do) ()

(where the superscript * stand for the transposition), which is certainly non-negative thanks to the
non-negativity of a. Using the drift and diffusion introduced in (1.2), the dissipation of entropy
may be rewritten

- / V log £, (v)a( fo, v) V 1og (o) fu(dv) — / divb(fi,v) fi(dv).
R3 R3

Then since the entropy of f; is decreasing and its second moment constant, Lemma 2.1 (taken
from [7, Proposition 4]) shows that the first term in the r.h.s. controls a weighted Fisher information

) = Jgs [V10g fi|*(1 + |v])7 fi(dv). This in turn allows us to control the LP-norm of f (for
some values of p), thanks to Lemma C.3, provided we have sufficiently many moments. Finally, a
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LP-norm of f; with p large enough is sufficient to bound || div b(f:)||co. All in all, if fy has a finite
entropy and moment of order ¢, the entropy dissipation leads, for any p € (pl('y),pg (7, q)), to

T
/0 | fill e dt < Cy oz

1.5. The particle system. We now consider the following toy model: we have N particles char-
acterized by their velocities V¥, solving the following system of R3-valued SDEs

t t
(1.9) Vi=1,...,N, VN({t)=VN(0) +/ b(aY, VN (s))ds + / o (i), VN (s))dBi(s),
0 0
with the notation (1.2). Here (B;(t))i=1,...,n,t>0 is an independent family of 3D standard Brownian
motions independent of (VN (0));=1,.. n and finally, for some ny € (0,1),

N
iy = pd « ¢y where pp = ~ 21:5le@) and ¢y (z) = 43 Lfjz)<ny-

We could probably also study the same system without the smoothing by convolution with
¢ny- But without this smoothing, the particle system is not clearly well-posed. Since the paper is
already technical enough, we decided not to study this (possibly difficult) issue. However, this is
not really a limitation, since in all the results below, we allow ny to tend to O as fast as one wants.

Proposition 1.5. For any N > 1, any initial condition (VN (0))i=1...n, any ny € (0,1), (1.9)
has a pathwise unique strong solution (ViN(t))i:L...,N,tgo-

The main topic of this paper is to show that, provided ny — 0 and under suitable conditions on
(VN(0))i=1.....~, the empirical measure pl¥ converges, as N — 0o, to the weak solution f; of (1.1)
built in Theorem 1.3. When v = 0, the coefficients a, b are smooth and such a convergence has been
proved by Fontbona-Guérin-Méléard [10], Carrapatoso [4], see also [11]. In a work in preparation
[3], Bolley-Guillin-Fournier obtain some results when v € (0,1). In [4] and [3], a slightly more
natural particle system, which a.s. preserves momentum and kinetic energy, is considered. We
have not been able to study this system with the present technique, although the difference of its
behavior seems very light.

When v < 0, the situation is rather more complicated, due to the singularity of the coefficients
a,b. To our knowledge, there are no available results in that context, except the one of Miot-
Pulvirenti-Saffirio [23], where a partial result has been obtained when v = —3: they prove the
convergence to the Landau hierarchy, which unfortunately does not allow one to conclude. Here
we propose two methods.

When v € (—1,0), we handle a direct computation, mimicking the strong/weak stability study,
and we get a result with a rate of convergence. We have to use a blob approximation of the
empirical measure, in the spirit of [18].

When v € (—=2,0), we use that the dissipation of entropy of the particle system provides some
regularity enough to control the singularity. By this way, we obtain a convergence result, without
rate, by using a tightness/uniqueness principle. We follow here [15], where we studied a similar
problem for the 2D Navier-Stokes equation. However, a major difficulty appears: the entropy
dissipation is actually not sufficient, due to the lack of ellipticity of the matrix a. The diffusion
coefficients in (1.9) may degenerate for almost aligned configurations. We thus have to show such
configurations almost never appear.
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1.6. A convergence result with rate for v € (—1,0). In that case the singularity is not too
large, and we can use in spirit our strong/weak uniqueness result to study the propagation of chaos.

Theorem 1.6. Assume that vy € (—1,0) and let fo € P,(R?) for some q¢ > 8 with a finite entropy.
Consider f the unique weak solution to (1.1) defined in Theorem 1.3. For each N > 2, consider an
exchangeable family (VN (0))i=1,...n with supyo B[V (0)]*] < oo and the corresponding unique
solution (VN (£))i=1.... na>0 to (1.9) with some ny € (0, N~1/3). Denote by ul¥ = N~V Sy (1)
the associated empirical measure. Then for a = (1 —6/q)(2 4 2v)/3, for all T > 0,

sup E[W3 (', fo)] < CT,q<N*°‘ +N7Y2LE[WE () fo)])-
0,

In particular, the propagation of molecular chaos holds.

Recall, see [14], that the best general rate we can hope for the expected squared 2-Wasserstein
distance between an empirical measure of some i.i.d. R3-valued random variables and their com-
mon law is in N~/2, Hence for v € (—1/4,0), and when the particles are initially i.i.d. and
fo-distributed, the rate of convergence is optimal if f; has a finite moment of sufficiently high or-
der. Of course, it is likely that N—1/2 is the true rate for all values of ~, while our rate deteriorates
considerably when approaching v = —1. However, we are quite satisfied, since to our knowl-
edge, there are very few quantitative results of propagation of chaos for systems with a singular
interaction.

1.7. Trajectories. Our second method will prove a slightly stronger result (although without
rate): the convergence at the level of trajectories. We thus need to introduce the stochastic paths
associated to the Landau equation. These paths will furthermore be used to prove the strong/weak
estimates.

Given a Brownian motion (B(t)):>0, independent of an initial condition V(0) with law f;, we
are interested in a continuous adapted R3-valued process (V(t));>0 solution to

(1.10) V() = V(0) + /O b(fo, V(s))ds + /0 o(f2,V(s))dB(s),

where f; € P(R3) is the law of V(¢) and using notation (1.2).

The process (V(t))¢>0 represents the time evolution of the velocity of a typical particle in a
plasma whose velocity distribution solves the Landau equation. Such a probabilistic interpretation
(in the case of the Boltzmann equation) was initiated by Tanaka [35]. See Funaki [16] for the case
of the Landau equation. The following results of existence and uniqueness are proved in [13], but
with another formulation involving a white noise. We will shortly prove them again, since we need
to extend them to another nonlinear SDE that we will introduce later.

Proposition 1.7. Let v € (—2,0) and fo € P2(R3) satisfy also H(fy) < oo and my(fy) < oo for
some q > q(v), recall (1.7).

(i) There exists a pathwise unique continuous adapted solution (V(t))i>0 to (1.10) such that
f=(f)izo0 € Li5,([0,00), P2(R?)) M Lj,, ([0, 00), LP(R?)) for some p € (p1(7), p2(7,4))-

(ii) Furthermore, f is the weak solution to the Landau equation (1.1) given by Theorem 1.5.
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1.8. A convergence result without rate. We will assume the following hypothesis on the initial
conditions of (1.9) and (1.1).

(i) fo € P2(R*) N Pq(R3) for some ¢ > ¢(v) and H(fy) < oo;

(1.11) (ii) the sequence (VN (0),..., VY (0)) with law FJ¥ is exchangeable and fo-chaotic;
(iii) sup E[[VN(0)]> + ViV (0)|9] < 0o and sup H(FY') < oc.
N>2 N>2

All these conditions hold true if fo satisfies point (i) and if (V¥ (0),..., VY (0)) are i.i.d. and
fo-distributed.

Theorem 1.8. Assume that v € (—2,0). Consider fo € P(R?) and, for each N > 2, a family
(VN(0))iz1...~ of R®-valued random variables. Assume (1.11). For each N > 2, consider the
unique solution (VN (t))i=1... N.i>o0 to (1.9) with some ny € (0,1). Let also (fi)i>0 be the unique
weak solution to (1.1) given by Theorem 1.8 and (V(t))i>0 the unique solution to (1.10) (see
Proposition 1.7). Then, as soon as imy o 1y = 0, the sequence (VN (t))i>0)i=1... 5 is (V(¢))i>0-
chaotic. In particular, if we set

1 N
N .
He = N;%ﬁ(t)»

then (/lfv)tzo goes in probability, in C([0,00), P(R?)), to (f)e>o-

1.9. Comments. Propagation of chaos was initiated by Kac [21] as a step to the derivation of the
Boltzmann equation. Since then, many models have been studied. For non singular interactions,
things are more or less well-understood and there has even been recently some important progress
to get uniform in time propagation of chaos, see Mischler-Mouhot [24], to which we refer for many
references including the important works of Sznitman [33, 34], Méléard [22], see also Mischler-
Mouhot-Wennberg [25] and [19]. As already mentioned, most of the results concerning the Landau
equation [10, 11, 4] concern the case where v = 0 (or, at least, where the singularity is removed).

The case of a singular interaction is much more complicated and there are only very few works.
Osada [26, 27] has obtained some remarkable results concerning the convergence of the vortex
model to the Navier-Stokes equation (in dimension 2, with a divergence free interaction in 1/|z|),
improved recently by the authors and Mischler [15]. In dimension one, Cepa and Lepingle have
also studied the (very singular) Dyson model [5]. We shall also mention the case of a deterministic
particle system (with position and velocity) in singular interaction studied by the second author
and Jabin [18]. Here, the first quantitative method is in some sense inspired from [18]. The second
one (without rate) relies on the entropy dissipation technique introduced in [15].

Finally, let us mention again the work in preparation [3], which treats a similar problem when
~v € [0,1), with more satisfying results. Some of the techniques used here are common with [3]. In
particular, the introductory part of Section 3 is reproduced from it.

1.10. Plan of the paper. In the next section, we prove several regularity estimates concerning
the coefficients a and b, we check Proposition 1.5 (well-posedness of the particle system) and Propo-
sition 1.7 (well-posedness of the nonlinear SDE). Section 3 is devoted to the proof of Theorem 1.4
(strong/weak stability estimates). We prove the (uniform in N) propagation of moments for the
particle system in Section 4. The proof of Theorem 1.6 (propagation of chaos with rate when
v € (—1,0)) is given in Section 5. We next study precisely, in Section 6, the ellipticity of a(u,v)
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when p is an empirical measure. We give the proof of Theorem 1.8 (propagation of chaos without
rate when v € (—2,0)) in Section 7. In a first appendix, we extend a coupling result of [19]. In
a second appendix, we generalize slightly a result of Figalli [9] on the equivalence between PDEs
and SDEs, that we use several times. Finally, a third appendix about entropy and weighted Fisher
information lies at the end of the paper.

1.11. Final notation. We recall that a(v) = |[v|?(|v|*I — v ® v) and that b(v) = —2|v|7v. We
introduce o (v) = (a(v))/? = [v|?/2=Y(|Jv|* T — v @ v).

For 1 € (0, 1), we recall that ¢, (z) = (3/(470*))I{|z)<yy. We introduce a, = a* ¢y, by = b* ¢y,
and o, = a,l/z, and we define, for f € P(R3) and v € R?,

(ln(f,?)) :/3 aﬁ(viw)f(dw)v bn(f,’l)) :/3 b77<v7w)f(dw)a and O’n(f,’l)) = (an(f,l)))
R R
Remark that it is very similar to the formula (1.2) which corresponds to the case n = 0 with the

convention that ag = a and by = b.

For f € P(R?), we put f7 = f*¢,. We observe that a(f7,v) = a,(f,v), b(f7,v) = b,(f,v) and
o(f7v) = oy(fv).

We will use the standard notation x A y = min{z,y} and z V y = max{z,y} for z,y € R.
Finally, for M, N two 3 x 3 matrices, we set ((M, N)) = Tr MN* and ||M||?> = Tr M M*.

1/2

2. FIRST REGULARITY ESTIMATES AND WELL-POSEDNESS OF THE NONLINEAR SDE

2.1. Ellipticity. We recall the ellipticity estimate of Desvillettes-Villani [7, Proposition 4]. Tt is
stated when v > 0 but the proof only uses that v 4+ 2 > 0. A more general result will occupy
Section 6.

Lemma 2.1. Let v € (=2,0). For all f € Po(R?) satisfying H(f) < +oo, there exists a constant
ko > 0 depending only on v, H(f) and ma(f) such that for all v € R3,

inf € a(f,0)€ = k(1 + o),
2.2. Rough regularity estimates and well-posedness of the particle system. We will
frequently use the following lemma stated in [11, Lemma 11] (with C' = 1 but with another norm).

Lemma 2.2. There is a constant C' > 0 such that for any pair of nonnegative symmetric 3 X 3
matrices A, B,

1472 =B < Cl[A=BI|'* and ||AY? = BY2|| < O(|ATMAIBTHDY?(1A - Bl.
We next collect some rough regularity estimates on a, b and o.
Lemma 2.3. For any v € (—2,0), there is a constant C such that for all v,w € R3,
[b(v) = b(w)| < C'lv —w|(|v]” + [w]7),
la(v) = a(w)ll < C v —wl|(Jo["*7 + [w]'*7),
lo(v) = o(w)]| < C v —w|(jo]""? + [w[/?).
Proof. The inequality concerning b is proved in [13, Remark 2.2]. Since by definition o(v) =

[o|7/2=1(|v|2 I —v®w), we see that o is a O function outside the origin and that || Do (v)|| < C|v|7/2.
To go from v to w, it is always possible to find a path S : [0,1] — R3, of length smaller than
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7|v — w|/2 and that always remains in the crown {z € R® : min{|v|, |w|} < |z| < max{|v|, |w|}}.
For instance, some arc of a circle will do the job. Then, the claimed inequality follows from

lo(v) = o(w)]l S/O 1D (SIS (1)]dt < Clo — w] max{[o]"/?, [w]"/?}.

The inequality concerning a is proved similarly, using that ||Da(v)|| < C|v|**7. This proof may
also be adapted to b, using that || Db(v)| < C|vl|”. O

We next study a,,, b, and o,,.
Lemma 2.4. Let v € (—2,0).
(i) For each n € (0,1), there is C,, such that for any y,z € R3, ||(a,(y)) 7| < C,(L+ |y and

by (y) = by(2)] < Cyly — 2],
llow(y) = on(2)| + llag (y) — an(2)]| < Cy(1 + [yl + |2y — 2|.
(ii) There is C > 0 such that for alln € (0,1), all v € R3,

lon(0) ~ a0l < OG-+ 1ol and o) —so < { SIEMD TR0

(iii) There is C > 0 such that for alln € (0,1), all f € P(R3), all v € R3,

||a‘77(fvv) - a(f, U)H < C772+’Y and; Zf’Y € (_170); |b77(f,’l)) - b(f,U)‘ < 0771+W~

Proof. We first check point (i). First, it holds that a,(y) = a(¢y,,y) when using notation (1.2).
But ¢, obviously belongs to P»(R?) and has a finite entropy. Hence Lemma 2.1 tells us that for
all £ € R, ally € R, £%a, (y)€ > ¢, (1+ |yl)7[¢]?, which implies that ||(a,(y)) ™| < Cy(1+ |y,

We next use Lemma 2.3 to get

lbn(y) = by(2)] < 077_3/ ly = 2[(ly +ul” + [z + ul") du < Cyly — 2,

lul<n
as well as
llan(y) — an(2)[] < Cn_3/| ‘ ly = 2l(ly +ul™* + [z + u"*) du,
u|<n

which is easily bounded by C,ly — z| if v € (=2,—1) and by Cyly — z|(1 + |y[*™! + [z|7T) if
v € [~1,0). Using finally point Lemma 2.2 and the estimate on ||(ay(y))~'||, we conclude that
[1(an())? = (an(2)) /2| < Cyh(lyl. [2))]y — 2|, where A(ly|, |2]) = min{(1 + |y)1"/, (1 + |2|)1/2}
if v € (=2, -1) and h(Jy, |2]) = min{(1 + [y)"V/2, (1 + |z)VEHL + [y| + |2)'*7 if v € [-1,0). In
any case, h(lyl,|z]) < C(1+ |y| + |#|), which ends the proof of point (i).

Concerning point (ii), we first study b and separate two cases. If |v] < 27, then we have
[b(v)| = 2Jv|** and |b,(v)] < Clv|*TY 4+ Cp**+7. Hence |b(v) — by, (v)| < Clv|**7 + Cp*+7, which
is smaller than Cnl*tY < Cn(n + |v|)? if v € (=1,0] and than Clv[**7 < min{n, |v|}v]" if v €
(=2, —1]. If now |v| > 27, we use that |b(y) — b(z)| < Cly — z|(|y|” + |2]7) by Lemma 2.3, so that
[b(v) = by(v)] < Cn fs(Jv]” + v — u|")dy,(u)du < Cnlv|?, which is bounded by Cn(n + |v|)7 if
v € (—1,0] and by Cmin{n, |v|}|v|7 if v € (=2, —1].

We now study ||a(v) — a,(v)|]. If |v] < 2n, we immediately get that ||a(v) — a,(v)|| < |la(v)|| +
l|a,(v)|] < Cn?TY < Cn?(n+ |v|)7. If now |v| > 2, we use a Taylor expansion: write, for |u| < n,



10 NICOLAS FOURNIER AND MAXIME HAURAY

that a(v — u) = a(v) — uVa(v) + ((u,v), where ||C(u,v)|| < [ul?supp, D%l < Cn?[o|".
Consequently, since ¢, is symmetric,

lla(v) — ay(v |—H/|u|<77 ) —a(v —u))p,(u du‘—H/uKn (u,v) Py (u duH<C’n |7,

which is controlled by Cn?(n + |v])” as desired.
We finally have to prove (iii). If v € (—1,0), we have |b,(z) — b(x)| < Cn**" by (ii), whence

o) =80 =] [ oo =) = o — )l w)| < '+
Now for any value of v € (—2,0), we see from point (ii) that ||a,(z) — a(z)|| < Cn**?, so that we
obtain ||a,(f,v) — a(f,v)|| < Cn*™ by a simple integration. O

At this point, we can prove the strong well-posedness of the particle system.
Proof of Proposition 1.5. Let

1 o 1 -
bi(vi,...,oN) = b(ﬁz&,j *¢nN,Ui> = NanN(v
j=1

Jj=1

1 & ER S g :
0'7;(1)1,...,’[)1\/) = [Q(NZ(SUJ *¢m\;avi):| = |:NZGJ7]N(’UI' vj)] :
j=1 Jj=1

These are the coefficients of the system of SDEs (1.9). We claim that these coefficients have at most
linear growth and are locally Lipschitz continuous, from which strong existence and uniqueness
classically follow. First, b; is globally Lipschitz continuous by Lemma 2.4-(i). Next, it follows from
Lemma 2.4-(i) that o; is locally Lipschitz continuous. Finally, recalling that ||A]| = Tr AA* and
that Tr(a(v)) = 2|v["*2, we find that

2
loi(vr,. . on)|1? = Z/ v = v — u[ "2y (u)du < *Z(lvﬂ + |vs] + )2

j=1
Since v + 2 € (0, 2], we conclude that o; has at most linear growth. O

2.3. Regularity estimates for the nonlinear SDE. We now give some growth and regularity
estimates on the fields a(f), o(f) and b(f) created by some probability f, that will allow us to
study the well-posedness of the linear version of the SDE (1.10), as well as that of a perturbed
version of it.

Lemma 2.5. Let v € (—2,0) and f € P2(R?). We have the following estimates for all v,w € R>.
(i) In any case, ||o(f,v)||> <4+ 4ma(f) + 4|v[7T2.
(i1) If v € [-1,0), then |b(f,v)] <2+ 2[v| + 2m1(f).
(i11) If v € (—2,—1) and p > 3/(4 +7), then [b(f,v)| <2+ Cpl|f||Lr-
() If p > p1(7), then [b(f,v) = b(f, w)| < Cp(1 + [|f][zr)[v — w].
(0) If p > p1(7), then o (f,v) — o(f,w)|2 < Cy(1 + | fllzo)lo — wlP.
(vi) If v € [=1,0), then [la(f,v) — a(f, w)|| < C(1 + [v] + [w| + ma(f)) v — w].
(vii) I 7 € (=2,-1) and p > 3/(4+ ), then [la(f, ) — a(f,w)]| < Cp(1 + | flze)lw — ]



ON THE LANDAU EQUATION 11
Proof. Recalling that Tra(v) = 2|v|7+2,
|wwww%fnwﬁw=2/‘w—wWHﬂmw
R3

Point (i) follows, since |[v — w|Y2 < 2|v[7+2 4 2w |12 < 2 4 2|w|? + 2[v[ 2.

Next, |b(f,v)|] < 2 [gs [v — w|"*! f(dw). Point (ii) follows, since for v € [-1,0), [v — w[7! <
1+ |v| + |w|. Point (iii) also follows, using (1.4) and that p > 3/(4 + 7).

Point (iv) is obtained by integration of the Lipschitz estimate on b given in Lemma 2.3 and by
using (1.4) (recall that p > p1(v) =3/(3+7)):

[b(f,v) = b(f, w)| < Clo —wl/RB(\v — "+ |w —2]")f(dz) < C'lv - w|(1+ Cp| f r).

For (v), we use a classical result, see e.g. Stroock-Varadhan [32, Theorem 5.2.3], which asserts
that there is C' > 0 such that for all A : R? +— S5 (the set of symmetric nonnegative 3 x 3-matrices

with real entries), ||[D(AY?)]/o0 < C'||D2A||C1x<2. Here we apply it to A(v) = a(f,v). First,

/ D?a(v — ) f(dz)|| < C/ lv— | f(dz) < C(1+ Cpllfllze),
RS RS

where we have used that || D?a(v)| < |v|” and (1.4) (since p > 3/(3 +~)). Consequently,

lo(f,0) —a(f,w)[[? = || (A@)"/? = (Aw))2||* < [ DAY)|2 Jo—w]* < C(L+Cpllf|l2e) [0 —w].

Finally, integrating the Lipschitz estimate on a given in Lemma 2.3, we find the inequality
la(f,v) —a(f,w)|| < Clv—w| [gs(Jv — 2™ + Jw — x|*+7) f(dx). Using the same arguments as
in (ii) and (iii), points (vi) and (vii) immediately follow. O

D2 = |

2.4. Well-posedness of the nonlinear SDE. We now have all the ingredients to give the

Proof of Theorem 1.7. Recall that fo € Pa2(R3) is assumed to satisfy m,(fy) < oo for some g >
q(v) and H(fo) < oo. We denote by f € Lg2,([0,00), Po(R?)) N L}, ([0, 00), LP(R3)) (for all

p € (p1(7),p2(7,¢))) the unique weak solution to (1.1), see Theorem 1.3. Let also V(0) be fo-
distributed and consider a 3D Brownian motion 5 independent of V(0).

Step 1: the linear SDE. Recalling that f is given, we prove here that there is strong existence
and uniqueness for the linear SDE

¢ ¢
2.1) VO =V + [ bA Vs + [ olh Vo))

0 0
Fix p € (p1(7),p2(7, ¢)) and recall that f € L7 ([0, 00), P2(R?))N L}, ([0, 00), LP(R?)). By Lemma
2.5-(iv)-(v), the coefficients of this SDE are Lipschitz continuous in v, with a Lipschitz constant

(locally) integrable in time for b and (locally) square integrable in time for 0. The conclusion
follows from classical arguments, see for instance [28, Theorem 3.17].

Step 2: uniqueness for the linear PDE. Recalling that f is fixed, we consider the Kolmogorov
equation associated to (2.1):

1.
(2.2) Ogr(v) = 3 divy (a(fi, v)Vge(v) — b(fi,v)g:(v)).
As for the Landau equation, g € L2 ([0, 00), P2(R?)) is a weak solution if for all ¢ € CZ(R?),

loc

/]R3 (v)ge(dv) = /R3 ©(v)go(dv) + /Ot /R3 /RS Ly(v, v.)gs(dv) fs (dv.)ds.
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By Lemma 2.5-(i)-(ii)-(iii), we know that ||o(f;, v)||> < C(1+]|v|?) and |b(fi,v)| < C(1+]||fel|r)(1+
[v]), with || fi||r» € L},.([0,00)). Hence Proposition B.1, which slightly extends [9, Theorem 2.6],
tells us that any weak solution (g¢);>0 to (2.1) can be represented as the family of time marginals
of a solution to (2.1). Consequently, Step 1 implies the uniqueness of the solution to (2.1), for any
given go € Po(R?).

Step 3: strong existence. From Step 1, we know that there exists a solution V to (2.1). Put
g = L(V(t)). A direct application of the It6 formula shows that g is a weak solution to (2.2), with
go = fo. But f, being a weak solution to the Landau equation (1.1) (see also (1.3)), is also a weak
solution to (2.2). By Step 2, we deduce that g = f as desired.

Step 4: strong uniqueness. Consider another solution W (with L(W(t)) = h;) to the nonlinear
SDE (1.10) (with the same initial condition and the same Brownian motion). Assume also that
h € L2 ([0,00), P2(R3)) N L}, ([0, 00), LP(R3)) for some p € (p1(7),p2(7,¢))). A direct application

of the Ito formula shows that h is a weak solution to (1.1), whence f = h by Theorem 1.3.
Consequently, W also solves the linear SDE (2.1), so that ¥V =W by Step 2. O

3. FINE REGULARITY ESTIMATES AND STRONG/WEAK STABILITY PRINCIPLES

The goal of this section is to prove Theorem 1.4, that is the strong/weak stability principles.
These principles will be proved using a coupling argument between two solutions of the nonlinear
SDE (1.10). Unfortunately, we cannot use the same Brownian motion for both solutions: this is due
to the fact that we really need a fine estimate and that the best coupling between two 3D Gaussian
distribution N'(0,3) and A(0,%2) does not consist in setting X; = 21/2}’ and Xy = Eé/QY for
the same Y with law A(0,7). Actually, as shown in Givens-Shortt [17], the optimal coupling
is obtained when setting X; = E}/QY and X, = EE/ZU(El, 32)Y, where the orthogonal matrix
U(Xq,3s) is given by
(3.1) U(Sy,5,) = 55 /28 2(2)/25,5) /%) /2,

More precisely, we will use the following lemma.

Lemma 3.1. For any probability measure m on a measurable space F, any pair of measurable
families of 3 x 3 matrices (01(x))zer and (02(x))eer, setting X1 = [ o1(z)o}(x)m(dx) and
Yy = [poa(x)os(x)m(dzx), it holds that

512 - S0 (s, )| < /F o1 () — oa(a) [P (dr).

Proof. Developing both terms and using the definition (3.1) of U, we realize that the issue is to
prove that

Tr(/Fal(g;)a;(x)m(dx)) <Tr ((21/22221/2)1/2).

Givens and Shortt [17, Proof of Proposition 7] have checked that Tr(M) < Tr((EiﬂEgZi/g)l/z)
for all 3 x 3 matrix M such that
X1 M
(o %)

is nonnegative. But with M = [, o1(x)o3(x)m(dx),

(i 2= L () (a6 i

is clearly nonnegative. The conclusion follows. O
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3.1. Main ideas of the proof of Theorem 1.4. Unfortunately, the rigorous proof is very
technical. Let us explain here the main ideas without justification. Let thus f and g be two weak
solutions to (1.1). We associate (with some work, using some regularization) to these solutions
(V(t))e=0 (with L(V(t)) = fi) and (Z2(t))i>0 (with L(Z(t)) = g¢) solving

dV(t) = a(fe, V(£))U (#)dB(t) + b(fr, V(t))dt and  dZ(t) = a(ge, Z(t))dB(t) + b(ge, Z(t))dt

where U(t) = Ul(a(g:, Z2(t)),a(ft,V(t)). Recalling the U takes values in the set of orthogonal
matrices, we realize that U(t)dB(t) is a Brownian motion. Hence, V and Z are coupled solutions,
with different initial values, to the nonlinear SDE (1.10). We will of course bound WZ(f;, g¢) by
E[|V(t) — Z(t)]?]. Using the It6 formula, we directly find that

(32) LE[2() - V()P) = T(R)

where R; = L(Z(t),V(t)) and where, for R a probability on R? x R3, with marginals x and v,
I'(R) :/ (2(2' —v).(b(u, 2) — b(v,v)) + HO’ w,z) —o(v,v)U(a(p, 2), a(v,v) H ) R(dz, dv).
R3xR3
Using Lemma 3.1 and that R has marginals p and v, we easily bound
I'(R) §/ / A(z, 2, v, 04) R(dzs, dvy ) R(dz, dv)
R3xR3 JR3 xR3
where A(z, 2., v,v,) = 2(z — v) - (b(z — ) — b(v — v,)) + ||o(z — z.) — (v — v,)|%. A simple

computation, see Lemma 3.3 below, shows that A = A; + Ay, where A; is antisymmetric and
disappears when integrating, and where As can be controlled explicitly. We end with

— 1+
<8/RS . /Rg . o2 (|2 = ze| AJo — vi]) R(dz,dv,)R(dz, dv),
X X

|2 — zu| V v — vy

Assume first that v € (—1,0). We get
I'(R) §8/ / |z — v|*|2 — 2| R(dzs, dv.) R(dz, dv)
R3xR3 JR3XR3

:/]Rs R3 ‘/]Rg |Z_U|2|’Z_Z*|’Y:u(d2*)R(dZ,dv),
X

Using finally (1.4) with some p > p1(7),
DR) < Gyl + o) [ 1z = PRldz, o).
R3 xR3

Coming back to (3.2), we end with (d/dt)E[|Z(t) — V(t)]?] < Cp(1 + ||fellze)E[|Z(t) — V(1)|?],
whence, using the Gronwall lemma,

t
Wi (o) < WE(fo.go)exo (G, [ (1 [1ul1o)is)

as desired. When now v € (-2, —1], a slightly more complicated study shows that
D(R) < Cpp (L4 laller + W) [ [ = oPRidz.do),
R3 xR3

for any p > p1(y) and any r > (2p — 3)/[(3+v)(p — 1) — 1].
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3.2. Fine regularity estimates. The subsection is devoted to the proof of the following estimate.

Proposition 3.2. For f,g € Po(R3), R Il(g, f) and 0 <n <e <1, we set
LpclB) = [ (26:0)- 0" 2) - b(7.0)
R3 xR3

+||o(g",2) — o (f,v)U(aly", 2) v))|| ) (dz,dv).
Assume that f € LP(R3) for some p > p1(7).
(i) If v € (—1,0), then
[ye(R) < C* + Cp(1 4| £5)|1e) /3 . |z — v|*R(dz, dv).

R3 xR
(it) If v € (—2,—1], we assume also that g € L" for some r > (2p —3)/[B+v)(p — 1) — 1].
There is § > 0 (depending only on r,p,v) such that

I e(R) < C,ﬂ,p(1+|\f+g||y-)(1+m1(f+g))55+CT,p(1+||ff\|Lp+\|ga||Lr)/R HLZ—U|QR(d27dv)-
3 xR3

We start with a simple computation
Lemma 3.3. Assume that v € (—2,0). Then for any v, v., w, w, in R3,
A, ve, w,w,) :=2(v —w) - (b(v —v,) — blw —w,)) + [|o(v —v,) — o(w —w,)]||?

:Al(vav*vwaw*) + AQ(”U,’U*,’U),U}*),

where
A1 (v, v, w,ws) = (v —w) + (Ve —wy)) - (b(v — vy) — b(w — wy))
is antisymmetric (i.e. A1(v, vy, w, wy) = —A1(Vs, v, Ws, w)) and
Ao (v, ve,w,w,) < A|v = w]* + v — wP)K (o = v, Jw = w.)),
where
z Ayt
(3.3) K(x,y) = (:E\?j>y

Proof. Defining Ay = A — Ay, we find, with the notation X =v — v, and ¥ = w — w,,
Ap = (X —Y) - (b(X) = b(Y)) + [lo(X) — o (Y.

Recalling that b(X) = —2X|X|7, using that ||o(X)||? = 2|X|*"" and that

(X Y)?

| X[2[Y]?

(we used that 1+ 22 > 2z for the last inequality), one easily checks that

Ay <2AAX-Y)(IX]2 = [y <2 X Y|(X]72 = [Y[72)? = 20X [[Y )+ (|X 12 = |y [1/2)”,

Next remark that for « € [0,1] and z,y > 0,

2 =y = vy (1- [gggm <(@vy)(1-

(o(X), 0(¥))) = |X1+W|Y|1+7/2(1 ; ) > 2| X[ Y[A(X - V)

T Ay
rVy

) =le =yl vy,
whence
Ag < 21X = YP(XIYD (X VYD = 21X — YP(X| A YD (X v Y]~
One easily concludes, using that | X — Y2 < 2(Jv — w|? + |v. — w.|?). O
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We next prove an intermediate result.

Lemma 3.4. Let v € (—2,0). Consider f,g € Po(R3) and R € Il(g, f). For any ¢ € (0,1),

Lo (2= 006", 2) = 05 0) + ol 2) = (. 00U als’ ). ol o) 2 Ridz. do)

< 8/ / |z — v|>K(|z — 24|, |v — v.|) R (dz,, dv, ) R(dz, dv),
R3xR3 JR3 xR3

where K was introduced in (3.3) and where R® = [ps. po [rs O(utz,uto)@e(w) du R(dz, dv) belongs
to II(g%, f°).

In other words, R*(A) = [gps, ps Jps Ta(u+ z,u+ v)de(u)R(dz, dv) du for all A € B(R? x R?).
Proof. Let us denote by I the left hand side of the desired inequality. We claim that

(2= v) - (b(g°, 2) — b(f%,v)) = / (20 (ble = ) b — )R (),

lo(g®, 2) — o (f,v)U(alg%, ), a(f7,v))||* < /Rg - lo(z = 2) = o (v — 0[P R (dz., dv.).

The first point is obvious: it follows from the fact that the marginals of R® are ¢° and f°. The
second point relies on Lemma 3.1, with (here z,v € R? are fixed) F = R x R, m = R*(dz., dv.),
01(2x,0:) = (2 — 2,) and 0924, v4) = 0(v — v,). Indeed, since o(z) = (a(x))'/2, we have

/ 0(z — z:)0" (2 — 24) R¥(d2y, dvy) = a(g%, 2),
R3 xR3

/ o(v —ve)o™ (v — V) R (dzs, dvs) = a(f%,v).
R3 xR3
Recalling the notation of Lemma 3.3, we thus deduce that
1 §/ / Az, 24,0, 04) R (dzs, dvi) R(dz, dv).
R3xR3 JRR3 xRR3

By Lemma 3.3, we know that A = A; + A,, whence, with obvious notation, I < I; 4+ Is. Using
the substitution u — —u and that Ay (z, 2. — u, v, v —u) = —A1 (24, 2 + U, Vs, v + w),

I :/ / A1 (2, 24 + u, v,V + u)Pe(u)du R(dz,, dv,)R(dz, dv)
R3xR3 JR3xR3 JR3

:/ / A1 (2, 20 — U, 0,0 — u)Pe(u)du R(dz,, dv,)R(dz, dv)
R3xR3 JR3xR3 JR3

=— / / / A1 (24, 2 + U, Vs, U + u)Pe(u)du R(dz,, dvy)R(dz, dv) = —1I4,
R3xR3 JR3xR3 JR3
so that I; = 0. This computation is licit: recalling the expression of A; and that |b(z)| < 2|x|7+1,

Ke(2, 24,0, 04) 1= |A1 (2, 24 + u, v, 0 + u)|Pe(u)du
R3

<2l + ol + el + foul) [ (12 = 2= w4 o = o 0] )6 ()
R3

<SCo(1+ |z + o] + [2e] + [04])?

For the last inequality, separate the cases v € [—1,0) and v € (—2,—1). This last expression is
integrable against R(dz., dv.)R(dz,dv) because f and g belong to P2(R?) by assumption.
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Finally, using again the substitution u — —u, it is easily checked that
b :4/ / / (1 = 02 + |20 — 02 YK (|2 — 20 — 1, |0 — ve — u])
R3xR3 JR3xR3 JR3
¢c(u)du R(dzy, dv,)R(dz, dv)
:8/ / |z — v]PK (|2 — 2z« — ul, |0 — vs — u|)p-(u)du R(dz., dv,)R(dz, dv),
R3xR3 JR3xR3 JR3
which is nothing but the RHS of the target inequality. 0

We can finally give the

Proof of Proposition 3.2. Let thus v € (=2,0), f,g € P2(R?), R € II(g,f) and 0 < np < e < 1
be fixed. Let also p > pi(v) be fixed and assume that f € LP(R3). If v € (=2, —1], we assume
moreover that g € L™(R3) for some fixed 7 > (2p — 3)/[(3 + 7)(p — 1) — 1] and that r < p without
loss of generality. We start with T', .(R) = Iy + I1 + I2 + I3, where

Iy ZZ/RBXRS [2(z —v) - (b(g%,2) — b(f*,v))
+ o9, 2) = o(£,0)U (alg", 2). als*,v) || B(dz, do),

11:2/, (=) - (bg", ) — b(gF, 2) — b(f,v) + b(f°,v)) R(dz, dv),
R3 xR3

IQ ZZ/
R3 xR3

I3 :=2 /]R3><]Rs Tr[(a(gg,z) - U(fe,v)U(a(gE7z),a(f8,v)))
((o5%.2) = 09", 2)) = (o(F%,0) = o(£,0))U (alg7, 2),a(f7,0)) ) | Rldz,dv).

Lemma 3.4 tells us that
Iy < 8/ / |z — v*K (|2 — 24|, [v — vi|) R (dzs, dv. ) R(dz, dv),
R3xR3 JRR3 xR3
with R® € II(g°, f¢) defined by R® = [o5, ps Js O(utz,utv)Pe(w)R(dz, dv).

We now prove (i). We thus assume that v € (—=1,0). We start with Iy. Since v € (—1,0), it
holds that K(z,y) < min{z",y”} < y”, whence

Iy < 8/ / |z — v]?|v — v.|" R (d2., dv.) R(dz, dv).
R3xR3 JR3 xR3

(0(9%2) ~ 0(g™2)) ~ (o(f*,0) ~ o, )V (alg*, 2),a(5", )| R(dz, o),

Using that R® has ¢° for second marginal, we deduce that sup,, [ps, ps [V — v« TR (d2., dv.) =
Sup, Jps [ — 0|7 f(dv.) < 1+ Cpl|f¢||zr by (1.4), recall that p > p; (7). Consequently,

Io < Cy(1+ ||f€||Lp)/ I — o2R(dz, dv).
R3xR3

Lemma 2.4-(iii) tells us that |b(f,v) — b(f¢,v)| < Ce'* and implies, since n € [0,¢), that
|b(g", 2) — b(g%,2)| < Cel*. Using that x -y < |x|? + |y|?, we thus find

L < C’/ (€2+2V +|z — v|2)R(dz,dv) = Ce?™7 4 C/ |z — v]?R(dz, dv).
RS xR3 R

3 xR3
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Using that ||a — b||? < 2(]|al|? + ||b]|?), that U is orthogonal and then Lemma 2.2, we see that
B<2 [ (lo2) - olg" DI + [o(,0) = o(f o)) R(dzdo)
R3 xRS

<C [ (lla(g",2) = alg" 2 + la(*.v) = alf.v)]]) R(dz, dv).

R3xR3
Lemma 2.4-(iii) thus implies that I, < Ce?**7, which is smaller than Ce?27.
Finally, to bound I3, we start from the inequality
1, _
Tr(AB) < |A[[|B]| < (77| A]* + 7| B]I*)

from which

I3 < E_’Y/
R3xR3

First, we already know that I, < Ce?t7. Next, using the same argument as in the very beginning
of the proof of Lemma 3.4, since R® has ¢g° and f¢ for marginals, we deduce that

I3 < Ce?T2r 4 &7 /
R3xR3 JR3 xR3

By Lemma 2.3,

a@i@—aﬁi@U@@i@mUﬁmﬂwazmo+wb.

2
R (dz, dv,) R(dz, dv).

o(z—2z4) — (v —vy)

I3 < Ce®T7 4 CE_”/ (|2 = v]? + |22 — va]?) (|2 = 2|7 + [0 — v.|7) R*(d2s, dv,) R(dz, dv).
R3 xR3

Recalling the definition of R® and using some symmetry arguments, we find that
I3 <Ce* 4 Ce™ / |z —v|?(|z — 2o +u” + v — vs +u|")de (u)du
R3xR3 JR3xR3 JR3
R(dz, dv,) R(dz, dv).

But sup,eps [ps [ — u[7¢-(u)du < Ce?. Finally,

I3 < Ce*™ 4 C |z — v|? R(dz, dv).
R3xR3
We next prove (ii) and thus assume that v € (=2, —1]. We need to improve the estimates of (i),
but the additional integrability allows us to do that. We first observe that our conditions p > p1 ()
and r > (2p — 3)/[(3 +~v)(p — 1) — 1] imply that p > 3/2, that 0 < p|1 +~|/(2p — 3) < 1 and
that p|1+v|/(2p — 3) <4+~ — 3/r. Hence, we can find é € (0,1) such that § <4+ v — 3/r and
d > p|1 +7|/(2p — 3). We fix such a § for the whole proof.

We first treat Iy. By the Young inequality

min{z, y}] 7 Y
K(z,y) = min{z, y}] 77 +y <Cs(@ 0 4y +y7,
max{z,y} y

where a = (6 — 1 —+)/d. But a > || (because § < 1), whence finally
K(x,y) < Cs(1 42770 44y~ 071=7/0),

Consequently,

Iy < C&/ / |z —0]2(1 4 |z — 27770 + v — 0, | O/ RE(dz,., dv, ) R(dz, dv).
R3xR3 JR3 xR3
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Using that the marginals of R® are g° and f¢, as well as (1.4), we conclude that
Io < Crps(L+ g%l + ||f5||Lp)/ |2 — v R(dz, dv),
R3 xR3

provided that » > 3/[4 +~v — 4], ie. 6§ <4+~ —3/r, and p > 3/[3— (0 —1—~)/d], ie.
d > p|1 +|/(2p — 3). Both hold true.
We next treat I;. Lemma 2.4-(ii) implies that
|b(x) — b(z)] < C min{e, |z|} |z|" < Ce®|z|+770.

This implies

[b(f,v) = b(f%, )] = [b(f,v) = be(f,0)| < Ce° /R o — 0" f(dv.) < Crs (14| fller) €

by (1.4) because r > 3/(4 4+ v — §). Using a similar computation for g, we easily find
I < Cros(L+ 1 fllor +llgller) (ma(f) +ma(g))e’.

As in point (i),

L<C | (Jlalg2) = alg", ) + la(f7,0) = alf)]) Ridz, dv).
R3 xR3

By Lemma 2.4-(ii), we have [la(z) — a.(z)|| < Ce2(e + |z|)7 < Cel*9|z[1+77% so that, with the

same arguments as when bounding I,

la(f%,v) —a(f,v)]l < 05“5/ o = 0770 f(dvs) < Crg(L 4 [ fllr) e,
R3

and the same holds for g. Consequently,
I < Crs(L+ || fllzr + lgllzr)et*.

To bound I3, we start as in (i): for any o > 0,

I3 < €a/
R3 xR3

Exactly as in (i), we deduce that

o(9°,2) —a(f%,0)U(alg", 2), a(f,v)) “2 R(dz,dv) + e L.

I3 <e™ %Iy 4+ Ce” e /]R3 o s 12— v2(|2 — 2e +ul” + v — ve +u")¢e (u)du
X X

R(dz, dv,) R(dz, dv).
But for all € R, [0, |2 + u|"¢e(u)du < C(e + |2])? < Ce™ 0|2 T779, whence

I3 <Ce Iy + C, 5e7 110 / |z — (|2 — 2" 70 4 v — 0,179
7 R xR3 JR3 xR3 JRS

R(dzy,dv.) R(dz, dv).
With the same arguments as in the bound of I;, we conclude, using that R € II(g, f), that

Iy <Ce™I + Crpe® (L4 | fl]2r + ||g||Lr)/ |2 — v|* R(dz, dv)

R3xR3

<Crp(L+ Nl + lgllar) (74072 + 27148 /

|z — v|? R(dz, dv)).
R3 xR3
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Choosing o = 1 — §, we end with

B < Cra(1+ [fller +llgler) (= +

R3 xR3

|z —v|? R(dz, dv)).

This completes the proof. O
3.3. Strong/weak stability principles. The rest of the section is devoted to the

Proof of Theorem 1.4. Let v € (—2,0) and fy € P2(R?) satisfy also H(fo) < oo and my(fy) < oo
for some ¢ > ¢(v). We consider the unique weak solution f to (1.1) starting from fy built in
Theorem 1.3, as well as another weak solution g € L ([0, 00), P2(R?)) starting from gg € P2(R3?).

loc

We fix p € (p1(7), p2(7,q)). We know that f € L5°,([0, 00), P2(R?))N L, ([0, 00), LP(R3)). If finally

v € (=2, 1], we assume that g € L}, ([0, 00), L"(R?)) for some r > (2p — 3)/[(3+~)(p — 1) — 1].
We assume without loss of generality that r < p.

Step 1. By Lemma 2.5-(i)-(ii)-(iii), we see that o(g:, 2) and b(g:, ) satisfy the assumptions of
Proposition B.1. Indeed, ||o(gs,2)||*> < C(1 + |2|?) and, if v € [~1,0), |b(gs,2)| < C(1 + |z|). If
now 7y € (—2,—1), since r > 3/(4 +7), b(gs, z) < C(1 + || f||L+), which belongs to L}, .([0,00)) by
assumption. Consequently, we can find, on some probability space, a Brownian motion (B(t));>o,

independent of a go-distributed random variable Z(0) such that there is a solution (Z(t)):>0 to

Z(t) = 2(0) + / b(ge, Z(s))ds + / 0 (g Z(5))dB(s)

satisfying L(Z(t)) = g; for all t > 0.

Step 2. Let V(0) with law fy be such that E[[V(0) — Z(0)|?] = W2(fo,90). Recall that the
function U taking value in the set of orthogonal matrices was defined in (3.1). We claim that for
any ¢ € (0,1), there is a strong solution (V. (t)):>o to

(3.4) Ve(t) =V(0) + tb(fs,Vs(S))d5+ tU(fs,Vs(S))U(a(gi,Z(S)),a( < Ve(s)))dBs,
0 0

where f¢:= f; * ¢. and that furthermore, L(V.(t)) = f: for all t > 0.

Recalling that (Z(¢))¢>0 has already been built in Step 1, the fact that strong uniqueness holds
(3.4) classically follows the facts, which we will check below, that b(fs,v) is Lipschitz in v (with
a constant locally integrable in time), o(fs,v) is Lipschitz in v (with a constant locally square-
integrable in time), the boundedness and local Lipschitz property of v — U(a(gg, Z(s)),a(fs, v))

Next, recalling that U (X1, ¥2) is orthogonal for all symmetric positive matrices X1 and 3q, we
deduce that 5(t) = fg U(a(fs,Ve(5)),a(gs, Z(s)))dB(s) is also a 3D Brownian motion: it suffices
to note that S is a 3D martingale and that its quadratic variation matrix is Ist. Hence, V. also
solves the linear SDE (2.1), with initial condition V(0) and Brownian motion (5(t)):>0, associated
with the weak solution f to (1.1). Consequently, one can check as in the proof of Theorem 1.7-Step
2 that L(Ve(t)) = f; for all t > 0.

As already seen in Step 1 of the proof of Theorem 1.7, using that f € L{2.([0,00), P2(R3)) N
L}, .([0,00), LP(R?)) and Lemma 2.5-(iv)-(v), we see that b(fs, v) is Lipschitz continuous in v, with
a Lipschitz constant (locally) integrable in time and that o(fs,v) is Lipschitz continuous in v,
with a Lipschitz constant (locally) square integrable in time as desired. It only remains to check
that v — U(a(gi,Z(s)),a( 55,11)) is locally Lipschitz continuous. First, we obviously have, by

convexity and invariance by translation of the entropy, H(f¢) = H(fs x ¢c) < H(¢.) < C¢, while
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ma(fS) < 2ma(fs) + 2¢2. The same arguments apply for g¢, so that, since the second moment of

f and g are (locally) bounded in time by assumption, we get that

sup ]H(fi) + H(g5) + ma(f3) +ma(gs) < Cer.
se[0,T

Consequently, we can apply Proposition 2.1 and deduce that, for s € [0,7] and v € R3,

(3.5) 1@, 0) M+ [l(algs, v) M < Cor(1+ )P,
By Lemma 2.5-(i), we also see that

(3.6) lla(fs, v)l| + lla(gs, v)l] < O+ [o])%.
Using next Lemma 2.5-(vi)-(vii) and that ||ff]|zr < ||¢el|zr < Ck,

(3.7) lla(f5,v) = a(fS, )] < Ce(L + [o] + [V')]o = v'].

From the definition (3.1) and Lemma 2.2, it is tedious but straightforward to see that there is i > 0
and C' > 0 such that for all symmetric positive matrices 31, X9, X5,

|U(21,52) = U(E1,55)||
<O (1721 + 122104+ 1S5 21+ 121+ 1) 7721+ IS 21) 122 — S5
Using this inequality with 31 = a(¢%, Z(s)), 2 = a(fE,v) and X5 = a(fE,v’), using also (3.5),
(3.6) and (3.7), we conclude that indeed,
1U (algs, 2(5)), a(f2,v) = Ulalgs, 2(). alfs, o)) < Cor(L+ o] + [ + | 2(s)]) |0 — o|
for some j > 0. This completes the step.

Step 3. Recall that L(Z(t)) = g+ and L(V:(t)) = f; (for any value of € € (0,1)). We will bound
W2(f:,9¢:) by E[|Z(t) — V-(¢)|?]. Applying the It6 formula, we directly find that

L Ez(t) - V.0 =E [2(3(75) = V(1)) - (blge, 2(1)) — b(fe, Ve (1))

+ lotg 20) — o Vo)V (algf, 2(0)), 057, Vo) ]
Setting R. ; = L(Z(t), V:(t)), which belongs to II(g, f), we realize that with the notation of Lemma
3.2,

LEZ(t) — Vo(t) ") =To.e(Re.).

Step 4: proof of point (i). We thus assume that v € (—1,0). Applying Proposition 3.2-(i), we
conclude that

LEZ() — Vo(0)2] < O 4 Cy(1+ || ][ B[ Z(5) — Ve(0)[2).

But E[|Z(0) — V(0)|?] = W(fo, go), so that, by the Grénwall lemma,
t
E[|Z(t) = Ve(t)2] < (WE(fo, g0) + Ce*?) exp (Cp/ (14 £z )ds).
0

Since finally £(V.(t)) = f; and L(Z(t)) = g, it holds that W(fi, 9:) < E[|Z(t) — V(¢)|?]. To
conclude the proof, it suffices to let € tend to 0, noting that ||ff||z» < || f¢llz» for all € € (0,1).
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Step 5: proof of point (ii). We assume here that v € (—2,—1). Applying Proposition 3.2-(ii),
we conclude that there is § > 0 such that

d
ZEl2() — Ve(t)]] <Crp (L + 1 lze + g ) ENZ(2) = Ve(t) ]
+Crp (L I fellzr + llgellzr) (1 +ma(fe) +malge)) €.

)
Using that E[|Z(0) — V(0)|?] = W3(fo,g0), that (1 + [lfellr + llgellr) (1 + ma(fe) + ma(ge)) is
(locally) time-integrable because f, g € L7 ([0, 00), P2(R?)) N L}, .([0,00), L™ (R?)) by assumption,

the Gronwall lemma, that W2(f;, ;) < E[|V(t) — Z(t)|?] for any € € (0,1) and letting € tend to
0, we find that

t
Wg(ftvgt) S W22(f0790) eXp(Or,p/ (1 + ||szLP + ||gs‘
0

Lr ) dS) .
The proof is complete. O

4. MOMENT ESTIMATES FOR THE PARTICLE SYSTEM

The aim of this section is to check the following propagation of moments. When v € [—1,0), we
could handle a simpler proof, but the case v € (—2, —1) really requires a tedious computation.

Proposition 4.1. Let v € (=2,0). Let N > 2 and ny € (0,1). Assume that (VN (0))i=1,.. N is
exchangeable and that E[[V] (0)|"] < oo for some r > 2. Consider the unique solution (VN);—1, .. N
to (1.9). For all T > 0, there is a finite constant Cr, (not depending on N) such that

[S()ujl%E[lVfV(t)lr] < Cr E[IVI (0)]"].

Proof. By the It6 formula, setting ¢(x) = |z|",

E[VY O] =E[VI(0)] +7‘/0 E[[VY (s)I" 2V (s)-b(ag", VY ()] ds

+3 /OtE[Tr(v%w{V ()a(@, V¥ (s)) | ds
E[VY O] + 1Y+ 5.

Using that b(al, VN (s)) = N1 Z;V:l(b * Gy )V (8) — VIV (s)), that (b* ¢y, )(0) = 0 and ex-
changeability, we find

r(N

Nl)/o B[V ()20 (5) - (b 6y )V (5) = VY (5))ds.

Using again exchangeability (and that (b * ¢y, )(—x) = —(b* ¢y, )(2)), we can symmetrize the
expression, which gives
r(N—1) [* —_ _
=" [E[x )06 -V ) (B @M O - eV o) Jds

Finally, we observe that clearly, since b(z) = —2|z[72 and since nnx € (0,1), |(b* ¢y )(x)| <
C(1+ |z[7*1) for all z € R®. Furthermore, |z|z["~2 —yly|" 2| < Cplo —y|(1+ |z + |y["~2). All
this implies that

N =

1 <0y B[+ DN @) =V @P N ) = @I+ PR @2 + ) s
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Since v € (—2,0), we easily check that (1+v—w|"1)|v—w|(1+|v]" 24 |w|"~2) < C\.(1+|v|"+|w|"),
whence finally

t t
T scT/ E[1+|V£V(s)|’"+|VéV(s)lr]dssOT/ E[1+ () ]ds
0 0

by exchangeability.

Using next the casy estimate a(il, VN (s)| = [N, (@ * dyy ) (VY (s) = VN ()] <
CN- N (1 + VN (s) = VN (5)|7*?) (because ny € (0,1)), that |D?p(z)| < Cylz|"~2, and ex-
changeability,

e | B[O (1 3P - o) Jas
J#1

t
<. [ B[O (1O + o) ds
0
Using the Holder inequality and exchangeability again, we easily conclude that
t t
JN < cr/ E[H ‘V{V(s)|r+7}d8 < Cr/ E[H |v{V(s)|T}ds.
0 0

We have checked that E[|V{¥ (#)]"] < E[|[VN(0)]"] + C, fot E[1 + [V (s)|"]ds. The conclusion follows
by the Grénwall Lemma. d

5. CHAOS WITH RATE

The aim of this section is to give the proof of Theorem 1.6. We first introduce a suitable cou-
pling between our particle system (V¥),—1 _ y and an i.i.d. family (W} );_;  x of solutions to the
nonlinear SDE (1.10). We next prove that we can control the L?-norm of a suitable blob approxi-
mation of the limit empirical measure (that of W (¢)). This allows us to apply our strong/weak

stability principle to estimate the mean squared distance between V¥ () and WiV (¢).

In the whole section, we assume that v € (—1,0), that fo € Pa(R?) satisfies H(fp) < oo and
mq(fo) < oo for some ¢ > 8. Observe that 8 > ¢(7), recall (1.7), because v € (—1,0). Hence we
can apply Theorem 1.3 and we denote by f the unique weak solution to the Landau equation (1.1),
which furthermore belongs to L}, .([0,00), LP(R3)) for any p € [1,p2(7,q)). Actually, we will only

use this estimate with p = 2, which is indeed smaller than pa(7, q), since ¢ > 8 and v € (—1,0).

We fix N > 2, an independent family of 3D Brownian motions (B;);=1,... N, as well as an
exchangeable family (VN (0));=1... n, with E[[VY(0)[*] bounded (uniformly in N). We consider
nn € (0, N~1/3) as in the statement and the unique solution (VN (t))i=1, x>0 to (1.9) with this
nn. Finally, we fix § € (0,1) (close to 0) and ey = N~(179/3_ Observe that ny < exn-.

5.1. The coupling. We recall that for ¢ > 0 and u € R?, ¢.(u) = (4me®/3) 'Ly, <c), that
uN = N-1 Zfil Opn (z), that iy = pd x ¢y, and we introduce i = pul¥ x¢o. Fori=1,...,N,
by definition '

(5.1) VN () =V (0) + / b, VN (s))ds + / (i VY (5))dBi(s)
0 0
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By Proposition A.1, we can introduce an i.i.d. family (W/(0))i=1,.. n of fo-distributed random
variables such that, denoting by F{¥ the law of (VN (0));=1.....n, the following properties hold true:

(5:2)  E[ZY VMO WY OP] = Wi (Y £5),
(5.3) the family {(V(0), W~ (0)), i =1,..., N} is exchangeable,
(54

A s, WV S dun o NN o) = NN VN (0) - WA (0,
We finally introduce the system of S.D.E.s with unknown (WX (¢));>0.i=1..n: fori=1,..., N,
(5.5)

WA (1) = W (0) + / b(fo W (s))ds + / o (fos WX ()T (a(i, VN (), a5, WH (s)))dBi(s)

with the notation vy = N~1 Zf\il Sy~ (1) and N = vl xpe .

Lemma 5.1. The system (5.5) has a unique strong solution W} (t))i>0,i=1.. n. Furthermore, the
family (WHN (t))i>0)i=1.. N is independent and for each i = 1,...,N, (W (t))i>0 has the same
law as the unique solution (V(t))i>o to the nonlinear SDE (1.10).

Proof. The existence and uniqueness can be checked as in Step 2 of the proof of Theorem 1.4:
the only difficulty is to verify that (w1, ..., wx) = U(a(id, V¥ (s)),a(N~1 ij:l Owy, * ey, Wi))
is locally Lipschitz continuous, which is not very hard using that ¥ and N~! Z,Icvzl Ow,, * Qe are
bounded probability density functions (recall that ey > 0 is fixed here).

Since for each i = 1,..., N, the matrix U (s) = U(a(zY, VN (s)), a(z)¥,WN(s))) is orthogonal,
it follows that the famlly BN fo UXN (s)dB;(s) consists of N independent 3D Brownian motion.
To get convinced, it suffices to observe that these are continuous martingales and to compute the

quadratic variation matrix. We thus can write
t ¢
W (1) =W (0) + / b(fs, Wi (5))ds + / o(fs WY ())dB (s),
0 0
and the family (W (t))¢>0)i=1...n consists of N i.i.d. solutions to the nonlinear SDE (2.1). O

Remark 5.2. The family {(VN (t), WN (t))i>0, i = 1,..., N} is exchangeable. This follows from

3

(5.3) and from the symmetry and well-posedness of the systems (5.1) and (5.5).
5.2. Preliminaries. Here we prove two easy lemmas.

Lemma 5.3. Here we only use that f € L, ([0,00), L2(R?)) and that ma(f:) = ma(fo) for all
t>0.

(i) There is a constant co > 0 such that for allt >0, || fillzz > co.

(ii) For any T >0, we can find 0 = t§ <t < - <t} < T <t¥ .|, with Ky <2TNY3,

~1/3

such that sup,_y e, (t)y, — 1)) < N and such that, setting

Kny+1

= > I E e Tgeqy | oy

(=1

it holds thatf RN (t dt<2f0 £ ()| p2dt.
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Proof. For point (i), we recall that [pq fi(dv) = [gs fo(dv) = 1 and ma(f;) = ma(fo). We fix
M = /Zm(fo) and we note that |ful2s > | flnoan|2s > (3/(4xM))(fs(B(0, M)))? by the
Cauchy-Schwarz inequality. Next, fi(B(0,M)) =1 — fi(B(0,M)¢) > 1 —ma(fy)/M? =1/2. We
conclude with ¢y = (3/(167M3))1/2.

Point (ii) is not difficult: consider ay = (N~/3/2 for £ =0,..., Ky + 1, with Ky = [2T'N'/3].
Put t)' = 0 and, for each i = 1,..., Ky + 1, consider t)¥ € (ag_1,as] such that ||f(t})]z: <
2N1/3 f;@: | £(®)|lz> (here, 2N'/3 is the length of (as_1,ar]). One easily checks that all the condi-
tions are satisfied. O

The second lemma states a few easy and standard properties of the solution to the nonlinear
SDE (which actually hold true for any SDE of which the coefficients have at most linear growth).

Lemma 5.4. Recall that v € (—1,0), and that mq(fo) < oo for some g > 6. Consider the unique
solution V to the nonlinear SDE (1.10), see Proposition 1.7. For all T > 0,

‘ ¢ V() —V(5)|>q}
E[teb[%%] V()7 + (0§s<t§T it 3177 < Cr,.
Proof. Since v € (—1,0) and since ma(fi) = ma(fo) for all ¢ > 0, we know from Lemma 2.5-(i)-(ii)
that b(f, ) and o(ft, -) have at most linear growth, uniformly in ¢ > 0. Since E[|V(0)|7] = mq(fo) <
00, standard computations involving the Burkholder-Davis-Gundy inequality show that for all
T >0, E[supycpo,r) [V(1)|] < Cr,q. Standard computations again show that for all 0 < s <t < T,
E[[V(t) — V(s)|9] < Cr 4|t — 5|72, By the Kolmogorov criterion, see Revuz-Yor [29, Theorem 2.1
page 26], we conclude that for any o € (0,1/2 — 1/q),

t) —
E[( sp 2 V(s)l)ff} <Cn,
o<s<t<T [t —8]*
The choice o = 1/3 is licit since g > 6. O

5.3. On the L? norm of the blob limit empirical measure. The following proposition is an
important step. Similar considerations were used in [18].

Proposition 5.5. Recall that v € (—1,0), that f is the unique weak solution to (1.1) starting
from fo € P(R3) with a finite entropy and a finite moment of order ¢ > 6. Fiz T > 0 and
consider hN built in Lemma 5.3. Consider the solution (WiN)i:L...,N to (5.5) and recall that

vN = N1 Ziv Syyn (py and N = vl x ¢ withey = N~1=9/3 We have
Pr (Vt e (0,7, |72 < 173hN(t)) > 1= CrgsN'0/3,
Of course, 173 is not at all the optimal constant.
Proof. Tt is quite complicated, so we break it into several steps.

Step 1. We introduce the event Q%« n on which

Vi=1,...,N, sup [WN@)|+ sup (t—s) " 3WN@E) - WN(s)| < N3
[0,7+1] 0<s<t<T+1

and we prove that
Pr((Qf,n)) < Cr,gN' 72,
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Since each WV has the same law as the solution V to (1.10),

Pr((Q% 5y)¢) < NPr ( sup V()| 4+  sup  (t—s)"V3V(t) = V(s)| > N6/3).
’ [0,T7+1] 0<s<t<T+1

Thus Lemma 5.4 and the Markov inequality give us Pr((Qf, 5)¢) < Cr N.N—9/3,

Step 2. We consider the natural partition Py of R? in cubes with edge length ey and call Pg,
the subset of its elements that intercept B(0, N%/3). Observe that #(P%) < (2(N%/3 +1)ey')? <
64N°cy® = 64N. We claim that for any (zy,...,zx) € B(0, N%?)N and any (y1,...,yn) €
B(0, N°/3)N such that sup,_; __n |2 — 4| < en,

N
_ 3731 )
N 126yi)*¢8NH%2 < 23, Z (#{i : x; € D})%
1 N

DePy,
We start with

N
N1 21:6%,)*(;5”( 47rN53 #{i : yi € Bv,en)} < i Ng3 #{i : z; € B(v,2en)},

whence
N

_ 3 .
(N ! Zéyz) *¢5N(v) < A3 Z #{Z TS D}]I{DQB(vQEN)?é@}'

- 4rNey, pems,
Consequently, setting A = [[(N"1 32N 6,.) * dey |22,

9 . .
A< m Z #{i : xie D}#{i : ;€ D'} /R3 I DAB(v,2e5)£0,D'NB (0,26 ) #0} AV-
D,D’ePY,

Using that 2zy < 22 + y? and a symmetry argument, we find that
9 .
A< T > #{i: zeD})? / Lpns(ozen ) D, Lpnpes)20)dv-
N pepy, ® D'ePy,

But for each v € R3, ZD’EPJ‘S\, L praB(w,2en) 20y = #1D' € P+ D'NB(v,2en) # 0} < 52 and for

each D € PY, we easily check that Jrs Ly DAB(w,26 5) 201 AU < 47 (5en)3/3. Finally, we have checked
that

A< O PO S e py? < SBL ST (4 - we DY

= 2 20 N23
1672 N2e8, S5 N2 S
Step 3. We now fix ¢t € [0, T + 1], we consider the event
0Fy = {N725 Y0 (i W (t) € DY? < 8|fil3:

DePy,

and we prove that there are some positive constants C' and ¢ (depending only on ¢ and ¢, recall
that || f¢||z > co by Lemma 5.3) such that

Pr((22 )°) < Cexp(—eN/2).

To this end, we introduce, for D € P, Zp = #{i : W (t) € D}. It follows a Binomial(N, f;(D))-
distribution. Next, it thus holds that

(5.6) Pr(Zp > z) < exp(—z/8) for all x > 2N f,(D).
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Indeed, E[exp(Zp)] = exp(Nlog(1 + f:(D)(e —1))) < exp(N(e — 1) fe(D)), whence Pr(Zp > z) <
exp(—z+ N(e —1)fi(D)) <exp(—x+ (e —1)x/2) if x > 2N fy(D). And 1 — (e —1)/2 > 1/8 holds
true. We next observe that on the one hand, by the Cauchy-Schwarz inequality,

5= 3 [ Rz 3 (D)
DePy, b DePy;
and on the other hand, since #(7315\,) < 64N‘5<€X,3,
1fel7e > 647 N 70X > || fel 7o
DePy,
All in all,

SIAlEe = > (4532 (D)) + 167 N0k full32 ).
DePY,

Consequently, on the event (Qf ~)¢, there is at least one D € P% for which there holds Z% >
N263[4e 3> (f:(D))? + 167 N 9% || f,||2.], whence

Pr((5)) < Y Pr(Zp > NeX’lAey? fi(D) + 16 N0 (| f]32)1/2).
DePy,

But oy 1= Ney/ “[Ae 3 (fi(D))? + 167 N 9L || £l 2]1/2 > Ney > (43> (fi(D))?) /2 = 2N £i(D), s0
. 3/2,_1nr—6/2.3/2
that we can apply (5.6). Since we also have xn > NEN/ 47N 5/251\{ I felle = N2 fellz2/4,

Pr((Q7 n)°) < D exp(—=N"| fi||12/32) < 64N exp(—coN*/?/32).
DePy,

We used that #(P%) < 64N, that Ne%, = N° and that || f;||z2 > co. This completes the step.
Step 4. We finally introduce the event
_ 0l Kn+1 (2
Qry =Qpn N (W:Ai Qtf;’,zv)’
where 0 =t <t <--- <t <T <ty ., with Ky < 2TN'/3 and SUPg—o. . xx (tory — 1)

N~'/3 were defined in Lemma 5.3. Recall also that hN (t) = f:’\iﬂ [FACADI[VZS vevee )}

-1’

IN

We first claim that, Pr(Qzn) > 1 — O, sN'"%/3. This follows from the fact that Ky
2TN'/3 and from Steps 1 and 3: we have Pr(Q§ ) < Pr((Q y)9) + o8+ Pr((Qy y)°)
Or,gN1=9/3 + O(Ky + 1) exp(—eN?/2) < Crp 4 s N'79°/3. The claim follows.

It only remains to prove that indeed, |||z < 173k (¢) for all t € [0,7] on Q7 x. Recall that
N =(N1TY S (1) * Gex- On Qr n, we know that

<
<

e WX (t) belongs to B(0, N%/3) for alli=1,..., N and all t € [0,T + 1] (thanks to Qr N

eforall =1,....Ky+1,allte[t) ¢V, alli=1,...,N, [WN(@t) - WNtN)| < N3 —
4| < NO/3=Y3 = e (due to Qf y again);

eforall{=1,...,Kn+1, N2} ZDepg(#{i : WN(tN) e D})? < 8||ft£’||2 (due to Qf%N).



ON THE LANDAU EQUATION 27

Using Step 2, we conclude that indeed, on Qp , for all ¢ € [0,T], defining ¢ as the index such
that t € (¢) 1, t]],

17V [172 < BTN Y~ (#{i : Wi(ty') € D})? <3731 x 8] f||* = 20848(h™ (1)),
DePy

This ends the proof, since /29848 < 173. g
5.4. Computation of the mean squared error. Here is the main computation of the section.

Proposition 5.6. Recall that v € (—1,0), that f is the unique weak solution to (1.1) starting
from fo € P(R®) with a finite entropy and with mg(fo) < co. Recall that ny € (0, N~/3), that
ey = N~U=9/3 gnd that (VN)iz1..v and WN)i=1,. N are the solutions to (5.1) and (5.5).
Recall that pily = N7V dyny, v = N7V Sy, i = il * by A = ) % dcy and
vN =v]N x¢.. Fix T > 0, recall that h™¥ was defined in Lemma 5.3 and consider the stopping
time

~ =inf{t >0 : 7] 2 > 1730V (1)}.

There is a constant Cr s > 0 such that for all t € [0,T],
E[VY (A7) = WY (EATN)P] < Crs (N‘<1_5)<2+27)/3 +N7V2 L B[V (0) - W{V(O)F]).

It seems that we could remove the term N—1/2

final result of Theorem 1.6.

with some work, but this would not improve the

Proof. We put u; = E[|[VN(t A 7n) — W (t A 7n)|?]. To lighten notation, we also set UM (s) =
Ua(gly, VN (s)),a(@Y, W¥N(s))). By Lemma 5.4, supjo, ) ms(fi) < oo.

Step 1. A direct application of the It6 formula gives
tATN
w =B [0 - WEOR+ [ (20086 = W) 0 VY (5) = b W s)
o (i, VY (5)) = o (£, WY (s)UR (5) ) ds]

[V 0) - W O] +B [ e+ + K]

where

L :=2(V{(s) = Wi () - (0(iy), V1Y () — by , Wi (s)))

+lo (@, V1Y () — o (v, Wi (s)U7Y ()12,

Js =200 (5) = WL (5)) - (0(w , WY (5)) = b(fs, W1 (5))),

K, :=[lo(ad Vi (s) = o (fs WY ()T ()12 = o (s Vi () — o (v, WY (s)) U7 (s)1%.
Let us notice at once that

Js < VI (5) =W ()] + b1, Wi (5)) = b(fss WE (5))2 =2 [VI¥ (5) = WY (9)° + J5
and, using that ||[A — BJ||> — ||A — B'||? < ||B — B'||> + 2||A — B'||||B’ — B|| and that U{¥(s) is
orthogonal,
K, < K; + /MK,

where

Ky = [lo(fo Wi (s) — oI W ()P and - My = [lo (a5, Vi () = o (v, Wi ()) U7 (5) 1%



28 NICOLAS FOURNIER AND MAXIME HAURAY

Step 2. Using exchangeability, we realize that
tATN J t/\TNi N N 5 N ) N VN N )
]E[/O fsd}—na[/o NH(WZ' (8) = W (9))-(b(aY, VN (5)) = b, W (9)))
+ o (@, VN () = o WY () U (0@, VY (5)), a(m , WY <s>>>||2)ds]

Setting RY = N~! 21 (VN (5),WN (s))» Which belongs to H(plN,v})N), observing that g2 = (uN)m
iy = (ul)ew and N (uﬁv )e~, and recalling the notation of Proposition 3.2, this dlrectly gives

JE{ /0 L ds] :JE{ /0 o Ty en (RY )ds}.

We thus use Proposition 3.2-(i) (with p = 2 which is indeed greater than p; (7)) and obtain, since
172] 12 < 173hN (s) for all s < 7,

tATN 949 tIANTN
E[/ I, ds} <Ctelt 7+CH4:[/ (1+ hy(s) ZIVN WX (s)[2ds].
0 0
Using exchangeability again, we end with
tATN t
E[/ I, ds] gcw?jzhrc/ (1+ v (s))us ds.
0 0

Step 3. We now check that E[J! + K1] < CrN~! for all s € [0,7]. This will imply that

tIATN t
E[/ (Js + Ksl)ds} < CpN~! —I—/ ugds.
0 0

Recall that ma(f;) = ma(fo) and H(f;) < H(fo) for all t > 0 (see Theorem 1.3), so that Lemma
2.1 ensures us that |[(a(f:,v)) || < C(1+ |[v])17! for all £ > 0 and all v € R3. Consequently, using
Lemma 2.2, we deduce that K! < C(1 + [WN(s))MNa(wN, W (s)) — a(fs, WN(s))||?>. By the
Cauchy-Schwarz inequality, and since LWV (s)) = fs,

E[K] <C(L+ mapy (f:))*Ellla(v, Wi (5)) — a(fs, Wi (s))[14]"/?2
<CrE[[la(v, Wi (s)) — alfs, W ()12,
We also have J! = [b(vN, W (s)) — b(fs, WP (s))|?, so that, using Cauchy-Schwarz again,
E[J;] < CE[|Ib(wl , Wi (s)) = b(fo: WY () [I*]/2.

To conclude the step, it thus suffices to prove that for ¢ : R? —+ R with at most quadratic growth
(which is the case of all the entries of a and b), with the notation ¢(u, z) = [ps ©(x — y)p(dy),

Ellp(vy, WE (5) = o(fs, WI ()] < Cr o N2

To this end, let us recall that there is a constant C' > 0 such that for any sequence of i.i.d.
real-valued random variables (X,,),>1 (see Rosenthal [31] for a much more general inequality),

(5.7) |N12N:X E[X1])*] < C(1 + E[X]])N 2.

But the family (WM (s))i=1, ..~ is ii.d. with common law f,. Let us denote by E; the ex-
pectation concerning only W}V, and by Es y the expectation concerning only W&, ..., WX. We
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have (Wi (s),uN) = N7'0L, (Wi (s) = WH(s)) and, by independence, o(W}(s), f,) =
(N-1)"1 vaz NN (s) = WH(s))]. As a consequence, since (x + y)* < 8z + 8y*,
4
Ellp(n, Wi (5)) — o(fo WY (511" <8E| (5 — 55 Zgo W (s) =W (9)| |
1 N 1 N 4
+ 851 [Bav [| g D0 MY (5) = W (5)) — Baw [ DOV () - W )] | ]
2 2
=:8AN + 8By.

Since |p(z)| < Cp(1+]|z|?), we easily get Ay < C,(1+ms(fs))N~* < C, rN—*. Since the random
variables (W (s) — WX (s)) are i.i.d. under Eo n, we may apply (5.7), which gives

By < ON7?Eq[1 4+ Eo v (0 (W (s) — W (5)))].

Using again that |¢(z)] < Cy(1 + |z|?), we deduce that By < Cy(1 +ms(fs)) N2 < C, N2

Step 4. We finally show that supjg 77 E[M] < C7. This will imply, by Step 3 and the Cauchy-
Schwarz inequality, that E[\/KIM,| < CN~'/2, whence

\/K;Msds} < COpNTV2,

tATN
|
0
Using Lemma 2.5-(i), we find that
M, < C(L+ma(fy) +ma(v)) + VI ()77 + WY () 7).
Using exchangeability, that ny < 1 and that 0 < v+ 2 < 2, we see that
E[M,] < C(L+E[V{ (s)]* + VY (5) ).

We conclude the step using that E[[W} (s)[?] = ma(fs) = ma(fo) and that supjo 7 B[V} (s)|?] is
bounded (uniformly in N) by Proposition 4.1.

Step 5. We now gather everything:
t
ug < ug + C/ (1 + hM)ug ds + CT(5?\7+2 + NV,
0
Using the Gronwall lemma, we get

T
sup u; < Cr(ug + e3> + N2 exp (C’/ hN(s)ds) < Cr(ug 43 4+ N7Y2),
(0,71 0

since [i WV (s)ds < 2[5 || f(s)||z2ds by Lemma 5.3, and since f € L} ([0,00), L2(R?)). This ends
the proof. O

5.5. Conclusion. We finally can give the

Proof of Theorem 1.6. Recall that ¢ > 8, fix § = 6/q and recall that 7y = inf{t >0 : [|[7}| 2 >
17307 (¢)}. By Proposition 5.5, we know that Pr(ry < T) < Cr 4 sN'~%/3 = C7 ,N~!. We then
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write, for ¢ € [0, 7],
E[[V{¥ (t) = W ()] S E[VY (A Tv) = W (¢ ATn)PT+E[VEY (8) = WY (0P Ly <y
< Cr s (B[V (0) - Wi (0)ff + N-0-9E+2/3 4 y-1/2)
+ CE[VY ()" + WY ()12 (Pr(rw < T))'/?

by Proposition 5.6 and the Cauchy-Schwarz inequality. By assumption, E[|V{¥(0)|*] is bounded
(uniformly in N), so that Proposition 4.1 implies that E[|V{¥ (¢)|*] < Cr. Next, Lemma 5.4 gives
us E[[W{ (#)[*] < Cr. As a conclusion,

sup E[[VY (t) = Wi ()] < Crs (E[[VY (0) = W (0) 2] + N~ H2)/3 4 N=1/2)

whence, by exchangeability,

sup E[W. N )] < supE VN 2
sup B[V ', )] < sup E Z\ MO

< Crs (E[% Z VN (0) - WZ.N(0)|2} L N--9@+2)/3 | N—l/z)

< Crg (B[W3(u, v)] + N-0-9Cr2/5 4 N-172)

where we used (5.4) for the last inequality. But for each ¢t € [0,7], v} is, by Lemma 5.1, the
empirical measure of N i.i.d. fi-distributed random variables. We thus infer from [14, Theorem
1] (with d = 3, p = 2 and ¢ = 5) that E[WZ (v}, f;)] < C(ms(f:))>° N2 < CpN~1/2 for any
t €10,7T]. As a conclusion,

sup E[Wf(uiv,ft)] <2sup E[Wz (Nt » Vi )+W2 (Vt 7ft)]
[0,T] [0,77]

<2 CT,(S( [Wz (Ho » Vo )] + N~ (1=0)(Zr+2)/3 + N_l/Q)'

Observing finally that E[W3 (ug', v§")] < 2E[WZ (g, fo)] + 2E[WZ (14", fo)] < 2E[W3 (1t fo)] +
CN~1/2 ends the proof. O

6. MORE ELLIPTICITY ESTIMATES

We now turn to the proof of our second result on the propagation of chaos, which includes the
case where v € (—2,0).

To control the singularity of the coefficients, we will need some regularity of the law of the
particle system. Such regularity will be obtained thanks to the diffusion. We thus will need to
show that the diffusion coefficients a(u™,v) are sufficiently elliptic. Lemma 2.1, which proves
some ellipticity of a(f,v), requires the finiteness of entropy f and thus cannot apply to empirical
measures. We will rather use the following lemmas. They all rely on a geometric condition on
triplet of points, saying roughly that they are far enough from being aligned.

Definition 6.1. Let § > 0. We say that a triplet of points (x1,x2,x3) satisfy the §-non alignment
condition if

(61) |(E2—{E1‘ 26\/3, |p(m27m1)l(x3_m1)| > 246+2\/3|(E3—{E1|7

where Py, _z,)1 s the projection onto the plane orthogonal to xo2 — 1.
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This condition is not invariant by permutation of the three points. Also, a triplet satisfying the
d-non alignment condition also satisfy the §’-non alignment condition for all §’ € [0, §].

Lemma 6.2. Lety € (—2,0), 6 € (0,1) and R > 1. There exists a constant k > 0 depending only
on 7,9, R such that, for any triplet of points (x1,x2,x3) belonging to B(0, R) and satisfying the
§-non alignment condition, for any f € P(R?),
it €a(f. 06 2 (L4 ol)7 | inf (B, ).
The proof of this Lemma is strongly inspired by that of Desvillettes-Villani [7, Proposition 4]
(which is Lemma 2.1). In fact, [7, Proposition 4] may be seen as a consequence of Lemma 6.2,
thanks to the following Lemma.

Lemma 6.3. Let ¢ € N*, Hy > 0 and & > 0 be fized. There exist some constants 6 € (0,1), R > 0
and k > 0 such that for any f € P(R3) with H(f) < Hy and ma(f) < &, there are z1, 2,23
belonging to B(0, R), satisfying the (£§)-non alignment condition and such that

mf f( (zk, ))ZFL.

We shall also need a version of Lemma 6.3 valid uniformly on small time intervals when f is a
solution to the Landau equation (1.1).

Lemma 6.4. Let v € (—2,0) and ¢ > q(7). Let fo € P2(R?) satisfy also H(fo) < oo and
mafo) < 50 Lt T'> 0, p € (). po( ), and £ € L3z, ([0,00), Po(B2)) 1 L, (0. ). LP(R)
the solution of (1.1) given by Theorem 1.3. There exist four constants §g € (0,1), Ry > 0, ko >0
and 19 > 0 such that for any t € [0,T], we can find three points 'z, x4 in B(0, Ry) satisfying
the (46g)-non alignment condition and such that

t
> Ko.
[llsrgrfo] k 1111f2 ng( (zk:00)) = ro

We now prove all these lemmas.

Proof of Lemma 6.2. We fix (x1,72,73) € B(0, R)? satisfying the J-non alignment condition, we
fix v € R? and ¢ € R3 such that |¢| = 1, and we divide the proof in two steps.

Step 1. A geometric claim. We introduce the cone C centered at v, with axis £ and angle
arcsin[d/(2 + R + |v|)] that can also be defined by

bt )
lv—vs] T 24+ R+ v

We claim that the cone C' can not intersect the three balls B2 := B(xy, 29).

C{U*GRB :

We thus assume that C intersects the balls B and B2 and show it does not intersect B2°.
We first check that £ and & := (z2 — x1)/|z2 — 21| are almost aligned, in the sense that

(6.2) per (§0)l < V6 and  |pes (§)] < V0.

We may find wy,ws € C such that |w; — z1] < 26 and |we — 22| < 26. This implies that
|w;| < R+25 < R+2fori = 1,2 and, starting from xo—x1 = (za—ws)+(we—v)+(v—w1 )+ (w1 —z1),

[Per (z2 — 21)| <20 4 [per (v — wa)| + |per (v —w1)| 429,

<46+ v —wa| + [v —wi|) <64

_
2+ R+ v
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We conclude that |pe: (&) < 66/|z2 — z1] < /0 thanks to the first assumption in (6.1). Since
finally & and & are unit vectors, |pe1(&o)| < V8 means that |€-&|? > 1— 6, whence |pEOL ()] < V6.

Next, for any w € C\{v}, we show that there is a point w* on the line (v,w) (whence w* € C)
that is very close to 1, in the sense that |w* — z1| < 64. Let thus

. (w1 —v)-§
w*=v+A(w—-v) with \N=-———2—>
=) w—v) €
which satisfies w* - § = wy - £, whence |w; — w*| = |per (w1 — w*)|. Then

[wy —w*| < ’pgl (wy — v)| + ’pgl (v —w")

< 0 (Jwy — o] + [w* —v])
T 24+ R+ v
1)
< —(2lwy; — o] + |w" —wyl).
_2+R+|U|(|1 |+ | 1)

We conclude that (recall that § € (0,1), that R > 1 and that |wi| < R+ 2)

2|wy — vld
- < —— <46
fw w1|—2+R+|v|—5— ’
whence |w* —z1| <6 as desired.

This allows us to conclude that C' is included in a narrow cone centered at x; and directed by
&o. More precisely, for any w € C,

(6.3) ‘pgé(w—xlﬂ <185+ 2V6 |w — x4

Indeed, consider w* as previously, use that 2 = p. (z)+(2-§)¢ for all 2 (because £ is unitary), recall
(6.2) and also that w—w* = (1—-\*)(w—v) whence, since w belongs to C, |pe1 (w—w*)|/|w—w*| <
d/(2+ R+ |v]), to write
s (0 — )] = s " — 22) + pg (w0 — )|
<60+ |peg (per (w —w")) [+ [(w — w") - €]|pes (€)]

<66+ lw — w*| + V6 |w — w*|

0

2+ R+ v
<60+2V6|w—w.

Recalling that |w — w*| < Jw — x| + |21 — w*| < |[w — 1] + 66, the conclusion follows.

Assume finally that there is w3 € B2° N C. Then, using (6.3) with w = w3, one finds that
Ipes (23 — 21)| < |pes (w3 — 1)[ +26 <206 + V0 |wg — x1| < 246 4 2V |3 — 21].
But §o = (z2 — 21)/[w2 — 21| so that per = p(z,—4,)+: this contradicts (6.1).

Step 2. Conclusion. We choose k € {1,2,3} such that C does not intersect B and we write,
recalling that a(f,v) = [4s a(v — v,) f(dv,) and the expression of a,

2

v—uw,)-&)2 (v — vy
f*a(fav)fzés |vv*|’7+2(1(()£))f(dv*)—/RS ‘U*U*|’Y+2Mf(dv*)~

v —v.|? v —v.?
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Since now C does not intersect B(w,d) C B, we find that

€(fk><5>i/ o — 0. [7F2 1 (dvy)
WS = 2+ R+ vl B(zk,é)v " v

5 2
> —n— B(xy, 0 inf v — v, 1T
- (2+R+|v|> f(B(@x,9)) v*eB(rk,é)l |
Since moreover v ¢ B2 (because v € C), one easily bounds the infimum by
. 1+ [u]) 6\ 7"
f — v, [T > ~R-1,6\""> (S CIL) .
mElBr%a:k,tS) |’U v | - max{|v| ’ } - R+3

The last inequality is easily checked separating the cases |[v| < R+ 2 and |v| > R + 2. Finally, we
have checked that

2+R+1v)2\ R+3
with » := [§/(R + 3)]*T7. This concludes the proof. O

5\ 72
) F(Bay.8) > r(1+ o)) f(Blzx. 8))

Proof of Lemma 6.3. Let thus f € P(R3) with ma(f) < &, H(f) < Hp and let ¢ € N*. We set
R :=1+/2& and observe that f(B(0,R)) >1—ma(f)/R* > 1/2.

By Lemma C.1-(ii), there is a universal constant C' > 0 such that for any Borelian A C R? (here
| - | stands for the Lebesgue measure)

|A| < exp(—4(C + Ho + &)) implies f(A) <1/4.
We now fix

6:

{GXp(—4(C + Ho + &) (exp(—4(C + Ho + 50)))2/3}
orR(2(24 1 4R)2 10006372 '

For any couple of points y1,y2 in B(0, R), we introduce the zone
Dyy s = {y € B0, R) : [p(yp—yi)- (y — y1)| < 245 + 2V ]y — wnl}.

Using the rough upperbound |y — y1| < 2R, we see that Dy, ,, is included in a truncated cylinder
with length 2R and radius 2465 + 4R\/13, so that |D,, ,,| < 2w R(2465 + 4R\/15)? < 2mR(?*(24 +
4R)?6. By definition of 8, we deduce that |D,, .| < exp(—4(C + Hq + &y)), whence f(Dy, 4,) <
1/4. Similarly, for any = € R3, |B(z,6v13)| < 100063/263/2 < exp(—4(C + Hy + &)), so that
F(B(x,6V15)) < 1/4.

Since we can cover B(0, R) with (10R§~!)? balls of radius § (and centered in B(0, R)) and since
f(B(0,R)) > 1/2, we can find z; € B(0, R) such that

10 2 2 (o)

But we know that f(B(x1,6v¢0)) < 1/4, so that f(B(0,R) \ B(z1,6v{d)) > 1/4. Of course,
B(0, R)\ B(z1,6v{§) can also be covered by (10R5~1)? balls of radius ¢ (and centered in B(0, R)\
B(x1,6v£6)). We deduce that there is x5 € B(0, R) \ B(z1,6v¢§) such that

e 0) = 2 (10
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We obviously have |z1 — 22| > 6V ¢ 5. We finally recall that f(Dy, »,) < 1/4, whence f(B(0, R) \
Dy, z,) > 1/4. We thus we can find, as usual, z3 € B(0, R) \ Dy, », such that

F(B(rs,8)) > i(lgRY

By definition of Dy, s,, and since |z — x2| > 6v/£4, the triplet (z1, 2, x3) satisfies the (£6)-non
alignment condition. This completes the proof, with  := (§/(10R))?/4. O

Proof of Lemma 6.4. Recalling that H(f;) < H(fo) and ma(ft) = ma(fo) for all ¢t > 0, we can
apply Lemma 6.3, with ¢ = 8, with the same constants for all times: there are § € (0,1), Ry > 1
and k > 0 such that for all ¢ € [0, 77, there are three points (x},z%, 2%) in B(0, Ry) satisfying the
(89)-non alignment condition and such that f;(B(z,d)) > & for k =1,2,3.

Next, we choose a smooth function h : R® — [0,1] such that Ty, <13 < h < Tgjp<0y. For
k=1,2,3, we define, for 0 <t < s,

uto) = [ (") pa)

By construction, we have w (t) > fi(B(z},8)) > k. Using the weak formulation (1.5) and the
bound (1.4) with the smooth functlon o =nh(6"1(- —x})), we get (recall that p € (p1(7),p2(7,4))
is fixed and consider p’ € (py (v yfor 0 <t <s<T+1,

[uwf () — wht <06/ // — 0[P o = 7)o (o) fu (o) du
SC‘S/t / /R3<1 1o+ ol o — o) fu(do) fu(dv.)du

<Cs /:(ng(fu) + 1full o ) du

The last inequality uses (1.6). Since f,, is a probability density function and since p > p’, we have
I full e < I fullgp with a = [p(p’ — D)]/[p'(p — 1)] € (0,1). Using the Holder inequality and that
1+ ma(fu) + | fullze € LY([0, T + 1]), we deduce that, still for 0 <t < s < T +1,
|wj,(s) = wi(t)| <Cs.r(s — 1) 7.

From this and since wi (t) > & for all ¢ € [0,77, it is clear that there exists 7y such that, setting
Ko = K/2,

Vtel0,T], Vselt,t+m), wkL(s)> kKo
The bound is valid for £ = 1,2,3. By definition of w}, this implies that

f f f fs t28)) > k.
(L) ety 20, S (B 20)) 2 o
Setting 69 = 28 ends the proof: since 85 = 44y, the points x} satisfy the (48p)-non alignment
condition. O]

7. CHAOS WITHOUT RATE

The aim of this section is to prove Theorem 1.8. When applying the methods of [15], the main
difficulty is that the matrix a is not uniformly elliptic. Ellipticity is important, since it provides
the regularity that allows us to show that the singularity of the coefficients is not too much visited.
In the particle system (1.9), there is a lack of diffusion in some directions when the particles are
almost aligned. We thus will proceed as follows. We will first introduce a perturbed particle
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system, by adding some diffusion when particles are in a bad (almost aligned) configuration. We
then will prove propagation of chaos for this perturbed system. Finally, we will show that the
artificial noise is used only with a very small probability (as N — o).

In the rest of that section, we consider v € (—2,0) and fo € P2(R3?) satisfying H(fo) < oo
and my,(fo) < oo for some g > g(vy). We consider the unique solution f € LS ([0, 00), P2(R3)) N
L} .([0,00), LP(R?)) for all p € (p1(7),p2(7,q)) to (1.1) given by Theorem 1.3. We recall that it
satisfies H(f;) < H(fo) < oo and ma(fi) = ma(fo) < co. We also fix an arbitrary final time 7. We
finally consider, for each N > 2, an exchangeable initial condition (V{¥(0),...,V¥(0)) satisfying

the set of conditions (1.11).
7.1. Definition of a perturbed system. We first introduce a few notation.

Notation 7.1. (i) Recall the constants Ry > 0, 69 > 0, ko > 0 and 19 > 0 introduced in
Lemma 6.4. We also denote by ng = |T/70], so that

no

0,7] < Ui, (I + D)7o).
1=0
Lemma 6.4 implies that for each | = 0,...,n, we can find three points xll,xlz,xé in B(0, Ry)
satisfying the (49¢)-non alignment condition (6.1) and such that
. . . 1
. > Kg-
(7.1) l:&?f,no te[lr(,l,r(llﬁ-l)m] k:1111f23 Fi(B(z, 00)) 2 ko

(i) Let h : R3 — [0,1] and x : [0,00) — [0,1] be smooth and satisfy Tgjp<1y < h(v) < Tjjpj<oy
and Tg<1y < x(r) < Mgy, Forl=0,...,m9 and g € P(R3), we put

alg) == ix(jo /R h(“isfif)gmv)) e 0,3).

k=1

We also shorten the notation of the coefficients of the particle system.

Notation 7.2. For v = (v{,...,vN) € (R*)N, we introduce
1 1 o
b (o) = b(ﬁ ;51,;\7 *QSUN,UlN) and al (vV) = a(N ;&J_f *¢nNa"UzN),
and oN (vV) = (aN (vV)/2. Forl=1,...,n0, we set

X
NV = ¢ (N ¥5U§v>.

We will use the following properties.
Proposition 7.3. Let v € (—2,0). Let g € P(R?), vV = (v,...,on) € RN, and | €
{0,...,m0}.

(i) We have ¢;(g) = 0 if infr—1,2,3 g(B(z%,280)) > Ko/2.

(i) We have ¢;(g) > 1 as soon as infy—1 2.3 g(B(z},46)) < Ko/4.

(#ii) There is a constant C > 0 such that

C

NN
Vo < .
| Vi Cl ('U ) | — NHO(SO
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(iv) There is k1 > 0 such that for all £ € R3,
& ai (vM)E+ €7 (V) 2 ma (1 + i) V[ES%

(v) ci(ft) =0 for all t € [Ty, (I + 1)70].
(vi) There is a constant C > 0 such that for all g1, gs € P(R?),

C
Wa(g1,92)-

C
lei(g1) — ci(ge)| £ —=Wi(g1,92) £ —
K000

K00

We need the following easy remark.

Lemma 7.4. For all § > 0, there is cs > 0 such that for all x € R3, all u € P(R3), alln € (0,1),

(1 &n)(B(x,0)) = cspu(B(x,6)).

Proof. Tt of course suffices to treat the case where x = 0. Let thus § > 0 be fixed. For z € B(0,¢),
we introduce C, := {u € B(0,6/2) : u-z < —|u||z|/2}. Clearly, the Lebesgue measure ps of
C, does not depend on z and is positive. We next claim that for any v € C, and n € (0,1),
|z + nu| < . Indeed, this is obvious if |z| < §/2, while one easily checks that |z + nu|? < |z|? < §2
when |z| € [§/2,5). Consequently,
3 3 3ps

(M*¢n)(3(075>) = - M(dz) dU]I{Iz+77UI<5} > — ,u(dz) du > 7”(3(075))
AT Jgs B(0,1) A7 JB(o,s) c am

z

as desired. O

Proof of Proposition 7.5. Point (i) is immediate: for example, g(B(z},280)) > ko/2 implies that
(4/ko) fgs M((v—2L)/(260))g(dv) > 2, whence x((4/k0o) [gs h((v—a},)/(280))g(dv)) = 0. Point (ii) is
also obvious: if there is k such that g(B(a},400)) < ko/4, then (4/Ko) [gs h((v—2})/(280))g(dv) <
1, so that x((4/ko) [gs h((v — 2)/(260))g(dv)) = 1. Point (iii) follows from the fact that & and x
are smooth (with bounded derivatives), since

3 N oV _ gl
Cfv(vN)=Zx<]é%Zh(‘ 5 k))

We next check (iv), recalling that al¥ (v") = a(u™ * ¢y, v;) and ¥ (vV) = ¢ (), with @V =
Nt Ziv 8y;. Assume first that infy_q 23 pV (B(2},480)) > ko/4. Then by Lemma 7.4, we have
infr_1.03(uN % ¢y ) (B(2h,400)) > c5k0/4. Since now the triplet (2}, 25, 24) satisfy the (48)-non
alignment condition, we can apply Lemma 6.2 and obtain

* . KCso K
£a (0N 2 K(L+ [0l I€FF int (1" ) (B, 460)) = "B (14 ol ¢f

Assume next that infy—y 23 p™¥ (B(z},400)) < Ko/4. Then ¢fY (vY) > 1 by point (ii), so that
[€Pe (™) > [ > (1 + [uil) €]

since v < 0. We conclude with the choice k1 := (kesyk0/4) A 1. Point (v) is a direct consequence
of (7.1) and of point (i). Finally, to prove point (vi), we consider g1, gs € P(R3) and R € 11(g1, g2)
such that [ps . s [v1 —v2|R(dv1, dva) = Wi(g1, g2). Then we write, using that x and h are globally
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Lipschitz-continuous and bounded,

lei(g1) = cig2)] =’X(:O /R?)h(q};;:;“)gl(dvo —x(:o /R3h(U;;:L)gz(dv))‘
<O [ (g Jostan — [ n(L55E )t
Ll (2528) (252 . o

< C — wy|R(dvy, d
Kodo /]1§3><]R3 [or = val R{don, dvs),

from which the conclusion follows. O

We now introduce our perturbed particle system U™ = (Z/llN, .. .L{IZ\\[)7 defined on the time
interval [0, T, as the solution to

(7.2) ul () =v¥ /bN LIN)ds+/O oN(UNYAB (s)

t t
N N N N N N
"’/0 Cls/ro) Us )dWi(S)‘F/O Cls/ro) US )V, €l yry U )ds,

foralli=1,...,N. Here (Wi(t))te(o,1])i=1,...,~ is an independent family of 3D standard Brownian
motions independent of (VN (0), (B; )te[o 7 )Z 1,...N-

Proposition 7.5. Recall that v € (=2,0), that ny € (0,1) is fived and that (VN (0))i=1.. N is
exchangeable. There is strong existence and uniqueness for (7.2). Furthermore, if E[|[V (0)|" ] < oo
for some r > 2, then

sup sup IE[|Z/{1N(t)|T] < Crp,

N>2[0,T]
for some constant Cr, not depending on N .

Proof. The strong existence and uniqueness is clear, since all the coefficients are locally Lipschitz
continuous and have at most linear growth: this has already been seen in the proof of Proposition
1.5 for b)Y and o), and cﬁ/mj and Cﬁ/rojvvicﬁ/roj are obviously bounded and smooth in z
(recall that here, N is fixed). Concerning the moment estimates, it suffices to handle the same
proof as that of Proposition 4.1. The additional terms cause no difficulty (and are much easier to
treat) because ¢\, | is uniformly bounded (by 3) and cf| ;| Vu,cly /| is uniformly bounded (by

Ls/7o]

3C/(Nkodp) < C) thanks to Proposition 7.3-(iii). O

We will first study propagation of chaos for the perturbed particle system. We thus introduce
the corresponding nonlinear process (U(t)).c[o,7], solution to

t

(73) U@ =v(0) + / b(gs U(s))ds + / o (g, U(s))dB(s) + / Lot (9:)DV(s),

where V(0) is fo-distributed, independent of the (independent) 3 D-Brownian motions (B(t)):c(o,1]
and W())iefo, 1], and where g, € P(R?) is the law of ¢(t). Observe that for (U(t))ic[0,7] a solution
o (7.3), its family (g¢)¢e[o,7) of time marginals is a weak solution to

(7.4) dgi(v) = %din (alge,v)Vge(v) = b(ge, 0)ge(v) + ¢ty 1 (9:) Vg (v)).
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Proposition 7.6. Recall that v € (—2,0) and that fo € P2(R?) satisfies H(fy) < 0o and my(fo) <
oo for some q > q(7).

(i) There exists a unique weak solution (gt)iepo, ) to (7.4) such that go = fo and such that
(90)cio.r) € L0, T), Pa(R%) 1 L1 (0,T], LP(BS)) for some p € (pr(7), pal(y,q))- Purthermore, it
holds that (g¢)tcjo, ) = (ft)tejo,r), where (ft)i>0 is the unique weak solution to the Landau equation
(1.1) built in Theorem 1.3.

(ii) There is a pathwise unique continuous adapted solution (U(t))icpo,r) to (7.3) such that, set-

ting g¢ = LU()). (gt)sejo,r) € L=([0, T], P2(R*))NL([0, T], LP(R?)) for some p € (p1(7),p2(7,4))-
Furthermore, (gt)te[O,T] = (ft)te[O,T]-

(iii) Finally (U(t))ieio, ) equals (V(t))ieo, 1), the unique solution to (1.10) (see Theorem 1.7).

Proof. Consider the unique solution (V(¢))¢>0 to the nonlinear SDE (1.10), the unique weak solu-
tion f € L$.([0,00), P2(R3)) N L}, .([0,00), LP(R3)) to (1.1), and recall that f; = £(V(¢)). Then
we know from Proposition 7.3-(v) that c|;/-,|(f:) = 0 for all ¢ € [0,7]. Consequently, (V(t))¢>0
also solves (7.3) and (f;)¢cjo,7) also solves (7.4) (compare with (1.3)). Next we claim that once
the uniqueness of the weak solution to (7.4) is established, the pathwise uniqueness of the solution
(U(t))tefo,) to (7.3) can be checked exactly as in the proof of Theorem 1.7. We thus only have to

prove the uniqueness part in point (i).

Let thus p € (p1(7),p2(7,q)) be fixed, and consider two solutions (g:):cqo, 17, (kt)teo, 1) to (7.4),
both lying in L{°.([0,00), P2(R?)) N L, ([0, 00), LP(R?)). Exactly as in the proof of Theorem 1.4-

Steps 1-2, we can build, for each € > 0, two processes (Z(t))¢c[o,7] and (Vz(t))¢eo,r) With respective
families of time marginals (g¢)¢cjo,7) and (k¢)¢ejo,7, solving

t

Z(t) =V(0) + / b(ge, Z(s))ds + / o (g Z(5))dB(s) + / Ls o) (9)DV(S),
V(1) =V(0) + / (ks Ve(s))ds + / o (ks Vo(3))U (alg5, Z()), a(kS, V2(s)))dB

t
+/0 Cls/70] (ks)dW(S)

We can then reproduce exactly the same computations as in Theorem 1.4-Steps 3-4-5 to prove

uniqueness in the class L2 ([0, 00), P2(R3)) N L}, ([0, 00), LP(R?)) (some strong/weak stability es-

timates could also be checked here). When computing (d/dt)E[|Z(t) — V-(t)|?], there is the addi-

tional term 3(c(4 /-, | (g¢) —C|t/r,| (k:))?. But this is controlled, using Proposition 7.3, by CW3 (g, k;)
t

which is itself bounded by CE[|Z(t) — V.(t)|?]. This term thus causes no difficulty. O

7.2. Regularity estimate for the perturbed particle system. We now need to introduce the
entropy and weighted Fisher information. These functionals are studied in details in the appendix.

Notation 7.7. For VY a random variable with law F € P((R*)N) with a density, we define

H(VY)=H(F) := % s F(wN)log(F(v™)) dv",
LYy =) =L [ DR,

= N (R3)N F('UN)
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where the differential operator V. is the weighted gradient
Vo F o= (14 [0V, B (14 on2)F W, F).

If F has no density, we simply state H(WY) = H(F) = oo and I,(VY) = L,(F) = cc.
The following lemma uses strongly the perturbation.

Proposition 7.8. For each N > 2, we consider the solution (U{"(t),...,UN (t))iejo,r) to (7.2).
For each t € [0,T], we denote by GV the law of U™ (t) = (UM (t),...,UN(t)). Recall that by (1.11),
sup o H(GY') < 0o and sup yo E[UNY (0)|9] < 0o for some q > q(v). It holds that

T
sup sup H(GN)<oo and sup / L(GY)dt < .
N2>2 te[0,T] N>2 Jo

Proof. The first step is to derive the Master (or Kolmogorov) equation for the time marginals

GY. Applying the Ito formula to compute the expectation of gp(l/liv ), we deduce that for all
¢ € CH((R?)N),

/ P(W™)GY (dv™) = / P(™)GY (dv™)
(R3)N (R.’S)N

t N
N N(, N N N N N N N
+f /(Rg)N;va ) I @) el (07 Vel (G (a0 s

1/t/ i i 9 ‘p(UN)<(aN('UN))kl + (CN (UN)>25kl)GN(d’UN)ds
2 0 J(R3})N Vik Vil ? s/70] s .

i=1 k,l=1

Recall now that b, = Z?Zl Oyay;. Hence, we see that GV is a weak solution to

N 3
0GY (0™) =537 3 D [{(a 0™ D + (e (0°))2000))01, G (0]

1 N 3
3 DS [N M G ),

or equivalently

N N
1 1
N _ Z : N N 2 N Z . N AN
3th == 5 £ le'Ui I:{G/Z' + (th/TOJ) I}vlet } - § £ levi [bl Gt }
We thus have, performing some integrations by parts,
d

1
—H(GN) = =¥ (RS)N(l + log G (v™))9,GN (vN)do™

Z / Vo 10gGY - [a¥ (0™) + (Y .. (0™)21] V., 1og GN (™) G (d™)
RJ)N

Z/Rg)N div bN (v™)GN (dv™).



40 NICOLAS FOURNIER AND MAXIME HAURAY
We next use Proposition 7.3-(iv) for the diffusion term and, for the drift term, that divb(v) =

—(6427)[v[", whence — div(bxy ) (v) = (6427) [gs [v—2]7dny (2)dz < C|v|7, and exchangeability.
We find that

d 1+ |'UZ| |V GN(’UN)|2 N / N N
—H(GN) < - E d — vg|7 d
dt (Gy) < /]Rs)N GN (vN) v +C (25)~ vy — v2[7Gy (dv™)

< —2”2—1&117@5) + CE[W{V(t) - ugv(t)ﬂ.

We used that (1 + z)? > 27/2(1 + 22)7/2. Denote by G, the law of U] (t),U3' (t)). We use
Lemma C.4 with k = —v. Since ¢ > ¢(y) = v*/(2+7), we have o := max{2, ¢} > |y| max{1,x/(2—
k)}, whence, with r := a/(a — 7),

d _ . .,
—H(GY) < =227 0 L(GY) 4 Oy g (14 1(Go) (1 +ma(GR)' )

dt
< - 27/2_1“11-7(0?[) + Cry,9(1+ I“/(Giv)r)~

We finally used the moment bound proved in Proposition 7.5 (and the moment assumption in
(1.11)) and Lemma C.2-(i), from which I,(Gp,) < I,(GY). Since r € (0,1), we easily conclude,

using the Young inequality, that
d
%H(GN) — 2P0 L(GY) + Oy g

Integrating this inequality and using again (1.11), we get, for any ¢ € [0, 7],
K1
8

We immediately deduce that H(F}) is bounded uniformly in N and ¢ € [0, T]. Finally, it follows
from the fact that sup y >, supp 1 E[|U (t)]?] < oo (by (1.11) and Proposition 7.5) and Lemma C.1-

(i) that infyso H(FN) > —oo. Consequently, fo (FN)ds is also uniformly bounded. This
completes the proof. O

t
H(GY) + / L(GN)ds < H(EY) + Crygt < Croy.

7.3. Some more estimates. We will of course need, in several steps, to control the singularity
of b. Also, to verify that the limit points of the empirical measure of the particle system belong, in
some sense, to L>([0, T}, Pa(R?)), we will need to control E[supyq lUN (5)|?], with the supremum
inside the expectation. All this is more or less obvious when v € (—1,0), but requires a little work
when v € (=2, —1], based on the regularity estimate checked in the previous subsection.

Lemma 7.9. For each N > 2, we consider the solution (U (t),...,UN (t))iepo,r] to (7.2). Recall
that by (1.11), supyso E[UN (0)|9] < 0o for some q > q(7). It holds that

(i) sup o ]E[Supte[O,T] U (s)]?] < oo;
(ii) Supy s [y BIUN (s) — U (s)|"]ds < oc.

Here we prove point (i) using point (ii), but it seems that a refinement of the proof of Proposition
4.1 could also work.

Proof. We put a = 2V ¢ and recall that supyss Supte[OT E[JU] (5)|*] < oo by Proposition 7.5.
We first prove (ii). Denote by G¥, the two-marginal of G, which is the law of (U (s),U (s)).

Observe that o > |y| max{1, \'y|/(2 + )} (because @ > 2 and o > q > q(vy) = v?/(2+7)). By
Lemma C.4, we know that, with r = a/(a — ), E[JU] (s) — U3 (s)]] < Cra(l + (I,(GYy)) (1 +
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ma(GY))' 7)) < Cra,r(1+ I, (GL,)) because r € (0,1) and mq(GY,) = E[|U]Y (5)|*] is controlled
uniformly in N > 2 and s € [0,7]. Finally, we know from Lemma C.2-(i) that I, (GY,) < I,(GY),
whence E[JUV (s) — U (5)]7] < C.0(1 + (I,(GY)). Integrating in time and using Proposition 7.8
completes the proof of (ii).

To prove (i), we start from supyg 1 UN )2 < CllUN (0)]2 + IV + IV + KN + LY], where

IV :=sup (/0 b{V(L{N(s))ds) ,

[0.7]
t 2
JN = sup ( / oV (UN(s))dBl(s)>
0,71 N Jo
2

KN = sup (/Ot N (uN(s))dW1(5)>

(0,77

t 2
LY =sup </0 cﬁ/mj(UN(S))VUICJL\Q/TOJ(L{N(s))dS) .

(0,77

First, sup v E[|U{¥ (0)|?] < oo by assumption (1.11) and E[K + L] is uniformly bounded because

c{v and VvlclN are uniformly bounded, see Proposition 7.3. By Doob’s inequality,

T

T N
BN <0 [ Bl @ o)l < [ B[5 D e s @~ )] ds

0

Using exchangeability and that ||(a * ¢, )(v)|| < C(1+ [v[*T2) < C(1 + |v|?),

T
E[JV] gc/ E[1 + U (s) — U ( ds<C/ (14 UM (s)]?)ds,
0

which is also uniformly bounded. Finally, Holder’s inequality, exchangeability, and the inequality
|(bx ¢y )(0)] < C(1 4+ |v[ ) lead us to

T T
E[IN] < Or [ E[l(bx ¢y ) U (s) = U3 (5))Plds < Cp | E[L+ U (s) = Us' (5)]72]ds.
0 0

Ify € [-1,0), we bound E[|L4" (s)—Us" (s)|*7F2] by CE[L+ULY (s)[*+Us" (5) 1] < CA+E[L4Y (5)[))
and immediately deduce that E[I"] is uniformly bounded. If now v € (=2, —1), then it holds true
that v < 2y+2 < 0, so that also we conclude, using point (ii), that E[I"V] is uniformly bounded. [J

7.4. Tightness for the perturbed particle system. We can now prove the tightness of our
perturbed particle system.

Proposition 7.10. We still assume (1.11) and consider, for each N > 2, the unique solution
UN (), ... . UN ())iepo,r) to (7.2). We also set

1 N
= N Z 5(2/’1']\]@))’;6[01] :
=1

(i) The family {L((U )) epo,r), N > 2} is tight in P(C([0,T],R?)).
(i) The family {L ),N > } is tight in P(P(R x C([0,T],R?))).



42 NICOLAS FOURNIER AND MAXIME HAURAY

Proof. As is well-known, point (ii) is implied by point (i) and the exchangeability of the system,
see Sznitman [34, I-Proposition 2. 2] To prove point (i), we use the shortened notation b (s) =
N UY), oN(s) = oMUY ) and ¢V (s) = cﬁ/m(uf) and we write

t t
UN (1) = V( / BN (s)ds + / N (5)dBy (s) + / N (s)dW (s) + / N ()Y, N (5)ds
0 0 0
=vNo)y+ 1Nt + JN(t) + KN(t) + LY (1)
and prove separately that each term is tight.

FiI‘St7 {V{V(O)}NZQ is tight by (1.11)-(iii). Next, {(KN(t))te[O,T]}NZ2 and {(LN(t))tG[O,T]}N22
are obviously tight (use the Kolmogorov criteria for KV), because ¢V and V,, ¢V (s) are uniformly
bounded, see Proposition 7.3-(iii).

To prove that {(JV(t)):ejo,r)} N>2 is tight, we use the Kolmogorov criterion, see e.g. Stroock-
Varadhan [32, Corollary 2.1.4]: it suffices to show that there are some constants p > 0, 5 > 1 and
C such that forall N > 2, all0<s<t<T,

E[|JN(t) — JN(s)[P] < CJt - s|”.
We consider p = 4/(2 +7) > 2. By the Burkholder-Davis-Gundy inequality and since [o1" (s)]? =
al (s), we have, for 0 < s <t < T,

BN () = TN <C]E[ ([ ot o)™
K/ 3 @k b ) U () - ;-V(u))ndu)m],

J#1
Recalling next that [|(a x ¢, )(v)|| < C(1 + |[v]77?) and using the Hélder inequality,

E“JN(t) - JN(5)|p] SC(t - S)p/2_1/s |:(1 + — Z |Z/[1 (u)2+’y>p/2:| du

3751

1
<C(t — s)P/? supE[lJr U (u) Z/lN(u)ﬂ
[0,7] N ; !

since p/2 > 1 and (2 + v)p/2 = 2. Using finally exchangeability and the moment bound proved
in Lemma 7.5 (together with (1.11)), we deduce that E[|JY(t) — JN(s)|P] < C,(t — s)P/2. Since
p/2 > 1, we conclude the tightness of {(JY(¢));>0}n>2-

The remaining term IV (t) is the more difficult, since it is singular (when v € (-2, —1)). For

some p > 1 to be chosen later, we write
¢ 1/p
<= ( [ ders)

t
/ b (s)ds
Thus with a =1—1/p > 0,

qp OV ( /OT o ) ds)”’{

0<s<t<T [t — s|«

(17 () = IV (s)] =
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Taking expectations and using the Holder inequality, we get

IN(t) = IV T 1/p
E[ sup |()(S)|] < </ E[(b{v(s))p} ds) .

o<s<isT [t —s|® 0
Using the expression of bV (s) = N~} Z;V:Q(b* G ) (UL (s) —UN (s)), the Holder inequality and
exchangeability, we find

e, oo V() ~ 1)

e T]E{H}uN( — U (s)|0FP
< 1 (s) — U, (s)| ds.
0<s<t<T |t — 5|« 0

If v € (—=1,0), we choose p = 2/(1 + ). By the boundedness of the moment of order two obtained
in Proposition 7.5, we get, with a = (1 — v)/2,

I IN@) — IV ()P
E|{ sup —‘ *) ( )‘ <C.
lo<s<t<T [t —s|*

If v = —1, we choose p = 2 (or any other value) and deduce that, with o = 1/2,

- Ny _ TN 12
ol wp PO

<C
lo<s<t<T |t — 5| -

We now consider the case where v € (—2,—1). Since v < 2y 4+ 2 < 0, we deduce from Lemma

7.9-(ii) that supyo fOT E[UN (s) —Z/{2N(s)’2(7+1)]ds < oo. Consequently, we may choose p = 2 and
get, with o = 1/2,

V(@) —IN(s)[1?

Bl sp OO

0<s<t<T |t — s|*

In any case, we conclude the tightness of the family {(I™(£))co,r)} by the Ascoli theorem. O

7.5. Propagation of chaos for the perturbed system. With the several estimates obtained
in the previous section, we are now in position to prove the propagation of chaos for the perturbed
system. The proof uses some martingale problem, as was initiated by Sznitman [34]. The only
difficulty in the present case is to control the singularity of b (when v € (-2, —1]).

Proposition 7.11. Assume (1.11) and consider, for each N > 2, the unique solution to (7.2)
UN ), ..., UN )iy Let also (U(E))eepo,r) be the unique solution to the perturbed nonlin-
ear SDE (7.3), given by Proposition 7.6. The sequence (U (t))iejo,17,---» (UN (t))eco.r]) is
(U(t))telo, ) -chaotic.

Proof. We define S as the set of all probability measures g € P(C([0, T],R?)) such that g is the law
of (U(t))ieo,m solution to the perturbed nonlinear SDE (7.3) associated with fo and satisfying,
for g; € P(R?) the law of U(t),

(7.5) (9)teo,r) € L([0,T], LP(R?)) and  (g)tejo.r) € L([0,T], P2(R?))

for some p > p1(7y). The uniqueness result shown in Proposition 7.6 implies that the set S contains
only one element.

We recall that QN = N1 Ei\il OWN (1)),c (0.7 Stands for the empirical distribution of trajectories.
By Proposition 7.10, this sequence is tight, we thus can consider a (not relabeled) subsequence of
QN going in law to some Q. We will show that Q almost surely belongs to S. This will conclude
the proof, since S contains only one element. The definition of propagation of chaos was recalled
in Definition 1.1.
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Step 1. Consider the identity map 8 : C([0,T],R3) — C([0,T],R?). Using the classical theory
of martingale problems, we realize that g belongs to S as soon as

(a) go Byt = fo;

(b) setting g = g o B, (7.5) holds true;

(c)forall 0 <t; < - <tp<s<t<T,all o1,...,0, € Cp(R?), all p € CZ(R?),

// (dB)g(dB)p1(Bey) - - pr(Bry)

{ (8:) — p(8s) — / T g D0 — ) - Vip(Bu)du — / (a(Bu — Bu): V2p(B))du

1 t
_5/ chu/‘rgj(gu)A@(ﬁu)du =0

Here and below, A: B = 22,121 Ay By for two 3 x 3-matrices A and B.

Indeed, let (U(t))i>0 be g-distributed. Then (a) implies that ¢/(0) is fo-distributed and (b) says
that the requirement (7.5) is fulfilled. Finally, point (c) tells us that for all ¢ € CZ(R?),

PU(t)) - / [ s 0005) = B - Tolth(s)) glads
- 1 [t
5 [ Jot) =80 e aas - 5 [ o) Soaatonas
is a martingale Observe that [ T, .5,bU(s) —B5)9(dB)ds =[5 Tiri(s) 22y b(U(s) — ) gs (dx) =
Jgs b(U(s) — x)gs(dz) = b(gs,U(s)). We used here that g, does not weight points, since it has a

density by point (b). Similarly, [a(U(s) — B4)g(dB) = a(gs,U(s)). All this classically implies the
existence of two independent 3D-Brownian motions (B(t));>0 and (W(t)):>0 such that

/ o tts)is + | ' {gu U($))dB(s) + / o (0 IVS)

Hence (U(t))¢efo,) solves (7.3) as desired.

We thus only have to prove that Q a.s. satisfies points (a), (b) and (c¢). For each ¢ € [0,T], we
set Qo= Qo B and QF = QN o B = N7 dyn -

Step 2. We know from (1.11) that the sequence G = FIV is fo-chaotic, which implies that
Q) = OV o ;! (this is nothing but the law of N~ Ei\[ dyx (o)) goes weakly to fo in law (and
thus in probability since fp is deterministic), whence Qp = fo a.s. Hence Q satisfies (a).

Step 3. Point (b) follows from Lemma 7.9, Proposition 7.5 and Corollary C.6. First, Lemma 7.9-
(i) tells us that supy E[supjg p |UN (5)|?] < oo, which implies that sup E[supyo, 1 m2(QN)] < oo
by exchangeability. Since Q is a weak limit of @, we easily conclude that E[supjg 7 m2(Q1)] < oo,
whence (Qt)ie0,1] € L>([0,T], P2(R3)) a.s

The integrability condition is slightly more complicated. Since QY goes in law to Q; for each t €
[0, T], we may apply Corollary C.6 for each ¢ € [0, 7] and deduce that E[I(Q;)] < liminfy I,(GY).
By the Fatou Lemma, this yields

T T T
/ E[IW(QS)]dsg/ lirr}vianW(Giv)dtglin}Vinf/ L(GY)dt < oo
0 0 0
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by Proposition 7.8. Next, we know from Proposition 7.5 and condition (1.11) that, for o =
max{2, ¢} (with ¢ > ¢(v)), supy supjy E[[U{N (s)|*] < oo. Using exchangeability, this gives

SUp v SUp[g 77 E[mq(QN)] < oo, from which we easily deduce that supyo, 7] E[ma(Qt)] < co. Con-
sider now p € (max{3/2, p1 (1)}, max{(6 + 311)/(2 + 311]), p2(7, 4)}) (observe that (6+ 3l[)/(2 +
3|7]) > 3/2 because |y| < 2). We always have p € (3/2,3) (because p2(7v,q) < 3). Set r =
(3p—3)/(2p), which belongs to (1/2,1) and a = |y|r/(1 —7) = |7|(3p — 3)/(3 —p). Then, applying
Lemma C.3, we get

1QellLe < C(L,(Qu)" (1 +ma(Qi))'™
whence, by the Holder inequality,
E[||Q¢]|z+] < CE[L,(Qe)]"E[L + ma(Qe)]'~

But a < a. Indeed, just use that p < [(6 4+ 3|y])/(24 3|7])] Vp2(7,q). But p < (6+3|v|)/(2+3|v])
implies that a < 2 < « and p < pa(7,q) = (3¢ + 3|7|) /(g + 3|7]) gives us a < g < a. Consequently,
recalling that supjy ) E[ma(Qt)] < oo, we get

E[llQillzs] < CE[L,(Qr))" < C(1 + E[L,(Q)])-

Integrating in time, we deduce that fo [|Q¢llzr]dt < oo, whence finally, fo | Q¢llLrdt < oo a.s.
We have checked that Q satisfies point (b).

Step 4. From now on, we consider some fixed F : P(C([0,T],R?)) — R as in point (c). We will
check that F(Q) = 0 a.s. and this will end the proof.

Step 4.1. Here we prove that for all N > 2,
E[F(QY)[] < Cr(NTY2 4 ny).

To this end, we recall that ¢ € CZ(R?) is fixed and we define, for i =1,..., N,
ON(t) == ¢ Z / Tiugn sy () YUY () = U () - Vot (5))ds
1 1 [t
Ly / @ () =7 (5): Vo (Dl = 5 [ 168 @0 ()P Dot ()
j=1

By definition of F, we have

Zsm t1)) .. onUY (t)[OF (1) — OF (s)].
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Applying the It6 formula to compute (U (t)), we realize that, for i = 1,...,N, ON(t) =
(UN(0)) + MY (t) + AN(t), where

MY (1) = / VU () - [oN U™ (5))dB(s) + ¥, UN (5)dWi(s)],
N(p) = / VU () - [e o U™ (5) Ve, UV (5))

N
1
+ 5 2 Ly a9y (0% dnn = DU (5) = U (5))] ds

j=1
t N
1 N N 2 N
+ | gy Dolax bun — @) () U () VU ()]s
j=1
We used here that (bx¢y, )(2) = Tgz201(bxdyy ) (x) since (bxpy, )(0) = 0 by symmetry. Performing
now some classical stochastic calculus, using that 0 < ¢; < --- < tx < s < t, that p1,..., 0k, Vo

and ¢; are uniformly bounded and that the Brownian motions B*,...,BY and W', ... WY are
independent, we easily obtain

[(2 imu;v(tl» U )Y 0 - MY ()]

<3 [ Bl it e o o< .

where we have used the fact that ||oN U (s))||> < CN~? ijl(l + UM (s) = UN (s)]PT7), ex-
changeability, and the moment estimate of Proposition 7.5 (since v + 2 € (0, 2]).

Next, we use exchangeability and the boundedness of o1, ..., ¢k, Vi, V2 to write
N
1
E| 5 Y@@ (1) oY ) IAY (1) - AN (s)]|] <CREIY + I + KN
i=1

where

t
w ::/0 CJL\L/ToJ(uN(S))vaI\_\g/TOJ (uN(S))’dS’

I = [[(0% 600 000 6) Y o) s

K :z/ot (0% b — ) (5) — 1 () s

Since ¢V V,, ¢; is bounded by C'/N by Proposition 7.3-(iii), we immediately find that E[/Y] < C/N.
Next, using Lemma 2.4-(ii),

ELJN] < Ciy / E(UX (s) — U (s)])ds < Cynx

by Lemma 7.9-(ii). Finally, using again Lemma 2.4-(ii),

t
BIKY) < Oy [ BUN () - U (5)lds < Con.
0
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Step 4.2. We introduce, for ¢ € (0,1), a smooth and bounded approximation b. : R3 — R3
satisfying b.(z) = b(x) for |z| > € and |b.(z)| < |b(z)| = 2|z|'™7 for all . This smoothing is
useless if v € [—1,0), but we treat all the cases similarly to avoid repetitions. We also intro-
duce F. defined as F with b replaced by b.. The diffusion coefficient a is continuous and so
remains unchanged. For each fixed € € (0,1), for every M > 0, the map ¢g — F-(g) is con-
tinuous and bounded on the set g € P(C([0,T],R?)), [(supjyr[Bs[*)g(dB) < M. This is not

hard to check, using that ¢1,. .., ¢k, ¢, Vi, V2p are continuous and bounded, that b.(z) and a(z)
are continuous and bounded by C.(1 + z2), and finally that ¢; is bounded (by 3) and Lipschitz
continuous for the W5 topology by Proposition 7.3-(vi). Since QY goes in law to Q and since
supy E[ [ (suppo 7 1Bs|?) QN (dB)] = supy E[supyo 7 lUN (5)]?] < 0o by exchangeability and Lemma
7.9-(i), we deduce that for any € € (0,1),

E[|7=(Q)l] = lim E[|7-(Q")]].
Step 4.3. We now prove that for all N > 2 all € € (0,1),
E[|F(QY) - F(@V)]] < Cre.
Using that all the functions (including the derivatives) involved in F are bounded and that |b.(x)—

b(2)] < |2|"F 74 <cy, We get

T -~ ~
(@) = 7o) <Cr [[ [ Wocip-p.1ce 18 = Bl Fdta(ada(as)

T
(7.6) SCfe///O Lys, 25,415 — Bil dtg(dp)g(dp).

F(QY) ~ F@V)| < Croy 3 / UM () —uN )| dt.
i#£]
It suffices to take expectations, to use exchangeability and then Lemma 7.9-(ii).

Step 4.4. We next check that a.s.,
lim |F(Q) — F-(Q)| = 0.

e—0

Starting from (7.6), using (1.4) and that (Q¢)icpo,r) € L'([0,T], LP(R?)) a.s. for some p > p1(7)
by Step 3, we get

T T
IF(Q) — Fo(Q)| <Cre / / & — 4" Q(dr)Qu(dy) < Cre / (14 11Qe| o)t
0 R3 JR3 0

whence the conclusion.

Step 4.5. We finally conclude: for any ¢ € (0,1), we write, using Steps 4.1, 4.2 and 4.3,

E[|F(Q)| A1] <E[|IF(Q)] +E[F(Q) - F(Q)| A 1]
=Ng@mﬁ[|fa<QN>|] +E[F(Q) - F(Q)| A 1]

< nmsupEUf M)+ hmsup]EUf(QN) F(Q)] +E[|F(Q) — F-(Q)| A 1]
N—+o0 N—+o0
[

<Cre+E ‘f )|/\1}
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We now make tend ¢ — 0 and use that lim. E[|F(Q) — F.(Q)| A 1] = 0 thanks to Step 4.4 by
dominated convergence. Consequently, E[|F(Q)| A 1] = 0, whence F(Q) = 0 a.s. as desired. O

7.6. Asymptotic annihilation of the perturbation. We now show the asymptotic equivalence
of the perturbed and unperturbed particle systems. This uses the propagation of chaos for the
perturbed system.

Proposition 7.12. Recall that v € (—2,0), assume (1.11) and consider, for each N > 2, the solu-
tion (WY (t))¢>0 to (1.9) and the solution (UN(t))te[O’T} to (7.2), with the same initial conditions
UN(0)=v¥(0),i=1,...N and same Brownian motions B',i=1,...N. Then

liI{]nPr [(VN(t))te[O,T] = (UN(t))te[O’T]} =1

Proof. By the strong uniqueness for the particle system (1.9), see Proposition 1.5, we see that
(VN(t))te[QT} = (UN(t))tE[mT} as soon as cﬁ/TOJ(UN(t)) = 0 for all t € [0,T]. Recalling the
Definition of ¢;, see Notation 7.1, it thus suffices to prove that

(7.7) lin Pr [vz =0,...,n0, Yt € [Iro, (I + 1)70], ¥ (UN(2)) = 0} =1
We denote by d : P(C([0,T],R3)) — RT the function defined by

o
d(g) := inf inf inf /Rgh(v(sxk)gt(dv),

1=0,...,n0 t€[lTo,(l4+1)10] k=1,2,3 0

where h : R?® — [0, 1] (a smooth function satisfying Tgjyj<1y < h < Tgjyi<2y), the zt’s and &y have
been introduced in Notation 7.1. Remark first that d is continuous (and bounded) with respect to
the weak topology of measure on P(C([0,T],R?)). Consequently, we know from Proposition 7.11
. 1N
that d(Q%) goes in law to d(g), where QN = N~1 > 5(uijv(t))t€[0,T] and where g = L((U(t))ie0,17)>
where (U(t));e[o,7 is the unique solution to the perturbed nonlinear SDE (7.3). But we also know,
from Proposition 7.6 that g; = f; for all ¢t € [0,T], where f is the unique weak solution to the
Landau equation (1.1). We finally recall (7.1)
inf inf inf B(zl,50)) > ko,
=0 o telimi ) 1 TP (e 00)) 2 o
which implies that d(g) > ko. Consequently, it holds that
lim Pr[d(QY) > @] =1,
N—+oo 2

whence

. . . . N 1 Ko
> — | =1.
NLHEOO Pr |:l:01nfng te[zrol,?zfﬂ)m] k:lrll,fza Qv (B(,200)) 2 2 !

Using Proposition 7.3-(i) (which implies that ¢;(11) = 0 as soon as infi—1 23 u(B(z},280)) > Ko/2)
and that ¢¥ (UY) = ¢;(QN) by definition (see Notation 7.1 again), we conclude that indeed, (7.7)
holds true. 0

7.7. Conclusion. We now have all the weapons in hand to give the

Proof of Theorem 1.8. We know from Proposition 7.11 that the perturbed system U~ (t))eefo.m)
is (U(t))¢ejo,r)-chaotic, where (U(t)):c[o,7) is the unique solution to the perturbed nonlinear SDE
(7.3). But Proposition 7.6 tells us that (U(t))icjo,r) = (V(t))tefo,r), Where (V(t))iepo,r) is the
unique solution to the (non perturbed) nonlinear SDE (7.3), while Proposition 7.12 tells us that
lim Pr((VN(t))te[ovT] = (UN(t))te[oyT]) = 1. We immediately conclude that (VN(t))te[O,T] is
(V(t))¢ejo,r)-chaotic. Recalling that 7' > 0, which has been fixed at the beginning of the section,
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can be chosen arbitrarily large, we deduce that the sequence (V™ (t));>0 is (V(t))i>0-chaotic. As
already mentioned, see Definition 1.1, this implies QV := N1 Zfl 6(V{V(t))t>o goes in probability
to L((V(t))i>0) as N — oo in P(C([0,00),R?))). But L(V(¢)) = f; for all t > 0. It is not hard to
conclude, that for pl¥ := N~! Zf[ dyn (1), the sequence (u])i>0 goes in probability to (fi)i>o0 in
C([0,00), P(R?)). O

APPENDIX A. A COUPLING RESULT

We reformulate and extend a result found in [19, Proposition 2.4] for the distance W;. Here | - |
is any fixed norm in R?.

Proposition A.1. Letp >0 andd > 1. For N > 2, let Fy and Gy be two symmetric probability
measures in P,(RY)N). There exists (X1,...,Xn) with law FN and (Y1,...,Yy) with law GN
enjoying the following properties.

(a) The coupling is optimal in the sense that E[Zfr | X; —Yi|P] = inf{E[Zf{ |U; — V;|P]}, the
infimum being taken over all random vectors (U, ..., Ux) and (Vi,...,Vy) with laws FN and G .

(b) The family {(X;,Y;),i=1,...,N} is exchangeable.
(¢) Almost surely, WP(N~! Ziv Sx,, N1 Ziv Sy,) = N1 Zf[ |X; — YilP.
Proof. We only sketch the proof, since it is very similar to [19, Proposition 2.4].

We start with a coupling X = ()~(1, . ,)~(N)7 Y = (171, .. .,Y/N) of FN and GV satisfying only
point (a). Such an optimal coupling is well-known to exist, see e.g. Villani [39)].

Next, we consider a (uniform) random o € & N the set of permutations of {1,..., N}, inde-

pendent of X,Y, and we put X; = X, o(s) and Y; = YU() It is straightforward to check that
X = (Xy,...,Xn), Y = (Y1,...,Yy) is still a coupling between FN and GV (because these
distributions are symmetric), still satisfies (a), and now satisfies (b).

We finally introduce, for 2 = (z1,...,2y) and y = (y1,...,yn) in (RH)Y

N N N
Sey={ren s WH(NTI 6 N 00,) = NUY fni - ye 7}
1 1 1

Conditionally on X and Y, we consider a random permutation 7 uniformly chosen in S Xy and
we set X; = X; and Y; = }A’T(i). It remains to prove that X = (Xy,...,Xn), Y = (Y1,...,YN) is
a coupling between FV and GV satisfying points (a), (b) and (c). Pomt (c) is satisfied because
T € Sgy as. By definition of 7, we see that 21 |X; — VP < 21 |X; — Yi|? as., so that (a) is
satisfied. And of course, X is FN-distributed, since X = X.

To check point (b), let o € & be fixed. For z € (R?)", we introduce z, = (To(1ys - a:(,(N))
We observe that for any =,y € (R?)Y it holds that S, e =0 ~1S, 4. Thus conditionally on X
and Y, 0! o 7 o ¢ is uniformly distributed on SXU,YG‘ Hence by exchangeability of (X, Y), the
triple (X7 Y, 7) has the same law as the triple (XU, Y, 07 loro o). Thus (X', YT) 4 (Xm ?Toa). In
other words, (X,Y) has the same law as (X,, Y, ).

We finally check that Y is GV -distributed. Consider a bounded measurable ¢ : (R3)" - R and
its symmetrization @(yg,...,yn) = (N!)~1 Y veeny PWo(1)s -+ s Yo(ny). Using the exchangeability



50 NICOLAS FOURNIER AND MAXIME HAURAY

of (Y1,...,Yy), we can write E[p(Y1,...,Yn)] = E[p(Y1,...,Yn)]. But ¢ being symmetric, we
a.s. have that ¢(Y1,...,Yn) = @(V1,...,Yn), whence E[p(Y7,...,Yn)] = E[@(V1,...,Vx)]. Using
finally the exchangeability of (Y1,...,Yx), we conclude that E[p(Y1,...,Yy)] = E[p(Y1,...,Yn)].
This ends the proof. O

APPENDIX B. SOLUTIONS TO SDES ASSOCIATED TO WEAK SOLUTIONS OF PDEs.
Here we extend a result of Figalli [9, Theorem 2.6].

Proposition B.1. Let a : [0,00) x R? s M3x3(R) and 3 : [0,00) x R3 s R? be measurable and
satisfy ||a(t,z)|| < p(t)(1 + |z|?) and |B(t,z)] < p(t)(1 + |z|) for some p € L}, .([0,00)). Consider
()0 € L2.([0,00), Po(R?)), weak solution to

loc
3

3
(B.1) Oupe = =32 00 (B0 + 5 D a0 (D)),
k=1

k=1

There exists, on some probability space, a po-distributed random variable Xy, independent of a
d-dimensional Brownian motion (Bt)i>0, and a solution (X;)i>o0 to

¢ ¢
(B.2) X, =X, +/ B(s, X,)ds +/ (s, X)) /%dB,
0 0
which furthermore satisfies that L(X;) = g for all t > 0.
We follow the proof of [9], which concerns the case where o and /5 are bounded.

Proof. 1t suffices to prove the result when p = 1. Indeed, consider, in the general case, the time
change h(t) = fot(l + p(s))ds, its inverse function g(t) = h='(t), and set fi; := pg(). Then (fi¢)i>0
still belongs to L2 ([0, 00), P2(R?)) and solves (B.1) with o and 3 replaced by

loc
a(t,z) = (1+p(g(t))) "alg(t),2) and B(t,z) = (1+p(g(t))) ' Blg(t), ).
These functions satisfy ||a(t,z)|| < 1+ |z|? and |B(t,z)| < 1 + |z|. Thus if we have proved the
result when p = 1, we can find a solution (X;);>0 to X; = Xo—i—fg B(S,Xs)ds+f()t(a(5, X,))Y/2dB,
and such that £(X;) = fi;. It is then not hard to see that X; := X, satisfies £(X;) = p; and
solves X; = Xo + fgﬂ(&Xs)ds + f(f(a(s,Xs))l/?dWs, where W; = Oh(t)(l + p(g(s)))~/2dBy is

still a Brownian motion.

From now on, we thus assume that ||a(t,z)|| <1+ |z|? and |8(¢,z)| <1+ |z| and we consider
(1¢)+>0 as in the statement. We divide the proof in several steps.

Step 1. We introduce ¢ (z) = (2rt)~%2 e~ 1*1*/@1) and g = p, * ¢e(141). For each t >0, pf is
a positive smooth function. Then (uf)¢>o solves (B.1) with o and S replaced by
(a(t)pe) * Pe(r+t) (B(t)pe) * be(r1)

1 1
We now check that there is a constant C' (not depending on € € (0,1)) such that
B5(t,x)| < C(1+ V/ma(pe) + |2]) and  [[of(t,2)| < C(1+ ma(m) + |z]?).
First, since (¢, z) < 1+ |z|,
Jis 1B Y)|be140) (@ — y)pe(dy)
f]Rs ¢5(1+t) ('7j - y)ﬂt (dy)

(B3) a(t) = t+eld and B5(t) :=

Jrs [Yloe(110) (2 — y) e (dy)

|52 (t, )] < Jis G=an) (@ — y)pe(dy)

<1+
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We next introduce R := \/2ma(p;), for which p, (B(0, R)) > 1/2, and write

f|y_m\2|m|+R |y‘¢e(1+t)(x - y)ﬂt(dy)
Jy—al<totr Pe0 (@ = y)u(dy)

|B°(t, )| <1+ 22| + R+
But ¢. is radial and decreasing, so that
/ W16ec1 (@ — v (dy) < Gucrpoy (] + R)v/mair)
ly—z|>|z|+R

and (observe that B(0,R) C B(z, |z| + R))

Pe(141)(|2] + R)

/ Ge1+1) (@ — Yue(dy) = ey (|2] + R)pe(B(z, |z + R)) = 5
ly—z|<|z[+R

This gives

|6°(t, 2)| <14 202| + R+ 2v/ma(ue) <1+ 2|z + 4y/ma ()

as desired. The very same arguments show that
los(t,2)|| <1+ (2]z| + R)? + 2ma(pe) < 1+ 8|z|? + 6ma ().
Finally, it is easy to check that for all € € (0,1), all T > 0, all R > 0,

sup sup (|Da5(t, )| + |D55(t,x)|) < 00.
te[0,7] |z|<R

Step 2. The coeflicient 5°(t,.) is locally Lipschitz continuous (locally uniformly in time) and
has at most linear growth, while a®(¢,.) is locally Lipschitz continuous (locally uniformly in time)
and has at most quadratic growth. Since furthermore af(t,.) is uniformly elliptic (for e fixed), we
can apply Lemma 2.2 and obtain that (a°(t,.))'/? is also locally Lipschitz. It is thus classical that
for a given initial condition X§ with law p§ and a given Brownian motion (Bi):>, there exists a
pathwise unique solution to

t t
(B.4) Xf:X§+/ ﬁg(s,Xi)ds—&—/ (o (s, X2))"/%dB,,
0 0

which furthermore satisfies £(X§) = u$, by uniqueness of the weak solution to the PDE (B.1) with
«a and f replaced by af and 5°.

Step 3. Here we check that the family {(X[)i>0, € > 0} is tight. Since uo has only a mo-
ment of order two, we cannot directly apply the Kolmogorov criterion and have to use another
approximation procedure. For R > 0, we consider (XtR “)i>0 the pathwise unique solution to

1/2
X% = X5 xe1<py + [y B(s, XF9)ds + [ (a5 (s, XTP9)) 4B,

Recall that sup,ecior).cc(0,)(18°(s,2)> + [lac(s,2)l]) < Cr(1 + |z?) by Step 1. Tt is thus
completely standard to check, using the Kolmogorov criterion, that for each R > 0, the family
{(X]"%),50, € > 0} is tight: for all A > 0, we can find a compact subset K(R, A) of C(]0, 00), R?)
such that sup.c (1) Pr((X{")is0 € K(R, A)) < 1/A.

But by pathwise uniqueness, we have that (X5 );>0 = (XtR’E)tZO on the event {|X§| < R}. And
it holds that Pr(|X§| > R) < ma(ug)/R?* < (1 + ma(po))/R?. Consequently,
1 1 + mao (}Lo)

Pr((X¢ A)) < —
Ees%%) r((X7)e>0 ¢ K(R, ))—A+ R?
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Choosing Kp = K(1/2B(1 + m2(p0)), 2B), we conclude that sup.¢ g 1) Pr((X§)i>0 € Kp) < 1/B,
which ends the step.

Step 4. We thus can find a sequence &, N\, 0 such that (X;"):>0 goes in law (for the uniform
topology on compact time intervals) to some (X;)¢>o. For all ¢ > 0, we have £(X;) = u; because
L(X;") = p;™ — pe. It thus only remains to prove that (X;);>o solves (B.2). By the theory of
martingale problems, it suffices to prove that for any 0 < s1 < ... < s < s < t, any ¢1,..., 9k €
Cp(R3), any p € C2(R3), we have E[F(X)] = 0, where F : C(]0,00),R3)) — R is defined by

23: azkam(ﬁ Yu Oékl(u 'yu)} du).

k=1

)

N =

Fly) = @1(%1)---@k(%k)(w(%)—@(%)—/ [Vw(% (w, )+

We also introduce some continuous functions & : [0, 00) x R? Ms3x3(R) and B:[0,00) xR3 — R3
(that will be chosen later very close to a and 3). We define a° and ¢ defined exactly as in (B.3),
but with & and 3. We finally define F (resp. F., resp. F.) as F but with & and 3 (resp. o and
3%, resp. & and ,85) instead of o and 3.

We of course start from the identity E[F., (X)) = 0, and write

E[F(X)]| <[EF(X)] — E[F (X)) + [E[F(X)] - E[F(X)]]

+ [E[F (X)) — E[F, (X*)]| + [E[F:, (X)) — E[Fe, (X7)]].

First, since & and 3 are continuous, it is not hard to deduce that F : C([0,00),R3)) — R is
continuous (for the topology of uniform convergence on compact time intervals) and bounded
(recall that ¢ is compactly supported). Consequently, lim,, |[E[F(X)] — E[F(X®")]| = 0. Next,
there is a constant C' such that

[E[F(X)] - E[F(X)]

<C [ Blllatu X) - 4l Xl + 1500 %) = B Xl

*C/ / [lex(, ) — &, )| + B (us, ) — B, )] () s
Similarly,
[E[F., (X)] = E[F, (X))
<C/ /R (o™ (u, @) — 65 (u, @) || + 1687 (u ) — 5" (u, @) ) i (da)

(o) — &)t + |8u) — Auw) ) % o, (110] ()
SC/ / o (@)

<c/ /]R /]R (laty 2) — &u 2) || 4+ 18(us ) — Blaty @)V (1) (¥ — )10 (d)dydu + Citey.

+ En),uf[‘ (dz)du.

Using that ¢, (14) has mass 1, we conclude that

fimsup [BLF., (X)) = ELF, (X)) <C [ [lla(u.2) = &)+ 8(u ) = B, (o).
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Finally,

[E[F (X)) — E[F., (X*)]]
SC/O /]R3 (Hd(u,ﬂf) — d"fn(u75(:)|| + |B(U,$) _ ﬁgn(u7x)|)llzn(d$>du

<c / / (Il ) — éu y)l| + 13w, @) — By ) )b 1 (4 — 2)dypa(d)du + Cent.
0 R3

Since a and B are continuous, this clearly tends to 0 as n — oco. All in all, we have checked that

BECON<C [ [ o) = o)l + |3e) = o) (ds)du.

But this holds true for any choice of continuous & and . And since i, (dz)ds is a radon measure,
we can find & and 3 continuous and arbitrarily close to a and 3 in L([0,7] x R3, us(dz)ds). We
conclude that |E[F(X)]| = 0 as desired. O

APPENDIX C. ENTROPY AND FISHER INFORMATION

In this section, we present a series of results involving the Boltzmann entropy H and some
fractional (or weighted) Fisher information I” and I,. They provide key estimates in order to
exploit the regularity of the objects we deal with.

C.1. Notation. For F € P((R?)") with a density (and a finite moment of positive order for
the entropy), the Boltzmann entropy H, the weighted Fisher information I, (for v < 0) and the
fractional Fisher information I (for r € (1/2,1)) of F' are defined as

1

H(F):=— F(vN)logF('vN) do™,
N (R3)N
1 |V, F(v™)|? 1

I(F):=— s A goN = — V. log F(v™)12 F(do™

’Y( ) N (R3)N F(’UN) v N (]R")N‘ v 108 (’U )| ( v )a
1 |VF(’UN) 27

ITFN = — 1V2 A7 Jl2r N _ — 1 FNZerN
( ) N (R3)N F(’UN)2T71 v N (R3)N ‘V 0g (’U )27‘ ( v )a
with the notation v = (v1,...,vx), where the differential operator V, is the weighted gradient

YV, F@") = ((01) 72V, F(oV), ..., (v,)"?V,, F(vV)),

where (v) = (1 + |v|?)'/? and where the norm | - |, is the £2” norm on (R®)Y defined by

N
o= 3
i=1

If F € P((R*)") has no density, we simply put H(F) = +oo. If F € P((R*)") has no density or
if its density has no gradient, we put I, (F') = I"(F') = 4o00. The somewhat unusual normalization
by 1/N is made in order that for any f € P(R3),

H(f®N) = H(f), L(f*Y)=1(f) and I"(f*)=1"(f)
Recall finally that the moment of order g is defined, for any F € Pyym ((R®)V), by

my(F) = / ([P (do™).
(R3)N
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C.2. First properties and estimates. We make use of the two following properties.
Lemma C.1. (i) For any g, A € (0,00), there is a constant Cgq x € R such that for any N > 1,
any F € Py((R3)N)
H(F) > —Cyx — Amy(F).

(ii) Consider the constant C = 1+ |Ca 1| (with Cs, introduced in (i)). For any f € P2(R?), any
measurable A C R with Lebesque measure |A| < 1,

H

—log |A|
In particular, |A| < exp(—4(C + H(f) +ma(f))) implies that f(A) < 1/4

Proof. The first estimate is classical. See the comments before [19, Lemma 3.1] for a proof. To
prove the second one, we decompose f as

f=fA)f+0Q-f(A)f2 where f :]I—f and fo = . LEG

A
(4 myois

The entropy of f may be rewritten as

H(f) = f(A)log f(A) + (1 = f(A))log(1 — f(A)) + f(A)H(f1) + (1 = f(A)) H(f2)-

Since ma(f2) < (1 — f(A))"tma(f), the application of (i) (with ¢ =2 and A = 1) to f, leads us to
H(f2) > —Ca1 — (1 — f(A)) " ma(f). Since zlogz > —1/2 for z € [0, 1], we find

H(f) =z -1= (1= f(A)C21 —ma(f) + f(AH(f1) =2 =C — ma(f) + f(A)H(f1).
But Supp f1 C A classically implies, by the Jensen inequality, that H(f;) > —log|A|. Hence
H(f) =2 =C —ma(f) — f(A)log|A].
The conclusion follows. 0
We now state two useful properties of the fractional and weighted Fisher informations.
Lemma C.2. Let v < 0 and r € (1/2,1).

(i) The weighted and fractional Fisher informations are super-additive: for all N > 1, all
F € Psym(RHN), all k =1,...,N, denoting by Fy, € Psym ((R?)*) the k-marginal of F,

I"(Fy) <I"(F) and I,(F,) < L (F).

(i) The fractional Fisher information can be controlled by weighted Fisher information: for all
N >1, all F € Py (R3"),

I"(F) < Cy(I,(F)" (1 +my(F)'™"  with q :=
Proof. Since F' is symmetric, we can write
I"(F) = / V., log F(v™)|?" F(dv™) and I,(F)= / (v1)7|V, log F(v™)|? F(do™).
(R3)N (R3)N

The super-additivity of the fractional Fisher information is a consequence of the convexity of the
fonction ¥, : R} x R? =+ R* defined by

|b|2r

a2r—1 :

U, (a,b) =
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Computing its Hessian matrix, we find

2r(2r — 1)|b[2—2 [ |b]? —ab*
V2w, (o) =220 = DIE ( . )

a?r+t —ab 5 (I + (2r = 2

227‘(27" —1)[p|? 2 <|b2 —ab*)

q2r+1 —ab a2 |bl)b‘*2

which is always non-negative if 2r —1 > 0. Then, we have, for 1 < k < N, setting v,iv = (v1,...0%)
and vN_, = (Vg11,-..vN), by the Jensen inequality,

Vo B ()"

=0, ( (v F (v
Fk(v]]c\])grfl 7‘( k(vk )7VU1 k(vk ))

—w, ([ PG N gdoN [ VPl ol ) ol )
(R3)N—Fk (R3)N

S/ \IIT (F(vljﬂvvvljtfffk)vvvlF(vl]gvvvljgfk)> dv]I\\;fk
(R3)N—k

-/ Vo Pl o)1
(RS)N—IC

dv .
F(o) o _)¥-1 N-k

Integrating this inequality on v} we obtain I"(F}),) < I"(F). Choosing next r = 1, multiplying the
inequality by (v1)” and integrating on vi' we obtain I, (Fy) < I,(F).

For the second point, we use the Holder inequality:
I%Fj:i/ (IV2, 1og F(0™) 2 F7 (0™ )01) 7" ) (F* (@) (1) 7" ) do™
(R3)N

1-r
< (L] ([ w0 Faw)
(RN
Recalling that ¢ = |y|r/(1 — r), the conclusion follows. O

We next establish some kind of Gagliardo-Nirenberg-Sobolev inequality in R?® involving frac-
tional and weighted Fisher informations.

Lemma C.3. Let v < 0. For any r € (1/2,1), for p:=3/(3 —2r) and q := |y|r/(1 —r), for any
f e PR,

1fllzr < CoIT(f) < Crpy (I, ()" (14 mq(f))' ™"
Proof. Using the Holder inequality, we can write, for any p’ € (0, 2r)

’ 2 p’ 1) 2 . i ﬂ
HVpr/:/ (‘Vf“)%f%q/ IVfIT)zr(/ P
Lr R3 f2r—1 = R f27n_1 s

r r 1—-1/2r
IV Al < (N2 o2 o -

Together with the Gagliardo-Nirenberg-Sobolev inequality, it comes, with 1/p = 1/p’ —1/3 (which
is well-defined since p’ < 2)

r s 1-1/2r
I£lle < CollV £l < Co (I ENY2 1A 2o

whence
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This inequality becomes really interesting when p = (2r — 1)p’/(2r — p’), which leads to the choice
p’ =3/[2(2 —r)]. It that case p = 3/(3 — 2r) and we find

1fllze < CI™(f)-
Using finally Lemma C.2-(ii) completes the proof. O

We deduce that pairs of particles of which the law has a finite weighted Fisher information are
not too close.

Lemma C.4. Lety < 0. Consider F € P(R®xR?) and (X1, X2) a F-distributed random variable.
For any k € (0,2) and any q¢ > |y|max{1l,x/(2 — k)}, there exists Cy , such that, with r :=
q/(q¢ =) € (1/2,1),

E(|X — A7) = / F(dxy,dzs)

i S Crg (5 (F)) (1 +mg(F)' 7 + 1]
R3xR3 |371 .%‘2|

Proof. We introduce the unitary linear transformation ® : R? x R3 =+ R3 x R? defined by

1
O(x1,20) = E(xl — T, m1 + 32) =: (y1,¥2).

Let F:= Fo® ! and f the first marginal of F (f is the law of 271/2(X; — X,)). A simple
substitution shows that I"(F") < C,.I"(F) for some constant Cr. Next, we cannot apply Lemma
C.2-(i) because F' is not symmetric, but we obviously have I"(f) < 2I"(F). We now write

F F =

/ (50171321 dzidzy = 2/{/2/ (yth) dyrdys —9r/2 (yK) dy < Cﬁ,p(l + Hf”LP)
RS xRS |1 — T2 Rexge 1 rs Yl

by (1.4), with p := 3(¢ —v)/(¢ — 37) > 3/(3 — k) (thanks to our condition on ¢). We then use

Lemma C.3 (we have p = 3/(3 — 2r)) to get

/ F(z1,22) drydry < Cpg(1+17(f)) < Cr (14 I"(F)).
R

3 %R3 ‘1'1 — .’I}'Q‘N
Lemma C.2-(ii) (observe that ¢ = |y|r/(1 —r)) allows us to conclude. O

C.3. Many-particle weighted Fisher information. We finally need a result showing that if
the particle distribution of the N-particle system has a uniformly bounded weighted Fisher in-
formation, then any limit point of the associated empirical measure has finite expected weighted
Fisher information. Such a result is a consequence of some representation identities for level-3
functionals as first observed by Robinson-Ruelle in [30] for the entropy in a somewhat different
setting. Recently in [19], this kind of representation identity has been extended to the Fisher infor-
mation. The proof is mainly based on the De Finetti-Hewitt-Savage representation theorem [20, 6]
(see also [19]). Unfortunately, we cannot apply directly the results of [19].

Theorem C.5. Let v < 0. Consider, for each N > 2, a probability measure FN € Py, (R3)N).
For j > 1, denote by FJN € P((R®)?) the j-th marginal of FN. Assume that there evists a
compatible sequence (m;) of symmetric probability measures on (R®)7 so that FjN — m; in the weak
sense of measures in P((R®)7). Denoting by m € P(P(R3)) the probability measure associated to
the sequence (m;j) thanks to the De Finetti-Hewitt-Savage theorem, there holds

/ L,(f) w(df) = sup I, (m;) < liminf I, (F").
P(R?) i1 N=oo



ON THE LANDAU EQUATION 57

The De Finetti-Hewitt-Savage theorem asserts that for a sequence (7;) of symmetric probability
on E7 (for some measurable space F), compatible in the sense that the k-marginal of 7, is 7, for all
1 < k < j, there exists a unique probability measure m € P(P(E)) such that m; = fP(E) f&in(df)
for all j > 1. See for instance [19, Theorem 5.1].

Corollary C.6. Let vy < 0. Consider, for each N > 2, a probability measure FN € Py, (R*)N),
and (XN, ..., X¥) with law FN. Assume that uy := N~} Zf[ dxn goes in law to some (possibly
random) p € P(R3). Then

ElL,(w)] < l}ﬂigofj'y(FN)-

Proof. Denote by m € P(P(R?)) the law of y and, for j > 1, by 7; = fP(E) f®ir(df). The corollary

immediately follows from Theorem C.5 once we have checked that for all 7 > 1, F jN goes weakly
to m;. But this is an easy and classical consequence of the fact that py goes in law to p, see e.g.
Sznitman [34, I-Proposition 2.2 and Remark 2.3] or [19, Lemma 2.8]. O

Theorem C.5 is a consequence of [19, Lemma 5.6] and of the following series of properties.

Lemma C.7. Let v < 0. The weighted Fisher information satisfies the following properties.

(i) For any j > 1, I, : P((R®)7) — R U {+oo} is non-negative, convez, proper and lower
semi-continuous for the weak convergence.

(ii) For all j > 1, all f € P(R3), L,(f®7) = L,(f).

(iii) For all F € Pysy, ((R3)7), all £,n > 1 with j = £+ n , there holds j I,(F) > (I,(F;) +
n L, (F,), where Fy € P((R*)?) stands for the £-marginal of F.

(iv) The functional Z,, : P(P(R?)) — RU {oc} defined by
Z,(mw):=supL,(m;) where m, :z/ & r(df) € P((R*)?)
i>1 PR3

is affine in the following sense. For any m € P(P(R3)) and any partition of P(R3) by some sets
wi, 1 <i < M, such that w; is an open set in R3\(wy U...Uw;_1) for any 1 <i < M —1 and
m(w;) > 0 for any 1 <i < M, defining

- 1
o =7(w;) and = —1,, 1€ P(PR?))
Qg
so that
w:al'yl +...+0¢M7M and a1+ ...+ oy =1,
there holds
Z(m) = a1 Z,(v") + ... + an I, (v™M).

Proof of Lemma C.7. We only sketch the proof, which is roughly an adaptation to the weighted
case of the proof of [19, Lemma 5.10].

Step 1. We first prove point (i). Let us present an alternative expression of the weighted Fisher
information: for F' € P((R3)7), it holds that

L(G) = 1 sup { — /(Rs)j divy ¢ F(dV) — Zj:/ %(Uﬁfv F(de)}.

J peoi(®3)i)s
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Again, the RHS term is well defined in R because the function |4|?/4 — divy v is continuous and
bounded for any 1 € C}((R?)7)37. We immediately deduce that I, is convex, lower semi-continuous
and proper so that point (i) holds.

Step 2. Point (ii) is obvious from the Definition of I,.

Step 8. We now prove (iii), reproducing the proof of the same super-additivity property
established for the usual Fisher information in [19, Lemma 3.7]. We define for any i < j

t=11,(F;) = sup ‘{/(Rg))i(VVFiJL/J_Fig |1/’i|2<vj>_7)}

YECH(R))

where the sup is taken on all 1 = (¢1,...,%;), with all ¢, : (R3)® — R3. We then write the
previous equality for ¢; and restrict the supremum over all ¥ such that for some 7 < j:

e the i first ¢y depend only on (v1,...,v;), with the notation 1* = (1, ..., 1;),

e the j — i last ¢, depend only on (v;11,...,v;), with the notation ¥/~ = (¢;11,...,%;).
We then have the inequality

, - 1
Ly > sup / ViF '+ V; F -7 —F - |hel*(ve) ™7+ ) [el* (ve)
SRR J (X 2 )
N _
= sup / {Vin' Sy > lel (ve) 7}
i—i F‘fi _
s G - B S ]
w.i—ieci((R3).7—i)3(.7'—i) (R3)J—7- 0>i
= ; + Lj—i-

Step 3. We do not prove here the affine caracter of Z, and refer to [19, Lemma 5.10] where
the same property for the usual Fisher information is checked: the presence of the bounded weight
does not raise any difficulty. O
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