
STRATIFIED TRANSVERSALITY

VIA TIME-DEPENDENT VECTOR FIELDS
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Abstract. For X a (w)-regular or (c)-regular stratification, hence for any Whitney strati-
fication and, via regular embedding, for any abstract stratified set, we use time-dependent vector
fields to prove an extension theorem for diffeomorphisms near the indentity defined on strata of
a given dimension. Then we show that after isotopy a stratified map h : Z → X can be made
transverse to a fixed stratified map g : Y → X .

A.M.S. Classifications: Primary 58A35, 57N75; Secondary 54C20, 57R52

1. Introduction. A substratified object of a stratified space X = (A,Σ) is a
stratified space W = (W, ΣW ) such that W ⊆ A and each stratum of ΣW is contained
in one and only one stratum of the stratification Σ of X . We consider the problem of
putting a substratified object W , or a stratified map h : Z → X , in transverse position
with respect to a stratified map g : Y → X .

This problem was previously considered by Clint McCrory who solved it for strati-
fied polyhedra [13] giving a result essential to the foundation of intersection homology.
The problem was treated in the context of Whitney stratifications ((b)-regular) by Mark
Goresky, first in his thesis [7] and later in [8] (Transversality Lemma 5.3) with a com-
pletely revised formulation.

Goresky’s Transversality Lemma is for substratified objects W of X satisfying the
π-fibre condition and a stratified map g : Y → X which is controlled with respect to
two systems of control data. The π-fibre condition for W and the control condition for
g : Y → X are conditions implying that W is locally, near each point x of A, a union
of stratified fibres of a projection πS : TS → S (S stratum of X containing x) and a
similar geometric property for the fibres of g. These strong conditions were essential to
Goresky’s inductive sketch proof in order to preserve the transversality with respect to g
of a deformation W ′ of W .

The utility of the transversality theorem of Goresky was proven already in various
significant applications : first it was the key result in proving the main theorems 3.4,
4.7 and 6.2 of [8] on representing homology and cohomology of a Whitney stratification
X by Whitney cycles and cocycles, then the first author of the present paper used it to
define a geometric sum operation in the Goresky sets WHk(X ) and to give a geometric
construction of the Steenrod cohomology operations [15, 16]. On the other hand, the
hypotheses of π-fibre on W , and control on f , prevent more general applications.

In this article we prove a stratified transversality theorem for two stratified maps
h : Z → X and g : Y → X between abstract stratified sets or (w)-regular stratifications,
without assuming any control condition. Abstract stratified sets form a class containing
Whitney and (c)-regular stratifications; but not all (w)-regular stratifications.

The authors gave recently a different proof of this result [18]. The proof presented
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here gives more information and is based on a theorem of extension of stratified homeo-
morphisms and is in reality the original generalisation (see [17]).

The content of the paper is as follows.
In §2 we recall the definitions of stratified sets of Thom-Mather [5, 11, 12], (c)-regular

stratifications, stratified and controlled maps, and stratified time-dependent vector fields.
In §3 we prove a stratified extension theorem (Theorem 3.1) which allows one to

extend globally on the whole of A diffeomorphisms given on the k-dimensional part S =
Ak − Ak−1 of A which extend continuously the identity on Ak−1. We initially state and
prove it for the (c)-regular stratifications of K. Bekka [1], and then generalize to a more
general stratified context (theorem 3.2). Recall that Whitney (b)-regular stratifications
are (c)-regular [1].

In order to prove theorems 3.1 and 3.2, we use certain time-dependent vector field
techniques introduced by Mather [10] (to show that infinitesimal stability implies stabil-
ity) in proving that “every diffeomorphism f : S → S in a small enough neighborhood of
1S in Diff(S, S) is the flow at time t = 1 of a time-dependent vector field” (such a flow
is not in general a one parameter group [4]).

Theorem 3.2 states that the stratified extension theorem holds for abstract stratified
sets [11, 12], and also for (w)-regular stratifications [26] (thus for Lipschitz stratifications
[21]).

In §4 we give the transversality theorem (theorem 4.8) : for every pair of stratified
maps g : Y → X and h : Z → X there exists a deformation by isotopy h′ of h in X
which is transverse to g. Theorem 4.8 holds for abstract stratified sets and for (w)-regular
stratifications.

We conclude the article by applying theorem 4.8 to deform, via a stratified isotopy
Φ1 : X → X , a substratified object W of X to a substratified object W ′ = Φ1(W )
transverse to a given map g : Y → X . We obtain thus Corollary 4.12 which generalizes
Goresky’s Transversality Lemma to abstract stratified sets which are not necessarily π-
fibre and to stratified maps which are not necessarily controlled.

2. Stratified sets and maps. A Ck stratification (1 ≤ k ≤ ∞) of a topological
space A is a locally finite partition Σ of A into Ck connected manifolds (the strata of Σ)
satisfying the frontier condition [11] : if X and Y are distinct strata such that X∩Y �= ∅,
then X ⊆ Y and we write X < Y . The pair X = (A,Σ) is called a Ck stratified space
with stratification Σ, and the union of the strata of dimension ≤ k, the k-skeleton Ak,
induces a Ck stratified space X k = (Ak,Σ|Ak

).
Extra conditions may be imposed on Σ, such as to be an abstract stratified set of

Thom-Mather [5, 11, 12] or, when A is a subset of a C1 manifold, to satisfy conditions
(a) or (b) of Whitney [11, 12, 27], or (c) of Bekka [1] or, when A is a subset of a C2

manifold, to satisfy condition (w) of Kuo-Verdier [26] or (L) of Mostowski [21].

Definition 2.1. Let X be a stratified space. A family F = {(πX , ρX , TX)}X∈Σ is
called a system of control data for X if for each stratum X of X we have :

1) TX is a neighbourhood of X in A (called a tubular neighbourhood of X);
2) πX : TX → X is a continuous retraction of TX onto X (called projection on X);
3) ρX :TX→[0,∞[ is continuous and X=ρ−1

X (0) (ρX is the distance function from X)
and for every pair X < Y of strata, the restrictions πXY = πX|TXY

and ρXY = ρX|TXY
,

to TXY = TX ∩ Y , satisfy :
5) (πXY , ρXY ) : TXY → X×]0,∞[ is a smooth submersion (thus dimX < dimY );
6) for every stratum Z such that Z > Y > X and for every z ∈ TY Z ∩ TXZ one has :

i) πXY πY Z(z) = πXZ(z) (the π-control condition)
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ii) ρXY πY Z(z) = ρXZ(z) (the ρ-control condition).
In what follows let TX(ε) = ρ−1

X ([0, ε[) ,∀ ε ≥ 0, and assume TX = TX(1).

If A is Hausdorff, locally compact and admits a countable basis for its topology, the
pair (X , F ) is called an abstract stratified set (since one works with a unique system of
control data of X , in what follows we omit F ).

If X is an abstract stratified set, the tubular neighbourhoods {TX}X∈Σ may be chosen
such that: “TXY �= ∅ if and only if X < Y or X > Y or X = Y ” (see [12]).

A stratified map f : X → X ′ between stratified spaces X = (A,Σ) and X ′ = (B,Σ′) is
a continuous map f : A → B which sends each stratum X of X into a unique stratum X ′

of X ′, such that the restriction fX : X → X ′ is smooth. Call f a stratified homeomorphism
if f is a global homeomorphism and each fX is a diffeomorphism.

Given f : X → X ′ and two systems of control data F = {(TX , πX , ρX)}X∈Σ and
F ′ = {(TX′ , πX′ , ρX′)}X′∈Σ′ , f is called controlled (with respect to F and F ′) if ∀X < Y ,
∃ ε > 0 such that for all y ∈ TXY (ε) = TX(ε) ∩ Y we have :

{
πX′Y ′fY (y) = fXπXY (y) (the π-control condition for f)
ρX′Y ′fY (y) = ρXY (y) (the ρ-control condition for f).

A stratified vector field on X is a family ζ = {ζX}X∈Σ of vector fields, with every ζX

a smooth vector field on the stratum X. Similarly, a stratified vector field ζ = {ζX}X∈Σ

is called (π, ρ)-controlled (with respect to F ) if the following two control conditions hold:
{

πXY ∗(ζY (y)) = ζX(πXY (y)) (the π-control condition for ζ)
ρXY ∗(ζY (y)) = 0 (the ρ-control condition for ζ).

The notion of system of control data of X , introduced by Mather in [12], is the
fundamental tool allowing one to obtain good extensions of vector fields.

Proposition 2.2 ([5, 12]). Let X be a C2 abstract stratified set, X a stratum of X .
For each C1 vector field ζX on X there exists a stratified (π, ρ)-controlled lifting

ζTX
= {ζY }Y ≥X defined on a tubular neighbourhood TX of X. Moreover, if ζX admits a

global flow {φt : X → X}t∈R, then ζTX
admits a global flow {φTX ,t : TX → TX}t∈R, such

that each φTX ,t is a stratified, (π, ρ)-controlled homeomorphism.

Definition 2.3. (K. Bekka 1990). A Ck stratified space (A,Σ) with A ⊆ R
n, is

called (c)-regular if, for every stratum X ∈ Σ, there exists an open neighbourhood UX of
X in R

n and a C1 function ρX : UX → [0,∞[, such that ρ−1
X (0) = X, and such that its

stratified restriction to the star of X :

ρX : Star(X) ∩ UX → [0,∞[ is a Thom map,

where Star(X) = ∪Y ∈Σ , Y ≥XY and the stratification on Star(X)∩UX is induced by Σ.
In substance, the (c)-regularity of Bekka means that for every pair of adjacent strata

X < Y , the tangent spaces at y ∈ Y to the level hypersurfaces ρ−1
X (ε) (where ε = ρX(y))

have limits which contain TxX when y → x ∈ X.

Remark 2.4. A Bekka (c)-regular stratified space X = (A,Σ) admits a system of
control data {(πX , ρX , TX)}X∈Σ in which for each stratum X ∈ Σ, TX = UX ∩A, and πX ,
ρX are restrictions of C∞ maps defined on UX [1]. Thus (c)-regular stratifications admit
a structure of abstract stratified set and so proposition 2.2. holds for them. We underline
moreover that in this case, for each vector field ζX on a stratum X of A, the stratified
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(π, ρ)-controlled lifting ζTX
= {ζY }Y ≥X defined on a tubular neighbourhood TX of X may

be chosen continuous [2] (this gives a more regular lifted flow {φTX ,t : TX → TX}t∈R).

Stratified time-dependent vector fields. Let S be a C∞ manifold, and let I = [0, 1] be
the closed unit interval. With notation as in [10] (page 286) and [23] (page 61), consider
the projection πS : S × I → S onto the first factor.

Recall that the fibre bundle pullback (π∗
STS, ΠS×I , S × I) with base space S × I of

the tangent bundle TS has for total space :

π∗
STS =

{(
(x, t), (y, v)

)
∈ (S × I) × TS | x = y

}

and so identifying each element ((x, t), (x, v)) ∈ π∗
STS with (x, v, t), one can rewrite as :

π∗
STS = ∪(x,t)∈S×I{(x, t)} × TxS = TS × I .

The fibre of the projection ΠS×I : π∗
STS → S × I at a point (x, t) is TxS and so

the space of sections Γ∞(π∗
STS) is exactly the space of C∞ level preserving vector fields

ζ = {ζt}t∈I defined on S × I.

Definition 2.5. A level preserving vector field ζ ∈ Γ∞(π∗
STS) is called a time-

dependent vector field on the manifold S. We will also denote ζ by {ζt}t∈I , thinking of it
as a smooth family of vector fields on S.

Consider a time-dependent vector field ζ ={ζt}t∈I and the differential equation on S:

E(ζ) :
{

∂
∂tβ(x, t) = ζt(β(x, t))
β(x, 0) = x.

A global flow of ζ = {ζt}t is a smooth map φ : S × I → S which is a solution of the
equation E(ζ). We write also φ = {φt : S → S}t.

Mather showed (Lemma 2, page 289 of [10], or Lemma 3.7.5 in [23]) that every time-
dependent vector field ζ = {ζt}t in a sufficiently small neighbourhood OS in Γ∞(π∗

STS)
of the zero (time-dependent) vector field 0 admits such a global flow.

Let X = (A,Σ) be a C2 abstract stratified set equipped with a system of control data
F = {(TX , πX , ρX)}X∈Σ.

Fix a stratum X of A and a time-dependent vector field ζX = {ζX t}t. For all t ∈ I,
ζX t is a vector field of X, so (by proposition 2.2) we can consider a (π, ρ)-controlled
lifting ζTX t on the tubular neighbourhood TX of X. We thus determine a time-dependent
vector field ζTX

= {ζTX t}t on TX . Integrability and continuity of the controlled lifted
flow of the vector field defined on a stratum [5, 11] still follow when we consider on X
and TX time-dependent vector fields instead of the usual vector fields. In particular, with
notations as above, we find :

Proposition 2.6. Let X be a stratum of a C2 abstract stratified set (resp. (c)-
regular stratification) X = (A,Σ). Let ζTX

= {ζTX t}t be a time-dependent vector field
on TX obtained as a controlled (resp. continuous controlled) lifting of a time-dependent
vector field ζX = {ζX t}t defined on X. Then the flow φTX

= {φTX t}t of ζTX
satisfies the

(π, ρ)-control conditions and is a continuous extension of the flow φX = {φX t}t of ζX .
Proof. Thanks to the ρ-control condition on each ζX t [5, 11, 12], for each y ∈ TX

the function ρX ◦ φTX
(y, t) is constant as t varies, and the trajectory φTX

(y, t) stays in
the level hypersurface ρ−1

X

(
ρX(y)

)
. The proof is then formally the same as in the classical

case [5, 11, 12]) of a lifted flow of a vector field which does not depend on time. �

4
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3. Extension of stratified homeomorphisms.

The stratified extension theorem proved below is based on techniques of Mather used
in proving that infinitesimal stability of a map f ∈ C∞(S, S) implies stability [10].

We first give the extension theorem for (c)-regular stratifications [1] of a closed subset
of a manifold M .

Stratified Extension Theorem 3.1. Let X = (A,Σ) be a C∞ (c)-regular stratifi-
cation of a closed subset A of a C∞ manifold M , and let S denote the union of the strata
of dimension k of X .

There exists a neighbourhood B of 1S in Diff(S, S) such that each f ∈ B extends to
a stratified homeomorphism f̃ : A → A such that f̃|Ak−1 = 1Ak−1 . Moreover there is a
stratified isotopy Φ : A × I → A such that f̃ = Φ1, the section at time t = 1 of Φ.

Proof. We adopt the notation of [10] and [23, chapter III]. Spaces of maps will be
given the Whitney C∞ topology.

Step 1 : Construction, for f near 1S, of an isotopy γf between 1S and f which is the
flow of a time-dependent vector field on S.

Consider a “family of geodesics” of the smooth manifold S (see [10] or [23 Proposition
3.3.1]), i.e. a smooth map

γ : N × I −→ S such that




γ(x, y, 0) = x ∀ (x, y) ∈ N
γ(x, x, t) = x ∀x ∈ S and ∀ t ∈ I
γ(x, y, 1) = y ∀ (x, y) ∈ N

where N is a neighbourhood of the diagonal in S × S.
As in corollary 3.4.5 of [23], with W = {g ∈ C∞(S, S) | (x, g(x)) ∈ N} an open

neighbourhood of 1S in C∞(S, S), we may suppose the continuity of the map

G : W −→ C∞(S × I, S × I) , defined for f ∈ W by G(f)(x, t) =
(
γ
(
x, f(x), t

)
, t

)
.

Writing G(f)t(x) = G(f)(x, t), we have : G(f)0 = 1S and G(f)1 = f .
For fixed f , define φ : S × I → I by φ(x, t) = φt(x) = γ(x, f(x), t), i.e. φt = G(f)t.

So φ0 = 1S and φ1 = f .
We will prove that if U is a sufficiently small neighbourhood of 1S in Diff(S, S),then

for each f ∈ U the path γf (t) = γ(x, f(x), t) is contained in U and defines an isotopy
between 1S and f which is the flow of a time-dependent vector field.

Let U be an open neighbourhood of 1S in Diff(S, S).
After possibly shrinking W , we can assume W ⊆ U , so that W ⊆ Diff(S, S).
By Lemma 3.4.9 of [23], there exists an open neighbourhood V of the identity 1S×I

in C∞(S × I, S × I), such that each F ∈ V is level-preserving, i.e. can be written
F (x, t) = (ft(x), t) and moreover for each t, ft ∈ U . It will be convenient to write
F = {ft : S → S}t∈I .

With the notations of [23], we set V =
{
F ∈ C∞

lp (S × I, S × I) | λF (I) ⊆ U
}

where “lp” means “level-preserving”, and λF (t) = ft for t ∈ I.
When F ∈ V , we see that F is a level-preserving diffeomorphism of S×I, because U ⊆

Diff(S, S). Thus V is an open neighbourhood of 1S×I contained in Difflp(S × I, S × I).
Because G : W → C∞(S × I, S × I) is continuous, W ′ = G−1(V ) is an open neigh-

bourhood of 1S contained in U and

G(W ′) ⊆ V ⊆ Difflp(S × I, S × I) .
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For each f ∈ W ′, G(f) is a level-preserving diffeomorphism of S × I, i.e. G(f) =
{G(f)t}t∈I , where each diffeomorphism G(f)t lies in U .

In particular, if f ∈ W ′ the map φt = G(f)t : S → S is a diffeomorphism, the path
γf (t) = φt defines an isotopy of S, and the image of γf is contained in U .

Now, given f ∈ W ′ and t ∈ I, consider the vector field :

ξt(x) =
∂

∂τ

∣∣∣
τ=0

φt+τ (x) =
∂

∂τ

∣∣∣
τ=0

γ
(
x, f(x), t + τ

)
.

As ξt(x) is tangent to S at φt(x) = γ(x, f(x), t), and φt is a diffeomorphism for each
t ∈ I, the composed map

ζt = ξt ◦ φ−1
t : S → S → TS

x �→ φ−1
t (x) �→ ξt(φ−1

t (x))

defines a vector field on S.
Also

ζt(φt(x)) = ξt(x) =
∂

∂τ

∣∣∣
τ=0

φt+τ (x) =
∂

∂t
φ(x, t),

so that φ : S × I → S is the flow of the time-dependent vector field ζ = {ζt}t×I ∈
Γ∞(π∗

STS). Recall that φ(x, 0) = φ0(x) = 1S(x) = x and

φ1(x) = φ(x, 1) = γ(x, f(x), 1) = f(x), i.e. φ1 = f ,

by the properties of the family of geodesics γ.

Precision in the choice of U . To find the neighbourhood B claimed in the statement
of the theorem it is useful to choose carefully U . More regularity of f ∈ U on S − S will
give more regularity of the extension fTS

: TS → TS of f in “step 2”.
Let us consider for U the open neighbourhood of 1S in C∞(S, S) with the Cl-topology

U = Bl
δ(1S) =

{
g ∈ Diff(S, S)

∣∣ dl(jlg(x), jl1S(x)) < δ(x) , ∀x ∈ S
}

and hence with the C∞-topology (notation of [6]) where δ : S →]0, 1[ is a function having
a smooth extension by zero on ∂S = S − S =

⋃
R<S R with all its derivatives.

By choice of δ, each f ∈ U = Bl
δ(1S) tends to 1S on ∂S and since l ≥ 1, such an

extension has a differential which is the identity on ∂S : i.e. for every sequence {xn} in
S such that limxn = x ∈ ∂S and limn TxnS = σ we have that limn f∗xn

= idσ .

Recall that the time-dependent vector field ζ = {ζt}t ∈ Γ∞(π∗
STS) defined in step

1 depends on a choice of f ∈ W ′ (f was in the definition of φt = G(f)t); so we write
ζ(f) = {ζ(f)t}t. This gives a continuous map :

∂G
∂t = G′ : W ′ −→ Γ∞(π∗

STS) , G′(f) = ζ(f) : S × I → π∗
STS = TS × I

defined on the neighbourhood W ′ of 1S in U ⊆ Diff(S, S) [10, 23].
Mather showed (Lemma 2 on page 289 of [10], cf. Lemma 3.7.5 of [23]) that there

exists a neighbourhood OS of the zero vector field 0 in Γ∞(π∗
STS) such that every time-

dependent vector field ζ ∈ OS admits a flow β = β(ζ) defined for all time t ∈ I :

β = β(ζ) : S × I → S such that




β(ζ)0 = 1S

and
β(ζ)t ∈ Diff(S, S) , ∀ t ∈ I
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and such that the map

θS : Γ∞(π∗
STS) → C∞(S × I, S) , θS(ζ) = β(ζ) : S × I −→ S

is continuous.

Choose a neighbourhood Bl
ε(0) of the zero vector field 0 ∈ Γ∞(S) and a neighbour-

hood B̃l
η(0) of 0 ∈ Γ∞(π∗

STS) such that for each ζ = {ζt}t∈I ∈ B̃l
η(0) we have ζt ∈ Bl

ε(0)
for all t ∈ I (these exist by Lemma 3.4.9 of [23]), where ε , η : S → (0, 1) are smooth
functions which tend, with all their derivatives, to zero on the frontier ∂S of S.

Set B = G′−1(
OS ∩ B̃l

η(0)
)
. As G′ is continuous and G′(1S) = 0, B is an open

neighbourhood of 1S in Diff(S, S) such that B ⊆ W ′ ⊆ Bl
δ(1S) = U and the following

properties i), . . . , iv) hold for each f ∈ B :

i) Because f ∈ B ⊆ Bl
δ(1S), f extends continuously by 1S on ∂S and this extension

has a differential which extends continuously by the identity on ∂S, i.e. for any sequence
{xn} in S such that limxn = x ∈ ∂S and limn TxnS = τ we have that limn f∗xn

= idτ .

ii) Since f ∈ G′−1(
B̃l

η(0)
)
, the time-dependent vector field G′(f) = ζ(f) = {ζ(f)t}t

is such that each level vector field ζ(f)t : S → TS, together with its derivatives, extends
continuously by zero on ∂S, because ζ(f)t ∈ Bl

ε(0).
iii) As G′(f) ∈ OS , the time-dependent vector field G′(f) = ζ(f) = {ζ(f)t}t∈I

admits a flow β(ζ(f)) : S × I → S.
iv) Since f ∈ W ′, writing β(ζ(f)) = {β(ζ(f))t}t and φt = β(ζ(f))t, we have that

φ0 = 1S et φ1 = f (by construction, see also Lemma 1 on page 289 of [10]).

Step 2 : Constructing an extension fTS
of f , on strata of dimension ≥ k in a tubular

neighbourhood TS = ∪dim X=kTX of S, such that fTS
tends to the identity on ∂S.

For each k-stratum X of A, i.e. each connected component X of S, choose a tubular
neighbourhood TX = TX(1) of X in A; these neighbourhoods {TX}X may be chosen
pairwise disjoint [12]. Denote by fX : X → X the restriction of f to X.

Let f ∈ B ⊆ Diff(S, S). Then f preserves each connected component of S, and we
can write f = ∪dim X=kfX with fX ∈ Diff(X, X) for each k-stratum X of A.

To extend f : S → S to a stratified homeomorphism fTS
: TS → TS , which is a

diffeomorphism on each stratum of TS = ∪dim X=kTX , we define an extension fTX
: TX →

TX of each fX and take the (disjoint) union fTS
= ∪XfTX

.
Remark that each level vector field ζ(f)t of S is a disjoint union ζ(f)t = ∪Xζ(f)t X .
Let ζ(f)TS

= {ζ(f)t,TS
}t∈I be the stratified time-dependent vector field obtained by

controlled lifting to TS = ∪XTX of the level vector fields ζ(f)t on S.
As the stratification X = (A,Σ) is (c)-regular, we can assume that each ζ(f)t,TS

is a
continuous lifting of ζ(f)t on S [2, 22].

Since the time-dependent vector field ζ(f)TS
is a controlled lifting of ζ(f) which

admits a flow φ : S × I → S, then, by Proposition 2.4, ζ(f)TS
admits a flow defined for

all t ∈ I, namely φTS
: TS × I → TS , which is a continuous extension of φ.

Then for each f ∈ B, the map at time t = 1, fTS
=

[
φTS

]
1

: TS → TS is a continuous
extension of f : S → S. Moreover, as the map Ψ : f �→ f−1 is continuous [10, 23],
replacing B by B ∪ Ψ(B) after shrinking B, we can suppose “f ∈ B ⇒ f−1 ∈ B”. One
finds that (fTS

)−1 = β(ζ(f−1)TS
)1, thus fTS

is a stratified homeomorphism extending f .
Finally, since f ∈ B, ζ(f)t ∈ Bl

ε(0) for all t ∈ I, and so the continuous extension
ζ(f)t TS

also extends continuously by the zero vector field 0 on ∂S. We have :

lim
z→x′∈∂S

fTS
(z) = x′.
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Step 3 : Extension of the restriction fTS( 1
2 ) to the whole of A. So as to obtain

an extension of the diffeomorphism f ∈ B to A, we give a “deformation” of fTS(1) on
TS(1) − TS( 1

2 ) which tends to the identity on A − TS(1) and to fTS(1) on TS( 1
2 ) .

Since fTS(1) is defined by the family of vector fields ζ(f)TS
= {ζ(f)t TS

}t∈I , we
can modify the modulus of each lifted controlled vector field ζ(f)t,TS

as follows. Write
ζ(f)t TS

= ∪dim X=kζ(f)t TX
, and choose a smooth real function g : R → [0, 1] such that

g(s) = 1 if s ≤ 1
2 and g(s) = 0 if s ≥ 1. We define then the time-dependent vector field

˜ζ(f)t TX
(z) = g(ρX(z)) · ζ(f)t TX

(z),

so that
˜ζ(f)TX

=
{

ζ(f)TX
if ρX(z) ≤ 1

2 ,
0 if ρX(z) ≥ 1

and it is controlled since every ζ(f)TX
is controlled in TX( 1

2 ) ⊂ TX(1) = TX .

The flows φ̃TX
of ˜ζ(f)TX

and φTX
of ζ(f)TX

satisfy φ̃TX
(z, t) = φTX

(
z , g(ρX(z)) · t)

)
and since φTX

is defined for all t ∈ I, this also holds for φ̃TX
.

Finally, because the neighbourhoods {TX}dim X=k are pairwise disjoint, we can define
a global time-dependent vector field on A :

ζ(f)A(z) =
{ ˜ζ(f)TX

(z) if z ∈ ∪dim X=kTX(1)
0 if z ∈ A − ∪dim X=kTX(1) .

figure 1

The time-dependent vector field ζ(f)A clearly has a global flow, namely β(ζ(f)A) :
A × I → A, which extends continuously φ̃TX

by the identity outside TX(1).
Finally, for each f ∈ B, the claimed extension f̃ : A → A is found by taking the map

at time t = 1, f̃ =
[
β(ζ(f)A)

]
1

: A → A. In fact, since for every t ∈ I,
[
β(ζ(f)A)

]
t
: A →

A is a stratified homeomorphism, f̃ is a stratified homeomorphism (see also proposition
2.4); since ˜ζ(f)A = 0 on Ak−1 then f̃|Ak−1 = 1Ak−1 ; and since f̃ =

[
β(ζ(f)A)

]
1

and
f =

[
β(ζ(f))

]
1

(see step 1) with β(ζ(f)A) extending β(ζ(f)), then f̃ : A → A extends
f : S → S. �

Theorem 3.2. The statement of theorem 3.1 is valid if X is a C∞ abstract stratified
set or a C∞ (w)-regular stratification of a closed subset of a C∞ manifold.

8
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Proof. If X is an abstract stratified set [11] we can find a (b)-regular embedding of
X in some R

m (proved to exist in [7, 19, 24]; see also [20] for a (w)-regular subanalytic,
hence (b)-regular embedding) and apply Theorem 3.1. using that (b) implies (c) [1].

If X is a (w)-regular stratification, it may not be possible to put an abstract stratified
structure on A, and (c)-regular embeddings may not exist (for example if A is the closure
in R

2 of {(x, y) | y = sin(1/x), x �= 0}; this is not triangulable so is not even homeomorphic
to an abstract stratified set).

However, when X is (w)-regular a vector field ζ(f)X on a stratum X admits a strat-
ified rugose lifting ζ(f)TX

whose flow is (rugose and hence) continuous [3, 26]. The only
change to the proof of Theorem 3.1 is to specify the {TX} as pairwise disjoint neighbour-
hoods of the strata of dimension k (instead of tubular neighbourhoods associated to a
system of control data), and for each X let ρX be a smooth distance function.

The vector field ∪X
˜ζ(f)TX

, starting from ∪Xζ(f)TX
, and the final extension ζ(f)A

on A, are obtained as in Theorem 3.1. �

Remark 3.3. In the stratified extension theorems 3.1 and 3.2 if A is a closed stratified
subset of a manifold M it is easy to see that an extension exists on the whole of M , by
treating M as a stratified set of which A is a union of strata (add the components of
M − A as strata of codimension 0 in M).

4. Stratified Transversality of maps and of substratified objects.

In this section we use the stratified extension theorem 3.1 to prove a stratified
transversality theorem in which we deform a stratified map h : Z → X to make it
transverse to a fixed stratified map g : Y → X . A different proof of the same theorem
has been recently obtained by the authors in [18].

Definition 4.1. Let X = (A,Σ) be a stratified space. A stratified isotopy of X (or
of A) is a stratified map Φ : A×I → A, {Φt : A → A }t∈I (where I = [0, 1]), such that for
every t ∈ I, the map Φt : A → A,Φt(x) = Φ(x, t) is a stratified homeomorphism. Clearly,
if {Φt}t and {Ψt}t are stratified isotopies of X then so is the composite map {Ψt ◦ Φt}t.

Definition 4.2. Let h, h′ : Y → X be two stratified maps. We say that h′ is a
deformation by isotopy of h in X if there exists a stratified isotopy Φ : X × I → X such
that Φ0 = 1X and h′ = Φ1 ◦ h , i.e. h′ is the deformation via Φ and at time t = 1 of h.

We write then h
Φt≡ h′.

Remark 4.3. The relation of “deformation by isotopy in X ” is an equivalence rela-
tion on the set of stratified maps h : Y → X .

Remark 4.4. If Φ : A × I → A is a stratified isotopy of X = (A,Σ) and h : Y → X
is a stratified map, for each t ∈ I, ht = Φt ◦ h is a deformation by isotopy of h in X .

Definition 4.5. Two stratified maps h, g : Y → X are said to be transverse in the
k-skeleton X k (or Ak) of X when for each stratum S of X k their restrictions to S are
transverse in S. More precisely, given strata P and Q of Y such that h(P ) ⊆ S and
g(Q) ⊆ S, the restrictions h|P : P → S and g|Q : Q → S are transverse.

Lemma 4.6. Let S be a C1 manifold, let f ∈ C1(S, S), and let h : P → S and
g : Q → S be C1 maps defined on C1 manifolds P and Q.

If the graph Γf of f is transverse to (h × g) then f ◦ h is transverse to g.
Proof. See [17]. �

Corollary 4.7. With the hypotheses of Lemma 4.6, if f ∈ Diff(S, S) and h : P ↪→
X is inclusion, then f(P ) is transverse to g : Q → S.

9
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Theorem 4.8. Let X be a C∞ abstract stratified set or a C∞ (w)-regular stratified
subspace of a C∞ manifold, and let g : Y → X be a stratified map defined on a stratified
space Y . For each stratified map h : Z → X there exists a deformation by isotopy h′ of h
in X which is transverse to g.

Proof. By induction on the dimension of the k-skeleton Ak of A we construct a chain

of n deformations by isotopy of h in X = (A,Σ) : h = h0 Φ1

≡ h1 Φ2

≡ · · · Φn

≡ hn such that
hk is transverse to g in Ak for every k = 0, . . . , n.

Let k > 0 and suppose that hk−1 has been constructed.
By the inductive hypothesis hk−1 is transverse to g in Ak−1, so we define the re-

striction of hk to Ak−1 to coincide with hk−1. We complete the proof by deforming hk−1

without changing it on Ak−1.

Step 1 : Deformation of hk−1
|[Ak− Ak−1]

. Let {Wα}α be the strata of (hk−1)−1(S), and
let hα : Wα → S be the restriction of h to Wα. Similarly, write {Yβ}β for the strata of
g−1(S) and gβ : Yβ → S for the restriction of g to Yβ . For all α, β the set

TWα×Yβ
=

{
f ∈ C∞(S, S)

∣∣ Γf is transverse to hα × gβ

}
,

where Γf is the graph of f , is a countable intersection of open dense sets in C∞(S, S)
[14] and the family {Wα × Yβ}α,β being countable, so is

T =
⋂

h(Wα)⊆S , g(Yβ)⊆S

TWα×Yβ
=

{
f ∈ C∞(S, S;C)

∣∣ Γf transverse to hS × gS

}
.

Hence T is dense in the Baire space C∞(S, S).

Consider now an open neighbourhood B of 1S in Diff(S, S) as in the proof of The-
orem 3.1, and let f ∈ B ∩ T .

Since f ∈ T , for each hα and gβ , Lemma 4.6 implies that f ◦ hk−1
α is transverse to

gβ , and so f ◦ hk−1
S is transverse to gS . Defining hk = f ◦ hk−1, hk

S is transverse to gS .

On the other hand f ∈ B, so that the maps hk et hk−1 coincide on Ak−1, and, by
inductive hypothesis on hk−1, f ◦ hk

Ak−1
is transverse to gAk−1 in Ak−1.

Therefore f ◦ hk
Ak

being transverse to gAk
on Ak = Ak−1 ∪ S we conclude the step 1.

Step 2 : Deformation of hk−1
[A−Ak] and conclusion of the proof. Consider the stratified

homeomorphism f̃ = Φ1 = Φk
1 : A → A constructed in Theorem 3.1 and set

hk = f̃ ◦ hk−1 .

Since the stratified isotopy Φk
t (see Theorem 3.1), satisfies Φk

1 = f̃ , Φk
1 |S = f and

Φk
1 |Ak−1

= idAk−1 for the “whole deformation” hk of hk−1, hk = Φk
1 ◦ hk−1 we have :

hk =




hk−1
Ak−1

on Ak−1;
f ◦ hk−1

S on S = Ak − Ak−1;
Φk

1 ◦ hk−1
[A−Ak] on A − Ak .

Thus we complete the proof of the theorem by setting h′ = hn. �

A different proof of theorem 4.8 will be given in [10].

10
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In Theorem 4.8 the deformation by isotopy h′ : Z → X of h transverse to g can be
obtained arbitrarily close to h. In fact since T is dense and B is a neighbourhood of 1S

in C∞(S, S), the diffeomorphism f ∈ B ∩T ⊆ Diff(S, S) may be chosen arbitrarily near
to 1S and so the stratified homeomorphism f̃ = Φ1 : A → A extension of f : S → S (see
theorem 3.1) may be obtained arbitrarily close to 1A.

Transversality of substratified objects. In analogy with the definition of Whitney
substratified object V of X given by Goresky in [8] for V and X which are Whitney
stratified ((b)-regular), we give the following definition, where (E) means a regularity
conditions such as “to be an abstract stratified set”, the condition (b) of Whitney, the
condition (c) of Bekka, (w) of Verdier, or the Lipschitz condition of Mostowski.

Definition 4.9. Let X = (A,Σ) be a stratified space. An (E)-regular substratified
object of X , is a stratified space V = (V, ΣV ), such that V is a closed subset of A, ΣV
is (E)-regular and each stratum of V is contained in a unique stratum of X . If X and V
are both abstract stratified sets then we say that V is an abstract substratified set of X .

Obviously, if V is a substratified object of X , then the inclusion i : V ↪→ X is a
stratified map. Moreover for every stratum S of X , V ∩ S is a closed subset of S with an
induced stratification V S = {R stratum of V | R ⊆ S }, i.e. the restriction of V to the
stratum S of X .

In what follows, when this is not ambiguous, we write simply V for a substratified
object V of X . Thus Vk and Ak denote the k-skeletons V k and X k of V and X . Similarly,
when V (or X ) is an abstract stratified set equipped with a system of control data (§2),
we assume given the system of control data.

Definition 4.10. Let W = (W, ΣW ) and W ′ = (W ′,ΣW ′) be two substratified
objects of a stratified space X = (A,Σ). We say that W ′ is a deformation by isotopy
of W in A if there exists a stratified isotopy Φ : A × I → A such that Φ0 = 1A and

W ′ = Φ1(W ). We write then W
Φt≡ W ′ or Φt : W ≡ W ′.

Of course “Deformation by isotopy” is an equivalence relation on the set of all sub-
stratified objects of X . Moreover one easily has :

Proposition 4.11. If Φ : A× I → A is a stratified isotopy of X = (A,Σ) and W is
a substratified object of X , then for each t ∈ I the image W ′ = Φt(W ) is a substratified
object with stratification induced by Φt and W ′ is a deformation by isotopy of W .

Proof. We only have to remark that when W is an abstract stratified set, if

F W = {(TWα , πWα , ρWα)}Wα∈ΣW
,

{
πWα : TWα → Wα

ρWα : TWα → R

is the system of control data for W = ∪αWα, then the family
{(

Φt(TWα
),Φt πWα

Φ−1
t , ρWα

Φ−1
t

)}
Φt(Wα) stratum of W ′

is a system of control data for W ′ = ∪αΦt(Wα). In fact, all topological properties of
the abstract stratified sets are preserved via the homeomorphism Φt : A → A and the
submersivity of the maps (πWα , ρWα) is preserved by the diffeomorphisms {Φt : X → X}t

(X stratum of A). �

Suppose now that W is a substratified object of X , and that the map h = i :
W ↪→ X is the stratified inclusion of W in X , and consider the map h′ = Φ1 ◦ h.

11
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Because the transversalising deformation Φ1 is a stratified homeomorphism, and hence is
a diffeomorphism on each stratum, by Lemma 4.7 the condition “h′ = Φ1 ◦h is transverse
to g” may be reread as “W ′ = Φ1(W ) is transverse to g”. Thus we have the following
corollary which generalizes the Transversality Lemma of Goresky [8].

Corollary 4.12. Let X be a C∞ abstract stratified set, or a (w)-regular stratified
subspace of a C∞ manifold, and let g : Y → X be a stratified map on a stratified space Y .
For each substratified object W of X and each open neighbourhood U of W in X , there
exists a deformation by isotopy W ′ of W which is transverse to g and such that W ′ ⊆ U .

Corollary 4.12 holds for stratifications and stratified maps more general than that of
the Transversality Lemma of [8]. For we do not require :

i) that g be controlled with respect to two fixed systems of control data T1 et T2

respectively of Y and X or that g be the restriction of a smooth map g̃ : M1 → M2

between two smooth manifolds containing respectively Y and X ;
or
ii) that W satisfy the π-fibre condition.

The π-fibre condition is a very strong restriction on the geometry of the substratified
object W on X and ensures that (b)-regularity be preserved as was shown in [8]. Possibly
other regularity conditions are preserved, for example this is the case for (a)-regularity. A
priori there is no reason that a stratified isotopy of X as in corollary 4.12 preserve regularity
conditions on substratified objects W of X other than “being an abstract substratified set
of X ”.

Corollary 4.12 (when g : Y ↪→ X is the inclusion map and dim(Y ∩S)+dim(W ∩S) <
dimS for every stratum S of X ) was used by M. Grinberg to prove the existence of self-
indexing stratified Morse functions on complex algebraic varieties [9].
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