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Whitney homology, cohomology and Steenrod squares

CLAUDIO MUROLO (*)

ABSTRACT. — In [1] GORESKY proved that, for a Whitney object X, there
is a bijection R*¥ : WHF(X) — H*(X) where WH*(X) is a set obtained from
stratified cochains in X by passing to the quotient with respect to a cobordism
relation. In this paper ideas and techniques contained in [1] are expanded by

first of all introducing a group operation in WH*(X), geometrically defined via

transerse union of cochains, in such a way that the representation map R* becomes
a group isomorphism, and secondly, using transverse union, by giving a geometrical
construction of Steenrod squares in the context of Whitney cochains.
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1. Introduction

As is known, a Whitney object X in a smooth manifold M is a set strat-
ified by submanifolds of M, in which every pair of strata verifies Whitney’s
condition B. In [1] GORESKY lays foundations for a geometric description
of homology and cohomology in the context of Whitney chains, which he
also calls geometric chains. Let us briefly say that the notion of Whitney
chain is the exact analogue of simplicial chain and is obtained from the
latter by substituting “simplex” by “stratum” and “simplicial complex” by
“Whitney object”. Two Whitney cycles are called cobordant if they are
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L-equivalent in the sense of Thom, i.e. if there exists a Whitney chain in
X x [0,1] whose boundary is the difference of the two cycles placed one in
X x 0 and the other in X x 1. GORESKY thus constructs, for every k > 0
and in the usual way, a quotient set W Hy(X) to which we can refer as the
(k-dimensional) Whitney homology of X. Let us note here that GORESKY
does not introduce a sum operation in W H;(X). On the other hand, since
each Whitney cycle admits a fundamental class in singular homology, he
deduces the existence of a map between sets Ry : WH(X) — Hp(X),
completely analogous to the representation map of Thom-Steenrod between
the differential bordism and singular homology of a space. One of the main
results of Goresky asserts that if X is a manifold then Ry is a bijective
map.

The cohomological case is surprisingly simpler and more fruitful, after
having established the definitions with care. A (k-dimensional) Whitney
cochain in X is essentially a Whitney object embedded in X (with codi-
mension k) in such a way that it “meets transversally” the singularities
of X.

GORESKY introduces a coboundary operator and shows that there is a
smooth neighborhood U of X in M such that each Whitney cocycle of X
is obtained by transverse intersection of X itself with a Whitney cocycle
of U modulo 0U. We recognize in this last construction the germ of the
Alexander Duality for the embedding of X in M, and so it is not surprising
that the bijectivity of Ry in homology (U is a manifold!) entails bijectivity
in cohomology for the map Rx : WH"(X) — H*(X) whatever X.

In this paper we want to complete GORESKY’s paper, transforming Ry
from a simple bijective correspondence of sets to an equivalence of cohomo-
logical theories. This is obtained by introducing in W H*(X) a group opera-
tion geometrically defined through “transverse union of cocycles” and show-
ing that in such a way, R becomes a group isomorphism, or better still a nat-
ural transformation of functors. In fact if f: X; — X, is a controlled map
between the Whitney objects X; and Xy, then f*: WH*(X,) — WH*(X,)
defined through “transverse preimage” turns out to be a group homomor-
phism. The whole theory is developed also with coefficients in an arbitrary
abelian group G. This is precisely the content of § 3; while in § 2 we treat
the homological case of Whitney homology of a smooth manifold X.

It seems hard, at the moment, to define a “transverse union” of cycles
in an arbitrary Whitney object X, since in contrast to cocycles (which meet
transversally the singularities of X) it is not clear, if and in what way it may
be possible to put two cycles of X in a position of mutual transversality.
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This is the same obstacle that limits to a smooth manifold the representation
theorem of GORESKY in the homological case.

In the second part of the paper we apply the operation of transverse
union together with the deformation techniques developed by Goresky in
order to construct Steenrod squares using Whitney cochains instead of sin-
gular cochains. The method is the well-known one of the quadratic con-
struction WH*(X) — WH?*(X? x S"/Z,), but it needs particular care to
ensure that the Whitney condition B is preserved during the process.

2. Whitney homology

A Whitney object (or space) X in a manifold M is a pair (X, () where
X is a closed subset of M and ¢ := {X}|j € J; and i < n} a stratification
of X, i.e. a locally finite partition of smooth connected manifolds, called
strata (dim X7 = 4) such that
a) the h-skeleton X, := U U X/ is closed in X (and in M);
j€J; i<h
b) each {X'},c,, is the family of all connected components of X; —
Xi_1;
c) each pair of distinct strata verifies Whitney’s condition B (W.C.B
see [2]).
For every Whitney space X a fixed stratification will be understood.
In such a way for each A < dim X = n the h-skeleton X, is again a (h-
dimensional) Whitney space with the obvious induced stratification. Mather
proved in [2] that every Whitney space X admits a system of control data
(S.C.D.) and that two strata A, B with ANB # () verify both dim A < dim B

and A C B (we then write A < B). Thus we immediately have B = || A
A<B

and B— B = || A (] = disjoint union).

A<B

2.1 - Remarks about the Goresky representation

A stratified k-subspace of X is a Whitney object V' of dimension k& which
has every stratum A contained in some stratum S4 of X. A k-orientation

of V is an element z = n]VJk of the free abelian group Cy(V) on Z
JEJE

generated by the set of the oriented k-strata ij of V in which we identify
the elements with opposite orientations and multiplicity in Z. With such
hypotheses we define the “reduction” of { as the new chain §, := (V., 2)
obtained by restricting the support of V' to its essential part: i.e. we consider



178  C. Murolo

only the strata A adjacent to some V; with maximal dimension k (hence
A C V;) and multiplicity n; # 0 in Z. Explicitly V), := U V; = U V;

nj;éO nj7é0
with the obvious induced stratification. A k-cycle £ = (V z) is a chain whose
boundary 9¢ is zero, where 0¢ is defined by the reduction 9§ := (Vj_1,0%),
and 0z is given by the homological boundary operator through the natural
isomorphisms ¢y, ¥, _; as (see 3.2) in the diagram

Ui O Vit
0: Ck(v)—>Hk(Vk7‘/kfl)—>Hk71(V}cfla kaz)—>0k71(ka1)-

Fix now a k-cycle & = (V, z); we have 0z = 0 and therefore 9y (z) = 0.
Now by the exactness of the pairs (Vi, Vi._1) and (Vi_1, Vi_2) we have that
the maps i, and j, induced by the inclusions (below defined) are monomor-
phisms, and then looking at the diagram

O

| . !

. e] Jx
Hy(Vi—1) —Hp (Vi) — Hi(Vie, Vie—1) — Hi—1(Vie—1)) ——————— Hi—1(Vi—1, Vi—2)

L o | [ #e-s

Hi(X) Cr(Vi) > Cr-1(Vi—1)

we get 0 = Opr(z) = 7.0Ur(z) and 0Yy(z) = 0. Hence 9,(2) € Kerd =
Im i, so it comes from a unique element i * (¢4 (z)) whose image in Hy(X),
R(&) = Li;*(¢i(2)) is called the “fundamental class” of € in Hy(X).

Denoting by W Hy(X) the quotient of the k-cycles modulo the cobor-
dism relation, in [1] GORESKY proved the following:

THEOREM. — The map Ry : WH(X) — H(X) is well-defined for
every Whitney object X and is a bijection whenever X is a manifold.

2.2 — Transversality

The “nice” morphisms for the Whitney category are the stratified maps
f X — Y ie. those which map each stratum R of X smoothly in some
stratum Sp of Y. The definitions of transversality are those one could
expect: we require the usual condition on each stratum. With the above
notation, from lemma 5.3. in [1] we have immediately
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THEOREM. — If a stratified map f : X — Y between the objects X
and Y in the manifolds M and M’ (is controlled or) has a smooth extension
f:M — M, then every k-cycle ¢ = (V,2) of Y equipped with 7-fibres) is
cobordant to a k-cycle & = (V',2') with f transversal to V'.

In particular, if we write f for the inclusion map V — X, we have that
if & = (Vi,21) and & = (Va, 29) are two k-cycles of X there exists a cycle
¢, = (V3 z3) which is cobordant to & and transversal to &;.

It is known that the transverse intersection U NV of two arbitrary
subspaces U and V of X is a Whitney subspace of X; we would like to show
that their union U UV is a Whitney subspace too.

First, we remark that for two manifolds M, N C R? the following obvi-
ous property holds:

LEMMA. — If (M, N) wverifies Whitney’s condition B then each pair
(M',N") of submanifolds N' of N and M' of M with dim M’ = dim M
verifies the same condition. In particular this holds when M’ and N’ are
connected components of M and N.

PROPOSITION. — The union VUW of two stratified subspaces V' and
W wich are transversal in X is again o Whitney subspace of X.

Proof. — Since

VUW =(VnW)u(V-W)uW-V) and V= || A, W= || B

AICV B'CW

(A',B’ strata) we have that ¥V U W has a natural partition in smooth
connected manifolds. Notice that A — W is a submanifold of A with
dim A — V = dim A, being open in A, and the same holds for B — V.

In order to show that the h-skeleton (V UW), is closed in VU W it is
sufficient to observe that V,NW C (VNW),, and similarly W,V C (VNWW),
and then use the identity

VUW)=VNW)U(Vi=W)U(W,=V)=WnV), UV, UW,.

Given two strata Z, 7’ of V.U W to prove Whitney’s condition B, by
the above lemma it is not restrictive to assume that they are of the type
ANB, A-W, B—YV and to examine the following case:

(U This mean that V verifies the 7-fibre condition (see [1]).



180 C. Murolo

1) if Z=ANB and Z' = A’ N B’ then (Z,Z") verifies W.C.B because
V N'W is a Whitney object;

2) if Z=ANB and Z' = A’ — W then we apply the above lemma to
(A, A);

NifZ=A-W,Z =ANB then ZNZ = (A-W)NANB C
(V-W)nw =40.

All the other cases can be dealt with in a similar way.

2.3— The transverse sum in WH;(X)

If X is a manifold the bijection R : WH(X) — H;(X) induces in an
obvious way a group operation in W H(X), but we want to give it a precise
geometrical meaning.

First we observe that if V and W are two k-subspaces transverse in
X, then each k-orientation z = > n;V; of V can be interpreted as a k-
orientation of the union V U W substituting each stratum V; with the
connected components of the manifold in which it is subdivided by the
stratification of VU W. In such a way we have a natural group inclusion
B:CL(V) — C,(VUW) by which the following diagram is commutative

vy Hy(Vi, Vi)

5| .

X
CVUW) 2 H(VUW,(VUW). ).

Therefore, given two chains &y = (V, zv) and &y = (W, zw ), embedding
their orientations in the same group Cy(VUW), we can sum them obtaining
the chain

Ev+&w = (VUW,By(2v) + Bw(2w))

(of X') which is called the “transversal sum” of & and &y .

PROPOSITION. — O(&y+&w) = 05y +0&w . In particular the transverse
sum of two k-cycles is again a k-cycle.

Proof. — Considering the k-subspace V' = V}, and the (k — 1)-skeleton
Vi—1, we find the commutative diagrams (1) and (2).

On the other hand the (k—1)-strata of V,_;UW),_, are also (k—1)-strata
in (VUW),_,, producing the inclusion homomorphism J which corresponds
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in singular homology to the homomorphism +, induced by the inclusion of

pairs 7.
Therefore, we have the commutative diagram

oy
vt l
. k—1
Ce(V) — Hp(Vi,Vic1) — Hi—1(Vi—1, Vi—2) — Cr_1(Vi—1)
o l ) l By
$ila
Bvi 1) s | Hp1(Ve—1UWi_1), (Ve—iU Wi_1)k—2) — Cre1 (Ve UWi—1)
| K

—1
Xj—1

Ck(VUW)ﬁHk(VUW,(VUW)k,1)in71((VUW)kfl,(VUW)kfz)—>Ck71((VUW)kfl)

J

Syuw

and so the relation
8Vuwﬁvk(zv) = Jﬁvk,lav(zv) .
Likewise we find for W
Ovuw Bw, (2w) = J Bw,_, Ow (2w)

and summing in Cj,_, ((V UW),_,) we have the equality

Ovuw (ﬁvk (2v) + ﬁwk(zw)) = J(ﬂvklav(zv) + 5Wk18W(ZW)> .

Now, it is easy to get, by the definition of reduction of a geometric
chain, the following relations:

a) (ViU Wi1) jay, Gotsw,_ ) = V17, UWhey
b) VUW), .y, = Ve UWia),.
So we are able to conclude that
(& +&w) = (VUW, By (2v) + Bw(zw)), = (VUW),_y )y I() =
=(Viea UWiy) o) = (Vicrjozy U Wio1/02y, By 0(2v) +Bw,_, 0(2w)) =
= (Vic1/02y502v) + (Wi—1/0sy,, 02w ) = Oy + 0w .
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THEOREM. — Let X™ be a smooth manifold without boundary. For
each pair vy, &y, of k-cycles of X define

[§V1] + [§V2] = [§V1 + é.VQ']

where fVZ/ is a k-cycle of X cobordant to &y, and transverse to &y,. Then we

have a well defined group operation in W H,(X) with respect to which the
Goresky representation Ry, : WH(X) — Hp(X) becomes an isomorphism
of abelian groups.

Proof. — Let &, = &w, , &w, = &w, be k-cycles of X which we can
suppose to be reduced, and let furthermore §v2’ , §W2/ be two cycles of X
such that:

§v2' is cobordant to &y, and transversal to {y,
ﬁwé is cobordant to &, and transversal to &y, .

We remark that all subspaces of a manifold X are obviously equipped
with 7-fibres and so such cycles £V2/ and fWé exist by the transversality
lemma.

If we assume again these to be both reduced we have to show that:

v, + §v2’ =&w, + §W2’

i.e. they are cobordant.
First we observe that the space X = X x [0,1] is an (n + 1)-Whitney
object (dim X = n) with n-skeleton (X5), = X x 0U X x 1 in which

§wy x 1 =&y x 0 is transverse to  {w, x 1 — &y x 0.

Since &y, = &w, , there is a (k + 1)-chain 6y, in X x [0,1] and any € > 0
such that:

a;) UyN(X x[0,e]) =Vix[0,e[; UyN(X x]|1—¢,1]) =W, x]|1 —¢e,1]

bl) 80U1 = £W1 x 1 —ng x 0
and similary for {y; = &y we can find a (k 4+ 1)-chain 0u; such that:

ay) UsN (X x [0,e]) = Vy x[0,e] ; UjN(Xx|1—eg,1] =Wix]|1—¢,1]

bl2) 86(]& — gwé X ]. - 6\/2/ X O

Thus by b;) and b)) we have that the part 80% of y; contained in
(X3), 1is transverse to 06y, (of Oy, ) which is also in (X5), .

By a;) and aj) such transversality holds in the open neighbourhood
U= X x([0,e[U]1 —¢,1]) of (X,),. Now, since 6y, is equipped with -
fibres in X5, in the same way as in the inductive passage of the proof of



Whitney homology, cohomology and Steenrod squares 183

the transversality lemma (see [1] 5.3.), we can find a (k + 1)-chain ¢ in X,
coinciding with GUé in U and transverse to 0y, in all of X,.

So the transverse sum chain 0y, +( exists and (since |[(|NU = [0y, |NU)
by a,) and a}) its support satisfies

a) |0u, + ¢ N (X x[0,e]) = (|0, [UIC]) N (X x[0,e]) = (ViuVg) N
(X x[0,e]) = (Vi UV5) x [0,e;

|0, + ¢|N(Xx]1 —¢,1])=...similarly...=(W; UW}) x]1 — ¢, 1])
and by the previous proposition

b) 90y, +C) = 80y, +9¢ = 90y, + 00y, = (§w, X 1 =&y, X 0) + (§wy X
1 =&y x0) = (§w, + &wy) X 1= (& + &) x 0.

Thus 6y, + ¢ is the required cobordism, and &y, + 5\/2’ is a cycle, again
by the previous proposition.

About the second statement, it is sufficient to prove that

R([& + &) = R([&]) + R([&])-

Fix two cycles & = (V1,21), & = (Va, 22) transverse in X, and denote
by i1,12,4, Iy, 2,1, 1,2 the inclusions which induce (in homology) the
homomorphisms appearing in the following diagrams

Cvi) % HL(, Vi) Cr(Va) % Hi(Va,|Vale-n)
ﬁvl l l Q1% ﬁV2 L l Q2%
Ce(ViUVe) 5 Hy(ViUVa, [ViUVR[,_)) Ce(ViUVe) 5 Hy(ViUVa, [ViUVR|, )

and in the diagrams

He(Vi, [Vileo1) & Hy(VA) He(Va, [Valiet) & Hy(Va)
Wi 1 /1L . 1 /L
Cr(V1) H(X) Cr(Vz) H(X)

H,(ViUVa, ViU Valit) & Hy(ViU V)

Xk T / | I,
Cr(Vi U ;) H;.(X)

We then get the following equalities
a) R(&) =it vi(z1) 5 R(&) = iy, ¢n(22)
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b) R(& + &) = Li; 'xe(Bv, (21) + By (22)).

Now the inclusions of pairs
Lip: (V1,0) —» (ViuVa,0) Loy : (Va,0) — (ViU V2, 0)

evidently verify the relations:
a’) a;0iy =101l , @yoiy=1i0ly;
b/) _[1:_[0]12 , IQZIOI21

so we find that

Xk (ﬁvl (zl)—i_ﬁVQ (32)) = Xkﬁvl (21) +Xkﬁv2 (22) = al*wk(zl)+a2*¢k(22) =
= G Liouin, Yr(21) + 0001405, O (22) = iu (L12ai7 n(21) + Izl*iz_*1¢k(22))-

Hence

i Xk (Bva (21) + By (22)) = Tiowit, V(1) + Doriis, di(22)
and finally we conclude that

R(& + &) = I*i*_l(Xk(ﬁvl(Zﬂ + By (22))) =
= I (1o (i3, V(1)) + D1 (i3, 9 (22))) =

= LLiptvn(21) + Lowiy, dn(22) = R(&) + R(&).

COROLLARY. — The sum of two cycles & = (V,z1) and & = (V, 22)
having the same support V is given by the sum of their orientations: i.e.
(&1 4+ &) = [(V,21 + 22)]. The zero element of WH(X) is the null cycle
0 = (0,0). The opposite class of each & = (V,2) is given by inverting the
orientation in C,(V): i.e. —[&] = [(V,—2)].

Proof. — Considering the cycle £ = (V, z; + z2) we find
R([&] + [&]) = R([&]) + R([&]) = Lil dn(21) + L n(z2) =
= Li "Yi(2 + 22) = R([¢])

and we use the bijectivity of R.
The others assertions follow similarly.
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2.4 — Homology with coefficients in an abelian group

Fix a Whitney object X and an abelian group G.
For every k-subspace V of X we can define a k-orientation of V with
coefficients in G to be a formal sum of the type z = > g;V; where j €

J
Jk,9; € G and g; # 0 for a finite number of j, for which V; is G-oriented.
We thus construct (instead of the C(V')) the new group

Cv(V:G) = {Z g;V; | ... and V; is G-oriented }

In this way Whitney chains with coefficients in G are defined as pairs £ =
(V,z) where z € Cy(V;G). It is now important to note that in this theory
we still have the isomorphism ¢y, : Cx(V; G) — Hi(V,Vi_1;G)  (see 2.3.).

Then it is also clear how we must define the boundary of an orientation
z € Ci(V;@G) of a chain £ = (V, z), and then, with obvious meaning of the
symbols, the set WH(X; G).

Rereading the essential steps of the above proof we easly find that all
the results of § 2 extend to W H(X;G). We then have:

THEOREM. — If X is a smooth manifold without boundary, then the
representation map R : WH(X;G) — H,(X;G) is a group isomorphism.

3. Whitney cohomology

In the following we show in what way the obtained results can be ex-
tended to the cohomological case for every Whitney space X (not necessar-
ily a manifold). It will be crucial that the cocycles of X are equipped with
m-fibres by definition, and thus the transversality lemma holds for them.

3.1— Costrata and coorientability

Let V be a w-fibre of X. We call k-costratum of V| every connected
component Dy (s € I'y) of the union U,ygim(ay= A (A stratum embedded
in X with codimension k). V is called a k-m-fibre of X if it has only costrata
(and hence strata) with dimension at least k£ (k fixed). In such a way the
p-coskeleton defined by V? := .5, U, Dy, is the support of a p-w-fibre V?
of X, and we have

p=vrttcyrc...CcVh=...=V'=V.
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A k-costratum D has each of its strata A lying in some stratum S, of
X with codimension k; then the normal bundle E4 =1 (A, S4) is defined
with vector space fibre E, =1, (A,S4), Vp € A, having dimension k
independent of the dimension of A; i.e.:

dimE, = dim 1, (A4, 54) = codimA = k.

These bundles E, fit together by the p-m-fibre condition (see [1]) deter-
mining a global bundle Ep = |J,, £ over the costratum D with fibres
isomorphic to R*. -

Writing Ep = Ep — D (D = 0 — section) we have a fibre-bundle pair
(Ep, Ep) over D with fibres (E,, E,) = (R*, R* — 0). By homotopy we may
think of this as a sphere-bundle and carry over the definitions and properties
concerning the orientability. Thus D is called G —coorientable if (Ep, E D) is
a G-orientable sphere bundle pair. Then G-coorientability is characterized
by the cohomology H*(Ep, Ep; G).

We fix [10] chap.5 sec.7 for reference and various notations.

. G if D is G-coorientable;
PROPOSITION 1. — H*(Ep, Ep;G) = {

0  otherwise.
Proof. —If D is G-coorientable, then by Thom isomorphism we have
H"(Ep,Ep;G) = H'(D,G) = G.

If D is not G-coorientable there exists a covering @ = {V'}, of D (see [10]
cor. 17) for which there is a compatible family ug = {uy }, .,with every

uy € H¥(Ey,Ey; Q). Therefore the module H*({p~'(V)}, Ep; Q) formed
by all the compatible collections over €2 must be null. Then by isomorphism
([10] lemma 6) we find

H"(Ep, Ep; G) = H*({p™"(V)}, Ep; G) 0.

Considering now the free abelian group over the set of all G-cooriented
k-costrata D of V| i.e.

CH(VF Q) = { > g.Df|...and DF is G—cooriented}

sely

obtained by the usual identification g - D = (—g) - (—D) we have:

PROPOSITION 2. — There is a natural isomorphism
Y CHVFG) — HF(X —VFL X - VR Q).
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Proof. — See 3.3.

Every element of C*(V;G) will be called a k-coorientation of V with
coefficients in G.
In the next section all coefficients are in a fixed abelian group G.

3.2 - The isomorphism R* : WH*(X;G) — H*(X; Q)

A k-cochain in X is a pair § = (V,¢) where V is a k-m-fibre of X and
c =32 g;D; is a k-coorientation of V. The reduction 0, = (V.,c) of 8 is

J
obtained by restricting the support of V' to costrata D; with multiplicity
g; # 0. 0 is called a k-cocycle if 60 = 0, where the latter is the reduction
50 = (VE+L §¢) , and dc is defined through the cohomological boundary by

51 ORIV S R (X — VR Xy B ke (xR xpey @ e ke
If = (V,¢) is a cocycle, using the exact sequence of the triads
X-VFCcX-V*cXx |, X-V"MCcXx-V"*cX
in the diagram

HE(X, X~V 7, HE(X, X -V 5
|
H*(X)

HM (X, X —VF+2)

LA
z HE (X —V*H X —VF) 3, HFL(X, X — VR
(VAN TN L H”
cH(V) HFF Y (X —VF2 X —Vhth

we have dc¢ = 0, and hence 6,9"(c) = *T1d(c) = 0 so ¥*(c) € Kerd, =
Ker§ = ImI* (see 4.5. [1]). Thus a unique element i*~"4)*(c) is determined
in H*(X, X —V*) whose image R*() = I'*i*~'4*(c) in H*(X) is called the
fundamental class of 6 in H*(X).

Denoting by WH*(X) the quotient of the cocycles modulo the cobor-
dism relation, in [1] Goresky proved the following:

THEOREM. — For every Whitney space X the map R¥ : WH*(X) —
H*(X) is well defined and bijective.
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3.3- (About the) duality between the maps 1, and ¥*

The homological ¢y,. If V is a k-cycle of X € M the isomorphism 1y, :
Cre(V) = Hy.(Vi, Vi_1) is defined as follows. Fix a system of control data
{(Ta,ma,pa)} 4 of V; Vp > O we denote by T, A the tubular neighbourhood
of Ain V (i.e. T,A="Ts(p)NV) and by T,(Vi—1) = Ugima<r_11,A. The
latter retracts over Vj,_; and thus we have for some £ > 0 ﬁk(Vk, Vi) =
Hy,(Vi, T5.(Vi—1)). Now by excision of T.(V,_,) we get:

Vi—T.(Vic)) =(V-Vie)) - T.(Vicr) = | 5

S=k—stratum

Toe(Vic) - T.(Vic)) = |J (S-— 52)

S=k—stratum

where S, = {p € S| pa(p) > e, VA stratum of V,_;} is a k-manifold
(with corners) and S. — S, retracts over 9S.. Thus we have by excision
and homotopy (see [10] cap.6 sec.3)

Hk(Vka ‘/;Cfl; G) = Hk(VkaT28kal)g Hk('_l SE) I_lase) = @Hk(ssa aSe)g
Se

= P Gs=CulVa)

S=k—stratum
G—orientable

The cohomological y*. If V is a k-cocycle of X, the isomorphism * is
defined as follows. The tubular neighbourhoods of the costrata D of V are
given by

Tp=UTa , TWVF-V"= U Tp.
ACD D=k—costratum
Therefore excising X —T(V* — V1) from the pair (X — V¥ X — V*) we
get

X VM (X TR V) =T VY = | T

D=k—costratum

X —Vk_ (X _ T(Vk . Vk+1)) _ T(Vk _ Vk+1) _ (Vk _ Vk+1) _ U Tp — D.

D=k—costratum

Thus
HYX-V" X-V¥)=H"JTp,|UTr-D)= @  H"(Tp,Tp— D)

D=k—costratum
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but since Tp = Ep and by proposition 2.1., the latter is also isomorphic to

@ Hk(ED,ED) = @ Gp :Ck(vk;G)'
D=k—costratum D=k—costratum
G —coorientable

It is important to notice that the isomorphisms 1), and ¥* are essentially
given by homomorphisms induced by inclusions.

Finally we can now recall simultaneously the definitions of two repre-
sentation maps, the homological and the cohomological

Ry : WH(X) — Hi(X) RF : WH"(X) — H*(X)

immediately noticing that if £ = (V,z) is a k-cycle or if 6 = (V,¢) is a
k-cocycle, with the homomorphisms in the following diagrams

He(Vi,Vie1) & Hu(Va) HYX — VMl x vk 2 gEX, X — V)
Yi T /S L YF 7 S 1 I-
Ci(V) Hi,(X) cH(V) H*(X)

by definition we have
Ri(&) = LiT'Yw(2);  RM(0) =TI '9"(c).

Then we find a situation of complete parallel between the homological case
and the cohomological case. Therefore we can develop a detailed analysis
of § 2 in a cohomological version carrying out in the propositions and (in
the) proofs the following substitutions:

k —m — fibre, k — cocycle instead of k — subspace , k — cycle
k — costratum , k — coskeleton k — stratum , k — skeleton
k — coorientation , C*(VF) k — orientation , Cix (V)
Y CR(VE) =2 BM(X - VL X V) Yr: Cp(V) =2 Hy(Vi, V1)
§: CHVF) — CFHL (VR 9: Cr(Vi) — Croo1(Viee1)

The final result is that the whole section “1.2. The transverse sum in
W H(X)” may be developed in a formally analogous way considering the
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cohomology W H*(X) of an arbitrary space X rather than the homology of
a manifold X.

Remembering that in the cohomological case, given two cocycles 6y,
and Oy, by the transversality lemma there is (always) a cocycle HVQ/ which
is cobordant to 6y, and transverse to 6y, , we have the following:

THEOREM. — For every Whitney object X the representation map
RF: WH*(X) — H*(X) is a group isomorphism.

3.4 — Induced homomorphisms

If f: X; — X, is a controlled map by the transversality lemma each el-
ement of W H"(X,) can be represented by a k-cocycle 8 = (V, ¢) transversal
to f; thus we find a partition (in strata) of f~*(V) = Uacy f ' (A) in such
a way that this is again a k-m-fibre of X;. Therefore the k-coorientation
¢ = Y. g;D; induces a k-coorientation f~'(c) = Y g;f ' (D;) of f~1(V)
defining a function f* which maps every cocycle of X, onto its transversal
preimage in X;.

PROPOSITION. —  The map f* : WH"(X,) — WH*(X,) is a group
homomorphism.

Proof. —1In [1] it is proved that f* is well-defined and that the diagram

WHX,) L WHFX))
RX2 l, l RX1
H*X,) L HFX))

is commutative.

Thus f* = R~'o f* o R being a composition of homomorphisms is itself
a homomorphism.

Preliminary remarks: For the following § 4 and § 5 we consider the
coefficients in the field Z,. Then we have a convenient notational simpli-
fication since the coorientation ¢ of each (reduced) k-cocycle 8 = (V,¢) is
uniquely determined by the support V so we can, and shall, understand c
and denote 6 simply by its support V.
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4. The Steenrod squares

We will give the definition of the maps S¢* : WH"(X) — WH* (X))
through a geometric construction substantially consisting of two steps:

a) first we introduce a function ¢ : WH*(X) — WH?*(X? x S"/Z,)
defined by V +— V2 x S"/Z, where the space X? x S"/Z, and its cocycle
V2 x S"/Z, are factorized modulo the Z,-action A : X? x S" — X2 x S"
A(l’, Y, t) = (ya €, _t)'

b) secondly, the diagonal map A : X x P" — X2 x S"/Z, A(x,[t]) =
[z, 2, t] induces the homomorphism A*: W H?*(X?xS" / Z,) — W H?* (XxP"),
in such a way that, by the Kiinneth formula

A*(V?x S"/Zy) e WHM(X x P') = Y WH'(X)QWH’(P")

i+j=2k

and its “component” in W H**%(X) multiplied by the coefficient b;_,, of the
Euler class "~ will define the element Sq¢®(V').

In the whole process h € N can be an arbitrary natural number provided
h > k — «; furthermore it will automatically be S¢® =0 if a > k.

4.1-The map p: WH*(X) — WH?**(X? x S"/Z,)

Given a Whitney space X we can assume that it has only boundaryless
strata (possibly considering the boundaries as lower dimensional strata) and
because it is not restrictive for WH*(X) we consider only such spaces X.
In this way the product X2 x S" is again a Whitney space. Similarly if V' is
a k-cocycle of X we find a cobordant 2k-cocycle V2 x S* of X2 x S" | and
these can be factorized defining the new objects X2 x S"/Z, D V2 x S"/Z,
which are again a Whitney space and one of its 2k-cocycles.

PROPOSITION 1. — The map ¢ is well defined.
We state first two lemmas.
LEmMMA 1. — If ¢ :V = V' is a cobordism, then we can find a

cobordism 0 : V = V' such that 07 is transverse to the diagonal map (3 :
X?x R— (X x R)? fB(z,y,t) = (x,t,y,t) out of an isolated set.
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Proof. — We observe that (3 is already transversal to (2 over the set
(X x ([0,e[U]1 —¢€,1]))?. In fact

BHX x [0,e[xX %]l —g,1]) =0=""(Xx]1 —¢,1] x X x [0,¢])

and moreover the restriction of 3 to the subset X2 x ([0,e[U]1l — &, 1]) is
clearly transverse to (V' x [0,¢[)? and to (V'x]1 — &, 1])%

Let us write X, = X x R. Then we can construct € inductively by
a substantial repetition of the proof of the transversality lemma with the
following tricks:

1) the deformation must be carried out not “moving” ¢ in the neigh-
bourhood X x ([0,e[U]1 — &, 1]);

2) the strata A of § must verify the condition proT(, A # 0, outside
an isolated subset of A.

Observing that proT(, A = 0 if and only if (x,t) is a critical point
for the map pry : A — R and that we can obviously choose as an induction
hypothesis 6, = (, we conclude because transversality follows by condition
2) and cobordism by condition 1).

LEMMA 2. — If V.= V' are cobordant in X, then V2 = V'? are
Zy-equivariantly cobordant in X? with respect to the action A : X?> x R —
X% x R, A(z,y,t) = (y,z,t).

Proof. —1f 6 :V =V’ is (a cobordism) as in the previous lemma,
then taking its “critical points” as the 0-dimensional strata we have that 3
is transverse to 2 and 571(62) : V2 = V'2 is the required cobordism.

To check this we only need to observe that A3~ (V) x V) = 871 (Vo x V)
for each Vi, V, strata of 6.

PROOF OF PROP. 1. — Let V.= V/ in X and 0 : V2 = V' the
cobordism of the previous lemma. Inverting the last two coordinates we get
the isomorphism X2 x R x 8" = X2 x S" x R.

The cochain 6 x S C X2 x R x S" defines a cobordism P : V2 x §* =
V’%2 x 8" which is Zy-equivariant with respect to A. Thus P/Z, : V? X
Sh)Zy = V' x S"/Z,.

We introduce now a property whose usefulness will be clear in the fol-
lowing.

PROPOSITION 2. —  The cross product of two classes of Whitney

cocycles is represented by the cartesian product of representative cocycles:
ie. [V x [V']=[VxV'.



Whitney homology, cohomology and Steenrod squares 193

Proof. — The projection maps p; : X XY — X and p, : X XY — Y
verify the hypotheses of the transversality lemma, thus we can suppose p;
transverse to V' and p, transverse to V’. Then, by proposition 6.2. in [1],
passing through the cup product in singular cohomology we find

R(V) x R(V') = piR(V) Up;R(V") = Rpi (V') U Rp;(V") =
= R(p;'(V)npy (V) = R(V x V).

4.2 — The refinement isomorphism

If X’ is a Whitney refinement of X, then, by transversality to I = id :
X’ — X the homomorphism I* : WH*(X) — WH*(X') is defined and
because of I* = R~ oid* o R, it is an isomorphism. Here we prove that its
inverse J re-interprets the cocycles of X’ as cocycles of X.

PROPOSITION 3. — The isomorphism J inverse of I* is defined by

J: [V]x € WHHX') — [V]x € WHF(X).

Proof. —If V' # 0 is a k-cocycle in X’ each of its (strata and hence)
costrata has codimension at least & in X’ and hence also in X. Moreover
V # 0 has at least a k-costratum D. The 7w-fibre condition assures that the
codimension of V' does not change passing from the stratum S to any S’ > S
in X. Thus D intersects the strata of highest dimension of X’ (and of X!)
and has codimension k also in X. Similarly each cobordism in X’ x R is
again a cobordism in X x R. Therefore we deduce that J exists and is well
defined.

Finally, for every cocycle V transverse to X’ we have
JoI'([V]x) = J(I'(V)lx) = J(VNX']x) = [VNXTx = [V]x

the last identity holding with an obvious cobordism. Thus J o I'* = ¢d and
the assertion follows by the bijectivity of I*.

Using the transversality lemma we may also verify directly that
I*oJ = 1id.
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4.3 — Definition of Sq¢*

Through the isomorphism R : WH* = H* we can suppose that for the
groups WH*(X) the following concepts are known:

a) for every a € WH*(X) the cup product ¢ = aU---Ua € WH" (X);

b) for every h > 1 an Euler class e(P") € WH'(X) such that e(P")I
generates W HI(P");

¢) for each [V] € WH*(X),[V'] € WH¥ (Y) the cross product [V]x [V']
which is represented by the cartesian product V x V' (see prop.2);

d) the Kiinneth isomorphism WH" (X xY )= > WHY(X)QWH’(Y)

i+j=n
which holds because G = Z; is a field, and furthermore it is defined by the
cross product Vx V' =V RV

Themap Ay, : X x P" — X? x §"/Z, is controlled and hence it induces
the homomorphism Aj : WH?**(X? x S"/Z,) — WH?*(X x P"). Then,
given a k-cocycle V' we have

A;(V2 X Sh/Z,) e WH(X x PP = Y WHI(X)® WH (P

i+j=2k
and so we can write

A (VEx 8" Zy) = Y R (V) x ble(P")

i+j=2k

and define
Sqp (V) = by Ry (V).

Notice that

if h=k—a then A} (V2xS"/Z)=8¢f (V) x e(P")° +--- 4+ Sq¢2(V) x e(PM)F~2;

if h=k then A5 (V?x S"/Z)=85¢F (V) x e(PM)° 4 -+ Sq2(V) x e(P™)F;

if h>k then A(V?x S"/Z2)=8¢F (V) x e(P")° 4+ - + Sg (V) x e(P™")F+
o BETHV) (PP e b RO(V) x e P

but we mean to define independently from h € N

5¢*(V) = Sqi (V).

PROPOSITION. —  The definition of Sq® does not depend on h.
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Proof. —Let W' >h,andi:S" < S*  I:Ph< P" be the natural
inclusions. Commutativity of diagram (1) implies that of (2)

X x Pt 2 X% stz WH? (X2 x S"/Z,)  ~%  WH*(X x P")
axize i @ 1axiy
F

(IxI)| (1) |1xi/Z,
WH? (X x S ) Z,)

’ 7 ! A/ !
X xPY 2 x2usM )z, O WHR(X x PY)

Moreover if V € WH*(X) by transversality we find

2% SMZy = (1% 1/ Z,) " (V2 x S ) Z,) = (1 x i/ Z5)" (V2 x S" ) Z,)
and thus
A (V2 x Sh/Zz):A}‘L(lxi/ZQ)*( V2x S [ Z,)=(Ax D) AL (Vi SY ) Z,) =

=1 x )" (Y. R, (V)xdl'e

i+j=2k

thRh, V)x I*e(P").

i+j=2k
Now recalling that I*(e(P")7) = e(P")7 we can reach the conclusion by
the uniqueness of decomposition in

WH™ (X x Py Y WH(X)QWH (P").

i+j=2k

The next proposition is fundamental for showing the Cartan formula

but it is convenient to postpone its proof to § 5.

PROPOSITION. —  For every h > k Ry (V) =--- = R)(V) = 0 and

thus independently from h > k we have

A(VEx S Zy) = > Sqi(V) x e(Ph)F

0<a<k
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5. The axioms
5.1 - Functoriality

If f: X — Y is a controlled map between the Whitney spaces X and
Y, then Sq®o f* = f*o Sq*.
Proof. — By hypothesis the map

g: X*x S")Zy =Y x S")Zy,  glz,x,t] = [f(2), f(2),1]

is controlled as well. Now, if V'€ WH"(Y) by the transversality lemma we
can suppose f transverse to V, and so we find that also ¢ is transverse to
V2 x S"/Z,. Therefore we have

g (V2 x 8"/ Z,) = [g7(V* x §" [ Zy)] = [fTH(V)* x §" /2] =
= ox[f (V)] = oxf1(V)
i.e. the commutativity of diagram (1) below.
On the other hand, by the relation of controlled maps goAx = Ayo(fx

1) we have the commutativity of diagram (2), and so we conclude putting
together diagrams (1), (2), (3) since by definition Sq* = pr A*p.

A*

WHY) 25 WH(Y2xS"/2,) = WH* (Y xP") "X wH'(Y)
AR 9 ! @ XUl E L
WHNX) £ WH™ (X2 x $"/Zy) =X WH™(X x PY) "X WHO(X).

5.2 — Homomorphism

Each map Sq® is defined by the composition Sq¢* = prA*p where pr is
the Gysin homomorphism
Prise : WHH(X x P> > WHY(X)QWHI(P") — WHM*(X).
i+j=2k
Therefore in order to prove that S¢® is a homomorphism it is sufficient
to show that:

PROPOSITION. — The map A*p: WH*(X) — WH?*(X? x S"/Z,) —
WH?*(X x P") is a group homomorphism.
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Proof. — Let V., V' two k-cocycles of X, which we can suppose trans-
verse in X, and observe that with the operation of transverse union in
WH*(X), A*p is a homomorphism if and only if

A((vu V’)2 x S"/Z,) = A (V2 x S"/Z,) + A (V' x S"/Z,).

Since V and V' are transverse in X, then such are V2 and V’? in X2
and consequently V? x S"/Z, and V'? x S"/Z, in X? x S"/Z,, thus the
previous relation becomes

A (VU V) x 8" Zy) = A (V2 x 8" Z,u, V2 x S" ) Z,).

Now we want to subdivide the stratification of (V U, V')? x S§"/Z,.
Recalling that the strata (and so also the costrata) of V U, V' are of the
kind A'—V ,A—-V' with ACV and A’ C B’, we obtain the relation

(VU V2 =WV2u, VAHUuUxU UU xU)
where U :=V -V’ and U’ :=V' - V.
Considering the two terms to be the coorientations of (not reduced) cocycles
supported in the space (V U V’)?, (see 2.cor.) we find
VUV =V2UuV?+UxU +U xU)

These considerations still hold after multiplication by S" and factorization
modulo Zs-action; therefore

VUV xS"Z,=(V*u, V' x 8"/ Z,+ (Ux U UU xU) x S"/7,.

Finally using the homomorphism A* and since A*((U x U'UU’ x U) x
S"/Zy) = 0 (see the following lemma) we conclude that
A((VU V) x S")Z,) = A*((VPUV'?) x §"/Z,) =
= A(V2x S"/Z, U, V'™ x 8"/ Z5) =
= A*(V? x §"/Z,) + A*(V'? x S"/Z,).

LEMMA. — A*(UxU'UU' xU) x S"/Z,) = 0.
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Proof. — The map A : X x P" — X% x S"/Z, is not transverse to
(UxU' UU xU) x S"/Z, . Thus we decompose it into the maps in the
following diagram

X x P A (X2 x SMZ)
AN, | T=id
X% x Sh/ZQ
where we have denoted by [X? x S"/Z,]" the subdivision of X2 x S"/Z, in-
duced by the subdivision [X?)'={S x T, S? — d(S), d(S)/S, T strata of X }.
Then we find A* = A’ o I*. Here I* is a subdivision isomorphism (see

4.2.) whose inverse J acts interpreting the 2k-cocycles of [X? x S"/Z,] as
2k-cocycles of X? x S"/Z, , therefore

I'(UxU'WU' xU)x 8" Z,) = (UxU'WU'xU)xS"/Z,  in X*xS"/Z,.

Finally since all the restrictions of the map A’ are diffeomorphisms, and
hence they verify all transversality conditions, and this is also true for the
diagonal map d : X — [X?]", we conclude that

AN T'((UxU U xU)xS"/Zy) = A*(UxU UU xU) x S")7,) =
=[A"H (U xU' UU xU)x S")Z,)|=[d (U x U UU" xU) x P"] =0.

5.3 — Cup product

If V is a k-cocycle of X , Sq*(V) is the cup product [V]U[V].
Proof. — In this case with o« = k we can choose h = kK — a = 0, so that
S0 =~ PY = P is a one-point space. Therefore

AS(V2 xS Z,) = As(VEx S°) = A5(V x V x P) =d*(V x V) x id*[P]

and so
S¢*([V]) =d" (V] x [V]) = [V]U [V]

where the last equality holds through singular cohomology.
5.4— Sq° = identity

ProrosiTiON 1. — If X is a Whitney space, then the homomorphism
Sq° is the identity map of WH"*(X).



Whitney homology, cohomology and Steenrod squares 199

Proof. — step 1. GORESKY proved in [1] (app.3) that every Whitney
space X is deformable into another space having only conical singularities.
In particular the deformation provides a Whitney space Y which has a
strong deformation retraction onto its subspaces X and X’. The inclusion
maps tx and ¢xs then induce the isomorphisms % and 4%, in singular co-
homology and then also in Whitney cohomology. Moreover by functoriality
we have the commutative diagram

WHEX) & WHAY) X WHRX)
Sq% | Sqy | 1 Sq%

-

WHEX) & WHAY) X WHRXY)

and thus it will be sufficient to show that S¢%, = id.

step 2. Now if X is a Whitney space having only conical singularities,
Goresky proved, again in [1], that X has a subdivision in cells X’ which
is a Whitney object too. Since the inclusion (identity) map I : X' — X
induces the isomorphism I* by functoriality S¢%.I* = I*S¢% and then it
is sufficient to show that Sq%, = id.

step 8. Let then X be a Whitney space in which the strata are cells
and proceed by induction over n = dim X.

If dim X = 0, then the components of X are points and so we can
suppose X = P is a singleton, and S¢° : WH(P) — WH°(P). Here
the only non-zero cocycle is the point V' = P which obviously verifies the
equality

A*((P,P) x S"/Zy) = [A~}(P,P) x P"] =[P x P".

If dim X = n, then the inclusion of the (n —1)-skeleton i : X,, ; — X,, = X
induces the homomorphism ¢* which is a monomorphism for each k£ <
n: this follows by the exactness of the sequence of the pair (X, X, 1)
in singular theory, and because X being cellular verifies H*(X, X, ;) &
HYX/X, 1) =0.

We then have the commutative diagram

WHEX) 5 WHMX,.)
Sak | | Sq%,
WHHX) 5 WH*X,_,)

with ¢* monomorphism and Sq% _, = id by the inductive hypothesis, S¢% =
Ly pr(x) then follows whenever k < n — 1. It remains to be shown that
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Sq% =1 also when k=mn = dimX . In such a case every n-cocycle of X is
a finite set of points each one of which lies in some stratum of the highest
dimension n of X. Writing V' = {P,, P»,... P} by [V] = > [P] and so

i<r

Sq°(V) =3 Sq°(P,) we see that it is sufficient to prove that Sq¢°(P) =P,
i<r

as we find by the following proposition.
PROPOSITION 2. — If P is a point in any n-cell C™ of X then

Yh>n A*((P,P)x S"/Z,)={P} x e(P")" and in particular Sq°(P)=P.

Proof. —1It will be a posteriori clear that it is not a restriction to identify
C™ with R".

Let A~ = {(z,—z) | z € R"} € R" x R" be the antidiagonal space of
R™ and let us consider the natural isomorphisms

AT X (A~ x S"/Z,)

R"x R"x Sh/Z, = (AT x A~)x S"/Z,
~ (P, P)x((0,0)x 5"/ 2y)

(P, P)x 8"/ Zs (P, P)x(0,0)x S"/Z,

111

which define a diffeomorphism G : R* x S"/Zy — AT x (A~ x S"/Z,).
Obviously we have 0xS"/Zy=20x P" in A~ xS"/Z, .
Since A~ x Sh)Z, =1 (P", Phtm)

where the latter is the normal bundle of P" in P"*" we can fix a copy P}
of 0 x P" which is transverse to it. Thus

(P,P) x P istransverse to A" x (0 x P")in A~ x S"/Z,

ie.
(P,P) x P' is transverse to GoA

and by the commutativity of the diagram
A
R*x PP ———— R"x R" x S"/Z,
dx T G

A x (A~ x S"/Z,)
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we conclude that

A*((P,P) x S"/Zy) = A*G*((P, P) x (0,0) x S"/Z,) =
= (GoA)*((P,P) x PI") =
=(GoA)Y((P,P)x Py =d*((P,P)) x I"'(P]") =
= {P} x e(P")".

N.B. We can construct directly a cocycle U = (P, P)xS"/Z, transverse
to A and verifyng A7!(V) = P x e" in the following way. If S7 is the unit
n-sphere in the space A~@les,eq] and Fy : S} — S™ are the isometries
which identify the unit vectors [e;, —e;] € S} with E; € 8" Vi=1,...,n
and *£le,eq] with Ey, writing S} = {t[to, > 0}, S™ = {t[to < 0} then the
space V = graph(F jsn) U graph(F_ sn) is Zy-equivariant and V/Zs is the
required cocycle.

PROPOSITION 3. — For each h >k R ' V) =---= R)V) = 0.
Thus independently from h

k
A (V2 x S"Zy) = Sq*(V) x b~
a=0

Proof. — As in steps 1 and 2 of prop.1 we can examine only the case
in which X is a cellular Whitney space. But with hypotheses as in step 3
we find that the inclusion of the k-skeleton i : X;, — X induces Vr < k a
monomorphism which makes the following diagram commutative

WHEX) 5 WHE(X))
Ry | | Ry,
WH(X) S WH™(X,).

Thus we only have to show that the map Ry, : WH"(X,) — WH"(X;)
is the zero homomorphism Vr < k.

Now, a k-cocycle V of X is a finite set of points which lie in the cells
of the highest dimension n of X, and so we can suppose V = {P} to be a
singleton. Then, since by the previous proposition, Aj((P, P) x S"/Z,) =
{P} x " we can conclude that the only non-zero RY, is for r = k.
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5.5— The Cartan formula

Let f, g, A, d the following diagonal maps:

f:X?xP"— X x P"x X x P", fl@, 2 [t]) = (@, [t], 2", [t]);

g1 X?xX?% x S/ Zo—X? x 8" ) Zox X% x S" [ Za, gz, 2y, v, 1) = ([, 9, 1], [z, 9/, 1]);
A=Ax2: X2 x P" = X2 x X? x 5"/ 2,, Az, 2, [1]) = [(z,2), (z, "), t];
d:P" — P" x P", d([t]) = ([t], [t])-

They are clearly all controlled and verify (Aj, x Ap,)f = gA ; thus also
f*(Ah X Ah)* = A*g*

LEMMA 1. — IfV and V' are two cocycles of X then,
g (V2 x 8"/ Zy x V2 x S"|Zy) = (V x V')? x S"/ Z,.
Proof. — This follows directly by preimage once we prove that g is
transverse to the given cocycle. But this is true if and only if the map
g:X?x X?x 8" — X? x S" x X? x S" is transverse to V2 x §" x V' x §"

which is easily verified.

LEMMA 2. —  For the Buler class e = e(y/1h), d*(e" x e*) = e'**
holds.
Proof. — In singular cohomology by known properties of the vector

bundles we have

e’ xe* =e(@, ) x e(@, M) =e((B, 1) x (D))

So we conclude applying to both members the map d* which commutes
with e.

PROPOSITION. —  For each V.€e WH™(X), V' € WH™(X) we have
Vi=0,...,n4+m

S¢(V x V)= Y S¢*(V)x S¢° (V).

a+B=1
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Proof. — Fix an h > n + m; we have simultaneously

AV V) x 8" Z) = 37 Sq(V x V') xe(Ph)mm

0<i<n+m

A(VEx S Zy) = > Sq*(V) x e(P")"~

0<a<n

A (VP xS Z,) = 3 S¢P (V') x e(P)™ ",

0<B<m

Now by f = Invo (1x2 x d) through lemma 2 we find
Py x A (V2 S Zy x VI x S Z,) =

S Sq7 (V) x SgP(V') x e(Phyrmees

0<a<n
0<B<m

where the first term coincides by lemma 1 with
A G (V2 x S Zy x V' x S Zy) = A (V x V') x 8"/ Z,).

Therefore

0<i<n+m \a+p=i

A ((VxV)?x8"Z,) = Y ( 3" Sq (V) x Sq° (V') x e(ph)n+m—i)

and by the uniqueness of decomposition we find

S¢(V x V)= Y S¢*(V)x S¢° (V).
a+06=1
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