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Introduction

The search for kinematic formulas is one of the main goal of
integral geometry. Such formulas have been proved in various
contexts by various authors, for instance:

For convex bodies by Blaschke and Hadwiger;

For manifolds by Chern and manifolds with boundary by
Santald;

For PL-sets by Cheeger, Miiller and Schrader;
For sets with positive reach by Federer;

For subanalytic sets by Fu, and more generally for sets
definable in an o-minimal structure by Bernig, Brocker and
Kuppe.
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Let X c R"” be a compact definable set equipped with a finite
definable Whitney stratification S = {S,}ca-
Let f:R" - R be a C? definable function.
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The Lipschitz-Killing measures

Let X c R"” be a compact definable set equipped with a finite
definable Whitney stratification S = {S,}ca-
Let f:R" - R be a C? definable function.

Definition

A point p € X is a critical point of f|X if it is a critical point of
fis(p), Where S(p) is the stratum that contains p.
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The Lipschitz-Killing measures

Let X c R"” be a compact definable set equipped with a finite
definable Whitney stratification S = {S,}ca-
Let f:R" - R be a C? definable function.

Definition

A point p € X is a critical point of f|X if it is a critical point of
fis(p), Where S(p) is the stratum that contains p.

If pis an isolated critical point of fx,

ind(f,X,p) =1-x(X n {f = f(p) -6} n Be(p)),
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The Lipschitz-Killing measures

Let X c R"” be a compact definable set equipped with a finite
definable Whitney stratification S = {S,}ca-
Let f:R" - R be a C? definable function.

Definition

A point p € X is a critical point of f|X if it is a critical point of
fis(p), Where S(p) is the stratum that contains p.

Definition

| A

If pis an isolated critical point of fx,

ind(f,X,p) =1-x(X n {f = f(p) -6} n Be(p)),

where 0 < § < e «< 1.
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There exists a definable set [1(X) c S"71, diml'{(X) <n-1,
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There exists a definable set T1(X) c S"71, diml1(X) < n—1, such
that for v ¢ I'1(X), the function vl} has a finite number of critical

points (v (y) = (v,y)).
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Lemma

There exists a definable set T1(X) c S"71, diml1(X) < n—1, such
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Definition (Gauss-Bonnet measure)

A
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Lemma

There exists a definable set T1(X) c S"71, diml1(X) < n—1, such
that for v ¢ I'1(X), the function Vix has a finite number of critical

points (v (y) = (v,y)).

Definition (Gauss-Bonnet measure)
Let U c X be a Borel subset. We set

L > ind(v*, X, x)dv,

Sn-1 JS"1 xelU

No(X,U) =

A
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Lemma
There exists a definable set T1(X) c S"71, diml1(X) < n—1, such
that for v ¢ I'1(X), the function Vix has a finite number of critical

points (v (y) = (v,y)).

Definition (Gauss-Bonnet measure)
Let U c X be a Borel subset. We set

L > ind(v*, X, x)dv,

Sn-1 JS"1 xelU

No(X,U) =

where ind(v*, X, x) =0 if x is not a critical point of \/")‘(

A\
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Definition (Generalized Lipschitz-Killing measures)
Let U c X be a Borel subset.
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Definition (Generalized Lipschitz-Killing measures)
Let U c X be a Borel subset. For k€{0,...,n-1}, we set

Ak (X, U) = c(n, k) fAk No(X A E, X EnU)dE,
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Definition (Generalized Lipschitz-Killing measures)
Let U c X be a Borel subset. For k€{0,...,n-1}, we set

Ak (X, U) = c(n, k) fAk No(X A E, X EnU)dE,

where

(1] Aﬁ is the affine Grassmannian of affine spaces of dimension k
in R",
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Definition (Generalized Lipschitz-Killing measures)
Let U c X be a Borel subset. For k€{0,...,n-1}, we set

Ak (X, U) = c(n, k) fAk No(X A E, X EnU)dE,

where
(1] Aﬁ is the affine Grassmannian of affine spaces of dimension k
in R",

@ c(n, k) is a universal constant.
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© For any Borel set U of X, we have
ANgi1 (X, U) =--=Ny(X,U) =0,

and
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© For any Borel set U of X, we have
ANgi1 (X, U) =--=Ny(X,U) =0,

and Ng(X,U) =Hq(U), where d is the dimension of X and
Hy is the d-th dimensional Hausdorff measure in R".
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Remark

© For any Borel set U of X, we have
ANgi1 (X, U) =--=Ny(X,U) =0,

and Ng(X,U) =Hq(U), where d is the dimension of X and
Hy is the d-th dimensional Hausdorff measure in R".

@ If X is smooth then for k € {0,...,d}, Ax(X, U) is equal to
1

Sp—k-1

fu Ka-k(x)dx,

where Ky_y denotes the (d — k)-th Lipschitz-Killing curvature.
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Remark
© For any Borel set U of X, we have

Ngs1 (X, U) =--=Npy(X,U) =0,

and Ng(X,U) =Hq(U), where d is the dimension of X and
Hy is the d-th dimensional Hausdorff measure in R".

@ If X is smooth then for k € {0,...,d}, Ax(X, U) is equal to
1

Sp—k-1

fu Ka-k(x)dx,

where Ky_y denotes the (d — k)-th Lipschitz-Killing curvature.

© We have No(X, X) = x(X) (generalized Gauss-Bonnet
formula).
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The Lipschitz-Killing measures satisfies the following kinematic
formula:
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The Lipschitz-Killing measures satisfies the following kinematic
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Theorem (due to Fu, Bernig-Broecker-Kuppe)
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The Lipschitz-Killing measures satisfies the following kinematic
formula:

Theorem (due to Fu, Bernig-Broecker-Kuppe)

Let X cR" and Y c R" be two compact definable sets and let
Uc X and V c Y be two Borel sets.
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The Lipschitz-Killing measures satisfies the following kinematic
formula:

Theorem (due to Fu, Bernig-Broecker-Kuppe)

Let X cR" and Y c R" be two compact definable sets and let
Uc X and V c Y be two Borel sets. For k € {0,...,n}, the
following kinematic formula holds:
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The Lipschitz-Killing measures satisfies the following kinematic
formula:

Theorem (due to Fu, Bernig-Broecker-Kuppe)

Let X cR" and Y c R" be two compact definable sets and let
Uc X and V c Y be two Borel sets. For k € {0,...,n}, the
following kinematic formula holds:

A (X Y,UngV)dvd
—/SO(n)xR" k( ne ne ) ax

= Z e(puqan)AP(X7 U)/\q(Y7 V)7
p+q=k+n
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The Lipschitz-Killing measures satisfies the following kinematic
formula:

Theorem (due to Fu, Bernig-Broecker-Kuppe)

Let X cR" and Y c R" be two compact definable sets and let
Uc X and V c Y be two Borel sets. For k € {0,...,n}, the
following kinematic formula holds:

A (X Y,UngV)dvd
—/SO(n)xR" k( ne ne ) ax

= Z e(paqan)AP(X7 U)/\q(Y7 V)a
p+q=k+n

Sp+q—nSn
SpSqg

where e(p,q,n) =
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For k = 0, the above formula is called the principal kinematic
formula.
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For k = 0, the above formula is called the principal kinematic
formula.

Corollary (Principal kinematic formula)

Nicolas Dutertre (Angers) Principal kinematic formulas for germs of closed definable sets



For k = 0, the above formula is called the principal kinematic
formula.

Corollary (Principal kinematic formula)

Let X cR" and Y c R" be two compact definable sets. We have

Lo XX NgY)drdx= 5 e(p,qmAN(X, X)Aq(Y, V).
SO(n)xR" e
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For k = 0, the above formula is called the principal kinematic
formula.

Corollary (Principal kinematic formula)
Let X cR" and Y c R" be two compact definable sets. We have

Lo X(XngY)dydx= 3 e(p,qmAR(X. X)Ag(Y. Y).
SO(n)xRn e

Goal : find a similar formula for germs of closed definable sets.

Nicolas Dutertre (Angers) Principal kinematic formulas for germs of closed definable sets



Known formulas for germs

The polar invariants were defined by Comte and Merle.
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Known formulas for germs

The polar invariants were defined by Comte and Merle. They are
real versions of the local vanishing Euler characteristics
(Brylinski-Dubson-Kashiwara, Lé-Teissier).
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(not the original one)
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Known formulas for germs

The polar invariants were defined by Comte and Merle. They are
real versions of the local vanishing Euler characteristics
(Brylinski-Dubson-Kashiwara, Lé-Teissier).

Definition

(not the original one) Let (X,0) c (R",0) be a germ of closed
definable set.

Nicolas Dutertre (Angers) Principal kinematic formulas for germs of closed definable sets



Known formulas for germs

The polar invariants were defined by Comte and Merle. They are
real versions of the local vanishing Euler characteristics
(Brylinski-Dubson-Kashiwara, Lé-Teissier).

Definition

(not the original one) Let (X,0) c (R",0) be a germ of closed
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Known formulas for germs

The polar invariants were defined by Comte and Merle. They are
real versions of the local vanishing Euler characteristics
(Brylinski-Dubson-Kashiwara, Lé-Teissier).

Definition

(not the original one) Let (X,0) c (R",0) be a germ of closed
definable set. For k € {0,...,n}, we set

O'k(X,O):
1 1 o .

f ( f lim lim X(Xm(H+6v)n]B%6)dv)dH.
gik Jepk \sp 1 Jso1 0507
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Known formulas for germs

The polar invariants were defined by Comte and Merle. They are
real versions of the local vanishing Euler characteristics
(Brylinski-Dubson-Kashiwara, Lé-Teissier).

Definition

(not the original one) Let (X,0) c (R",0) be a germ of closed
definable set. For k € {0,...,n}, we set

ok(X,0) =
1 fck( 1 [, im |imX(Xm(/—/+5v)nt)dv)dH.

gk Sn—1 JSm1 €060+

RENEILS

| A

If d = dimX and dy is the dimension of the stratum that contains
0, then
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Known formulas for germs

The polar invariants were defined by Comte and Merle. They are
real versions of the local vanishing Euler characteristics
(Brylinski-Dubson-Kashiwara, Lé-Teissier).

Definition

(not the original one) Let (X,0) c (R",0) be a germ of closed
definable set. For k € {0,...,n}, we set

ok(X,0) =
1 fck( 1 [, im |imX(Xm(/—/+5v)nt)dv)dH.

gk Sn—1 JSm1 €060+

RENEILS

If d = dimX and dy is the dimension of the stratum that contains
0, then 0g(X,0) =...=04,(X,0) =1, and
Jd+1(X,0) Soco0 S O’n(X,O) =0.
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Comte and Merle proved formulas relating the polar invariants to
the Lipschitz-Killing curvatures of X.
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Comte and Merle proved formulas relating the polar invariants to
the Lipschitz-Killing curvatures of X.
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Comte and Merle proved formulas relating the polar invariants to
the Lipschitz-Killing curvatures of X.

Theorem
For any germ (X,0) c (R",0) of closed definable set, we have
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Comte and Merle proved formulas relating the polar invariants to
the Lipschitz-Killing curvatures of X.

Theorem
For any germ (X,0) c (R",0) of closed definable set, we have

1 m? ... mf
loc 1 1
A (:X,O) o 1t . om 01():<,0)
Alc(X,0) (‘) (‘) 1 oa(X,0)
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Comte and Merle proved formulas relating the polar invariants to
the Lipschitz-Killing curvatures of X.

Theorem

For any germ (X,0) c (R",0) of closed definable set, we have

1 m2 ... m"
loc 1 1
Mo\ (o T ) (0
loc. . ’
Are(X,0) 0 0 .. 1 ZrCa)
where
A(XnBZ, X nB’

/\l/f)c(xa 0) = |i”a ),(Lipschitz—Ki/Iing invariants)

by ek

and
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Comte and Merle proved formulas relating the polar invariants to
the Lipschitz-Killing curvatures of X.

Theorem
For any germ (X,0) c (R",0) of closed definable set, we have

1 m2 ... m"
R L A I ENERy
Aloc(X,0) 5 6 . on(X,0)

where

A(XnBZ, X nB’
byek

AP(X,0) = Ii ) , (Lipschitz-Killing invariants)

and m’

55 (1)~ g (7). foriv1<j<n
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Particular case.
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Particular case. If dim X = d then the last non-trivial equality is
AS°(X,0) = 04(X,0) (*).
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Particular case. If dim X = d then the last non-trivial equality is
A9(X,0) = 54(X,0) (*). But

. H (X n Bn)
loc _ d €
Ad™(X,0) = ll—rj?) bged
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Particular case. If dim X = d then the last non-trivial equality is
A9(X,0) = 54(X,0) (*). But

. H (X n Bn)
loc _ d €
Ad™(X,0) = ll—rj?) bged

is ©4(X,0), the density of X at the origin.
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Particular case. If dim X = d then the last non-trivial equality is
A9(X,0) = 54(X,0) (*). But

. H (X n Bn)
loc _ d €
Ad™(X,0) = ll—rj?) bged

is ©4(X,0), the density of X at the origin. The equality (*) is the
Cauchy-Crofton formula for the density, previously proved by
Comte (2000).
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Particular case. If dim X = d then the last non-trivial equality is
A9(X,0) = 54(X,0) (*). But

. H (X n Bn)
loc _ d €
Ad™(X,0) = ll—rj?) bged

is ©4(X,0), the density of X at the origin. The equality (*) is the
Cauchy-Crofton formula for the density, previously proved by
Comte (2000).

Then Comte and Merle proved the following real version of a result
due to L& and Teissier for complex analytic sets (improved later by
Nguyen and Valette).
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Particular case. If dim X = d then the last non-trivial equality is
A9(X,0) = 54(X,0) (*). But

. H (X ﬂBn)
loc _ d €
Ad™(X,0) = ll—rj?) bged

is ©4(X,0), the density of X at the origin. The equality (*) is the
Cauchy-Crofton formula for the density, previously proved by
Comte (2000).

Then Comte and Merle proved the following real version of a result
due to L& and Teissier for complex analytic sets (improved later by
Nguyen and Valette).

Theorem
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Particular case. If dim X = d then the last non-trivial equality is
A9(X,0) = 54(X,0) (*). But

. H (X ﬂBn)
loc _ d €
Ad™(X,0) = ll—rj?) bged

is ©4(X,0), the density of X at the origin. The equality (*) is the
Cauchy-Crofton formula for the density, previously proved by
Comte (2000).

Then Comte and Merle proved the following real version of a result
due to L& and Teissier for complex analytic sets (improved later by
Nguyen and Valette).

Theorem

Let X be a closed defina'b/e set of dimension d, equipped with a
Verdier stratification (X7).
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Particular case. If dim X = d then the last non-trivial equality is
A9(X,0) = 54(X,0) (*). But

. H (X ﬂBn)
loc _ d €
Ad™(X,0) = ll—rj?) bged

is ©4(X,0), the density of X at the origin. The equality (*) is the
Cauchy-Crofton formula for the density, previously proved by
Comte (2000).

Then Comte and Merle proved the following real version of a result
due to L& and Teissier for complex analytic sets (improved later by
Nguyen and Valette).

Theorem

Let X be a closed defina'b/e set of dimension d, equipped with a
Verdier stratification (X?). Let Y be a stratum.
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Particular case. If dim X = d then the last non-trivial equality is
A9(X,0) = 54(X,0) (*). But

. H (X ﬂBn)
loc _ d €
Ad™(X,0) = ll—rj?) bged

is ©4(X,0), the density of X at the origin. The equality (*) is the
Cauchy-Crofton formula for the density, previously proved by
Comte (2000).

Then Comte and Merle proved the following real version of a result
due to L& and Teissier for complex analytic sets (improved later by
Nguyen and Valette).

Let X be a closed defina'b/e set of dimension d, equipped with a
Verdier stratification (X!). Let Y be a stratum. Then the
functions y — oi(X,y) and y — /\}-OC(X,y) are continuous on Y .
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Let us consider the following limits:
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Let us consider the following limits:

. - A(X,XnBY)
A (X,0) = lim =<2
& ( ) el—';r(]) bkEk

Nicolas Dutertre (Angers) Principal kinematic formulas for germs of closed definable sets



Let us consider the following limits:

. - A(X,XnBY)
A (X,0) = lim =<2
& ( ) el—';r(]) bkEk

Note that Al°°(X,0) # Al™(X,0).
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Let us consider the following limits:

. - A(X,XnBY)
A (X,0) = lim =<2
& ( ) el—';r(]) bkEk

Note that Al°°(X,0) # Al™(X,0). If X =R? then
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Let us consider the following limits:

. - A(X,XnBY)
A (X,0) = lim =<2
& ( ) el—';r(]) bkEk

Note that Al°°(X,0) # Al™(X,0). If X =R? then

Alc(X,0) = 1, A°°(X,0) = g and Al™(X,0) =0, Al™(X,0) = 0.
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Let us consider the following limits:

. - A(X,XnBY)
A (X,0) = lim =<2
& ( ) el—';r(]) bkEk

Note that Al°°(X,0) # Al™(X,0). If X =R? then

Alc(X,0) = 1, A°°(X,0) = g and Al™(X,0) =0, Al™(X,0) = 0.

Theorem (D., 2015)
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Let us consider the following limits:

. - A(X,XnBY)
A (X,0) = lim =<2
& ( ) el—';r(]) bkEk

Note that Al°°(X,0) # Al™(X,0). If X =R? then
Alc(X,0) = 1, A°°(X,0) = g and Al™(X,0) =0, Al™(X,0) = 0.

Theorem (D., 2015)
Let (X,0) c (R",0) be a germ closed definable set.
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Let us consider the following limits:

. - A(X,XnBY)
A (X,0) = lim =<2
& ( ) el—';r(]) bkEk

Note that Al°°(X,0) # Al™(X,0). If X =R? then
Alc(X,0) = 1, A°°(X,0) = g and Al™(X,0) =0, Al™(X,0) = 0.

Theorem (D., 2015)

Let (X,0) c (R",0) be a germ closed definable set. For
ke{0,...,n—1}, we have

A™(X,0) = 04 (X,0) - 0441(X,0),
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Let us consider the following limits:

. - A(X,XnBY)
A (X,0) = lim =<2
& ( ) el—';r(]) bkEk

Note that Al°°(X,0) # Al™(X,0). If X =R? then

Alc(X,0) = 1, A°°(X,0) = g and Al™(X,0) =0, Al™(X,0) = 0.

Theorem (D., 2015)

Let (X,0) c (R",0) be a germ closed definable set. For
ke{0,...,n—1}, we have

A™(X,0) = 04 (X,0) - 0441(X,0),

and

A (X 0) = 0, (X, 0).
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The principal kinematic formula for germs
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The principal kinematic formula for germs

Question: can we replace the (n - k)-plane H with any germ of
closed definable set ?
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The principal kinematic formula for germs

Question: can we replace the (n - k)-plane H with any germ of
closed definable set ?

Theorem (D., 2020)
Let (X,0) c (R",0) and (Y,0) c (R",0) be two germs of closed

definable sets. The following principal kinematic formula holds:

1
SO(n)xSr-1 e—>05 Irg X( n ('7 + V) N ) ~dv

n

=S A (X,0) - 0 i(Y,0).

i=0
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Let us specify this kinematic formula when d + e = n, d = dimX
and e=dimY.

Nicolas Dutertre (Angers) Principal kinematic formulas for germs of closed definable sets



Let us specify this kinematic formula when d + e = n, d = dimX
and e = dimY. We denote by X9 (resp. Y©) the union of the
top-dimensional strata of X (resp. Y).
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Let us specify this kinematic formula when d + e = n, d = dimX
and e = dimY. We denote by X9 (resp. Y©) the union of the
top-dimensional strata of X (resp. Y'). The following corollary is a
generalization of the Cauchy-Crofton formula for the density due
to Comte.
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Let us specify this kinematic formula when d + e = n, d = dimX
and e = dimY. We denote by X9 (resp. Y©) the union of the
top-dimensional strata of X (resp. Y'). The following corollary is a
generalization of the Cauchy-Crofton formula for the density due
to Comte.

Corollary

The following formula holds:
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Let us specify this kinematic formula when d + e = n, d = dimX
and e = dimY. We denote by X9 (resp. Y©) the union of the
top-dimensional strata of X (resp. Y'). The following corollary is a
generalization of the Cauchy-Crofton formula for the density due

to Comte.

Corollary

The following formula holds:

1 L d
= lim | X y¢ B!
Sr21—1 SO(n)xsn-1 EI—TJ 5Lr(r)1+ # ( " (7 i 5‘/) % ) dydv

= @d(X)'ee(Y)'
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Proof in the conic case

First step: a spherical kinematic formula
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Proof in the conic case

First step: a spherical kinematic formula
Let X c S™! be a compact definable set and let Y c S""! be a
definable set.
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Proof in the conic case

First step: a spherical kinematic formula
Let X c S™! be a compact definable set and let Y c S""! be a
definable set.

Proposition

The following kinematic formula holds:
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Proof in the conic case

First step: a spherical kinematic formula
Let X c S™! be a compact definable set and let Y c S""! be a
definable set.

Proposition

The following kinematic formula holds:

1 IA(X,X) 1
XnyY)dy= - s ——

- fG  Xe(YnH)dH,
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Proof in the conic case

First step: a spherical kinematic formula
Let X c S™! be a compact definable set and let Y c S""! be a
definable set.

Proposition

The following kinematic formula holds:

1 n-1 7\I(X X) 1
XoyY)dy=), ———"—3 f YnH)dH,
Sn-1 LO(n) XC( at ) v ; Si grly+1 GI,;+1 XC( n )
where the /N\,- 's,i=0,...,n—1, denote the spherical

Lipschitz-Killing measures.
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Idea of the proof.
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Idea of the proof. If Y is compact, then it is an application of the
generalized spherical Gauss-Bonnet formula and the generalized
spherical kinematic formula (due to Fu, Bernig-Broecker-Kuppe).
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Idea of the proof. If Y is compact, then it is an application of the
generalized spherical Gauss-Bonnet formula and the generalized
spherical kinematic formula (due to Fu, Bernig-Broecker-Kuppe).

To get the result for any Y, we use the cell decomposition of a
definable set and the additivity of x..
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Second step: a kinematic formula in the unit ball
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Second step: a kinematic formula in the unit ball
Let X c R" be a closed conic definable set.
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Second step: a kinematic formula in the unit ball
Let X c R"” be a closed conic definable set. Let Y c B” be another
definable set.
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Second step: a kinematic formula in the unit ball

Let X c R"” be a closed conic definable set. Let Y c B” be another
definable set.

Proposition

The following kinematic formula holds:
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Second step: a kinematic formula in the unit ball

Let X c R"” be a closed conic definable set. Let Y c B” be another
definable set.

Proposition

The following kinematic formula holds:

1 " A(X,XNB") 1
XY )dy =3 S22 [ o(YaH)dH
Sn-1 /;O(n) T ,Z(:) bj 8n JG; xe(¥YnH)

Nicolas Dutertre (Angers) Principal kinematic formulas for germs of closed definable sets



Idea of the proof.
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Idea of the proof. Let us assume first that 0 ¢ Y
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Idea of the proof. Let us assume first that 0 ¢ Y and let ¢ be the
following definable mapping:
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Idea of the proof. Let us assume first that 0 ¢ Y and let ¢ be the
following definable mapping:

¢ : B"~{0} - s

X > 2
Ix]
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Idea of the proof. Let us assume first that 0 ¢ Y and let ¢ be the
following definable mapping:

¢ : B"~{0} - S
X > ﬁ

Then the result follows from:
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Idea of the proof. Let us assume first that 0 ¢ Y and let ¢ be the
following definable mapping:

¢ : B"~{0} - S

X -
x|
Then the result follows from:

@ Hardt's theorem applied to ¢,
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Idea of the proof. Let us assume first that 0 ¢ Y and let ¢ be the
following definable mapping:

¢ : B"~{0} - S
X -
x|
Then the result follows from:
@ Hardt's theorem applied to ¢,

@ the previous spherical kinematic formula,
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Idea of the proof. Let us assume first that 0 ¢ Y and let ¢ be the
following definable mapping:
¢ : B"~{0} - S

X

X > 2
Ix]

Then the result follows from:
@ Hardt's theorem applied to ¢,

@ the previous spherical kinematic formula,

A(X,XNB") _ Ap_1(XnS"1 XnS™ 1)
k 5. = M o (D., 2012).

@ the equality:
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If 0 €Y, we denote by Y* =Y \ {0}.
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If 0 €Y, we denote by Y* =Y \ {0}. We apply the previous case
to Y and we use the following equalities:
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If 0 €Y, we denote by Y* =Y \ {0}. We apply the previous case
to Y and we use the following equalities:
@ Xc(Xn7Y)=xc(Xn~yY*)+1and
Xc(YNH)=x(Y*nH)+1,
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If 0 €Y, we denote by Y* =Y \ {0}. We apply the previous case
to Y and we use the following equalities:
@ Xc(Xn7Y)=xc(Xn~yY*)+1and
Xc(YNH)=x(Y*nH)+1,

o 1-xp, MOXOED _ Ay (X, X nB"). (D., 2012).
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Third step: the kinematic formula for conic sets
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Third step: the kinematic formula for conic sets

Let X,Y cR" be two closed conic definable sets.
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Third step: the kinematic formula for conic sets

Let X,Y cR" be two closed conic definable sets. Then
1
—— X Y +6 B™) dvyd
SO(n)xS”lcS 10 X X mIG Fov) mlEt) ehely
_ 3~ MilX, X0 B7)

-on-i(Y,0).
& b; On ( )
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Third step: the kinematic formula for conic sets

Proposition

Let X,Y cR" be two closed conic definable sets. Then

1
— X Y +6 B") dvd
50(n)><S”15 o X XX (Y +ov)nBT) dydv

< Ai(X, X nB")

-on-i(Y,0).
& b; On ( )

Idea of the proof.
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Third step: the kinematic formula for conic sets

Proposition

Let X,Y cR" be two closed conic definable sets. Then

1
2, lim x (X n (7Y +6v)nB") dvd
53,1 SO(n)xS”—l(SLr(T)LX( ﬂ(fy + V)ﬂ ) ~vdv
"A(X, X nB"
= Q'Jn—i(Y,O).
i=0 b;

Idea of the proof. Let us fix ¢ > 0.
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Third step: the kinematic formula for conic sets

Proposition
Let X,Y cR" be two closed conic definable sets. Then

1
2, I Xn(vY +6v)nB") dvd
53,1 SO(n)xSn-1 5LI’(T)1+ X( n (’Y + V) N ) ~vdv

sy A X i)

-on-i(Y,0).
& b; On ( )

Idea of the proof. Let us fix 6 > 0. By the change of variable
u =yv, we have that for v € SO(n)

‘/Silx(Xﬁ(vwaéu)ﬂIB%”)du:/Silx(Xﬁ'y(YJr&v)ﬁIB%”)dv.
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Applying the previous proposition to X nB"” and (Y +dv) nB”, we
get that
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Applying the previous proposition to X nB"” and (Y +dv) nB”, we
get that

1
— X (Y +6v) nB") dvd
2 SO(n)xgn_lx( ny(Y +46v)nB") dvdy

& A(X X NB”

).if ! f X ((Y +6v) nB" 1 H) dvdH.
i=0 bi &n JGj Sn-1 Jsm1
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Applying the previous proposition to X nB"” and (Y +dv) nB”, we
get that

1 n
a So(n)xsn_lx(XO’y(Y+5v) NnB") dvdy
O A(X, X B

—)if ! f X ((Y +6v) nB" 1 H) dvdH.
i=0 bi &n JGj Sn-1 Jsm1

Passing to the limit as 6 — 0" and using Lebesgue’s theorem, we
obtain that
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Applying the previous proposition to X nB"” and (Y +dv) nB”, we
get that

1 n
a G X (X (Y +6v)nB") dvdy
S AN(X, XnB") 1 1
- i=0 b; g_,’, /-r', Sp-1

fSn_1X((Y+5") AB" n H) dvdH.

Passing to the limit as 6 — 0" and using Lebesgue’s theorem, we
obtain that
1
—_— li Xn(vY +d6v)nB") dvd
s2_ 1 JSO(n)xsn-1 Jm x(Xn(y v)nB") dvdy
I AN(X,XnB™) 1 [ 1
i=0 bi g JGj

Sn-1 [Sn—l 5[’61 x ((Y+6v)nB"nH) dvdH.
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We conclude with the following observation:
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We conclude with the following observation:
6Ii|31+x((Y+5v) NnB"n H) =6Iir61+X(YmIB%”m(H—5v)),

and so
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We conclude with the following observation:
6Ii|31+x((Y+5v) NnB"n H) =6Iir61+X(YmIB%”m(H—5v)),

and so

1 1
—.f_ lim x ((Y +6v) nB" A H) dvdH = o (Y,0).
g} JGj sp_1 JSrté-0*
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The following kinematic formula is the corollary of the previous one
and the Gauss-Bonnet formula for the real Milnor fibre (D., 2015).
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The following kinematic formula is the corollary of the previous one
and the Gauss-Bonnet formula for the real Milnor fibre (D., 2015).

Theorem
Let (X,0) c (R",0) and (Y,0) c (R",0) be two germs of closed
definable sets. The following principal kinematic formula holds:

1

2 SO(n)xSn- ll'_r](‘)lsll[g N (Xn(vY +6v),Xn(yY +dv)nB])dydv

= i A(X,0) - A (Y 0).
i=0
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Thanks for your attention !
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