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Sobolev spaces

Main results

We will consider the following Sobolev space of bounded
subanalytic manifold M:

Wl’p(M) = {U € LP(M)7 ‘8U| S LP(M)}7

where Ju stands for the gradient of u in the sense of distributions.
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Sobolev spaces

Main results

We will consider the following Sobolev space of bounded
subanalytic manifold M:

Wl’p(M) = {U € LP(M)7 ‘8U| S LP(M)}7

where Ju stands for the gradient of u in the sense of distributions.
It is well known that this space, equipped with the norm

lullwremy = llulle vy + 110ull Loy

is a Banach space, in which €>°(M) is dense for all p € [1, c0).

Anna & Guillaume Valette On Sobolev spaces of bounded subanalytic manifolds



Sobolev spaces

Main results

Definition

We say that M is connected at x € SM = M\ M if B(x,e) N\ M is
connected for all ¢ > 0 small enough.
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Sobolev spaces

Main results

Definition

We say that M is connected at x € SM = M\ M if B(x,e) N\ M is
connected for all ¢ > 0 small enough.
We say that M is normal if it is connected at each x € M.
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Sobolev spaces

Main results

If M is normal then for all p € [1,00) sufficiently large €°°(M) is
dense in WHP(M).
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Sobolev spaces

Main results

Assume that M is normal and let A be a subanalytic subset of M.
For all p € [1, 00) sufficiently large, we have:
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Sobolev spaces

Main results

Assume that M is normal and let A be a subanalytic subset of M.
For all p € [1, 00) sufficiently large, we have:

Theorem

The linear operator
(M) 3 o pa € LP(A, H"), k :=dimA,

is bounded for || - [|yy1.p(my and thus extends to a mapping
tra : WHP(M) — LP(A, HK).
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Sobolev spaces

Main results

Assume that M is normal and let A be a subanalytic subset of M.
For all p € [1, 00) sufficiently large, we have:

If S is a stratification of A, then € (M) is a dense subspace of

M\A

() kertry.
YeS
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Sobolev spaces

Main results

Assume that M is normal and let A be a subanalytic subset of éM.
For all p € [1, 00) sufficiently large, we have:

If S is a stratification of A, then %%O\Z(W) is a dense subspace of

N kertry. €5°(M) := {u € €>(M) : suppgu is compact}.
YeS
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Sobolev spaces

Main results

Assume that M is normal and let A be a subanalytic subset of M.
For all p € [1, 00) sufficiently large, we have:

If S is a stratification of A, then € (M) is a dense subspace of

M\A

() kertry.
YeS

In particular, in the case where A is dense in 6 M, we get:
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Sobolev spaces

Main results

Assume that M is normal and let A be a subanalytic subset of M.
For all p € [1, 00) sufficiently large, we have:

If S is a stratification of A, then € (M) is a dense subspace of

M\A

() kertry.
YeS

In particular, in the case where A is dense in 6 M, we get:

If ¥ is a stratification of a dense subset of M then €5°(M) is

dense in () kertrs for all p € [1,00) sufficiently large.
Sex
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Sobolev spaces

Main results

Remarks

The condition of being normal is proved to be necessary:
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Sobolev spaces

Main results

Remarks

The condition of being normal is proved to be necessary:

€>°(M) is dense in WYP(M) for arbitrarily large values of p if and
only if M is normal.
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Sobolev spaces

Main results

Remarks

The condition of being normal is proved to be necessary:

€>°(M) is dense in WYP(M) for arbitrarily large values of p if and
only if M is normal.

If the manifold M is unbounded, the trace is well-defined and it is

LP . on the boundary.
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Sobolev spaces

Main results

Remarks

The condition of being normal is proved to be necessary:

€>°(M) is dense in WYP(M) for arbitrarily large values of p if and
only if M is normal.

If the manifold M is unbounded, the trace is well-defined and it is
LP . on the boundary.
Since we can use cutoff functions, the density results remain true in

the unbounded case.
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Normalizations

Definition

A € normalization of M s a definable €°° diffeomorphism
h:M— M sat/sfy/ng SUP, ¢ iy |Dyh| < oo and

supxem |Dxh™t| < 0o, with M normal € submanifold of R¥, for
some k.
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Normalizations

Definition

A € normalization of M s a definable €°° diffeomorphism
h:M— M sat/sfy/ng SUP, ¢ iy |Dyh| < oo and

sup,ep |Dxh™t| < oo, with M normal € submanifold of R¥, for
some k.

Proposition

Every bounded definable manifold admits a €°>° normalization.
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Normalizations

Fix a normalization h: M — M. As h and h~! have bounded
derivative the mapping h, : WHP(M) — WYP(M), u— uo h™is
a continuous isomorphism for all p. The Main Theorem thus
immediately yields that for p € [1, 00) sufficiently large, the space

E"M) == h,E°(M) = {uoh™': ue E°(M)}

is dense in WLP(M).
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Normalizations

Fix a normalization h: M — M. As h and h~! have bounded
derivative the mapping h, : WHP(M) — WYP(M), u— uo h™is
a continuous isomorphism for all p. The Main Theorem thus
immediately yields that for p € [1, 00) sufficiently large, the space

E"M) == h,E°(M) = {uoh™': ue E°(M)}

is dense in WLP(M).

Although the functions of (M) may fail to be smooth on M, this
ring is satisfying for many purposes. A given function v of this ring
has the property that for every xg in M the restriction of v to a
connected component U of B(xp,£) N M, £ > 0 small, extends to a
function which is Lipschitz with respect to the inner metric.
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Normalizations

Proposition

There are stratifications 8 and S of M and 6M respectively such
that foreach S €S, h~ (5) UL_, Si, where, for each i < j, S is
a stratum of S on which h induces a diffeomorphism hs,:Si =S
satisfying supyes, |Dxhs;| < 0o and sup,cg |th§,.1\ < 00.
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Normalizations

Proposition

There are stratifications S and S of §M and 6M respectively such
that for each S € S, Eil(S) = UJ,::1 S;, where, for each i < j, S; is
a stratum of S on which h induces a diffeomorphism hs,:Si — S
satisfying supycs, |Dxhs;| < 0o and sup,cg |DXh§il\ < 00.

Let / 1= sup,cpy cm(x), fix S € S. We define
trs : WHP(M) — LP(S)! by setting for v € W1P(M) (and
p € [1,00) large):

trgv = ((trslvo h) o hgll,...,(trgjvo h) o h;,O,...,O) )
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Normalizations

Proposition

There are stratifications S and S of §M and 6M respectively such
that for each S € S, Eil(S) = UJ,::1 S;, where, for each i < j, S; is
a stratum of S on which h induces a diffeomorphism hs,:Si — S
satisfying supycs, |Dxhs;| < 0o and sup,cg |DXh§il\ < 00.

Let / 1= sup,cpy cm(x), fix S € S. We define
trs : WHP(M) — LP(S)! by setting for v € W1P(M) (and
p € [1,00) large):

trgv = ((trslvo h) o hgll,...,(trgjvo h) o h;,O,...,O) )
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Normalizations

Theorem

Let A C 6M be a subanalytic set of dimension k. For p € [1,00)
sufficiently large, the linear operator

tra : WHP(M) — LP(A, 1Y),

is bounded.
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Normalizations

Theorem

Let A C 6M be a subanalytic set of dimension k. For p € [1,00)
sufficiently large, the linear operator

tra : WYP(M) — LP(A, HF),

is bounded.

| A

Proposition

Let A C OM be subanalytic. If p is sufficiently large then, for every
v € WYP(M), the set of functions {tra1Vv,...,tra v} does not
depend on the chosen €*° normalization.
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Lipschitz geometry Lipschitz Conic Structure

Theorem (G. Valette)

Let X C R" be subanalytic and xy € X. For e > 0 small enough,
there exists a Lipschitz subanalytic homeomorphism

H : x0 * (S(x0,€) N X) — B(x0,€) N X,

satisfying His(x, c)nx = Id, preserving the distance to xo, and
having the following metric properties:

2]
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Lipschitz geometry Lipschitz Conic Structure

Theorem (G. Valette)

@ The natural retraction by deformation onto xg

r:[0,1] x B(xg,e) N X — B(xo,2) N X,
defined by
r(s,x) := H(sH ' (x) + (1 — s)xp),

is Lipschitz.

(2]
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Lipschitz geometry Lipschitz Conic Structure

Theorem (G. Valette)

@ The natural retraction by deformation onto xg

r:[0,1] x B(xg,e) N X — B(xo,2) N X,
defined by
r(s,x) := H(sH ' (x) + (1 — s)xp),

is Lipschitz. Indeed, there is a constant C such that for every
fixed s € [0, 1], the mapping rs defined by
X+ rs(x) := r(s, x), is Cs-Lipschitz.

(2]
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Lipschitz geometry Lipschitz Conic Structure

Theorem (G. Valette)

@ For each § > 0, the restriction of H™1 to
{x € X :0 <||x—x0|| <e} is Lipschitz and, for each
s € (0,1], the map r;! : B(xp,56) N X — B(x0,€) N X is
Lipschitz.
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Lipschitz geometry Lipschitz Conic Structure

Example

X 1= {(0y) € [0,1] x B+ |y] <}
with xo = (0, 0).

Anna & Guillaume Valette On Sobolev spaces of bounded subanalytic manifolds



Lipschitz geometry Lipschitz Conic Structure

Example

X = {(xy)€[0,1] xR:|y| <x*}
with xo = (0,0). For each (x,y) € xo * (5(0,1) N X), let

H(x,y) = (t(x, y)x, 2(x,y)xy),

where

1/2
t(x,y) it /
X,y) = )
Y x2 + /x* 4+ 4x2y2(x2 + y2)
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Lipschitz geometry Lipschitz Conic Structure

Example

X = {(xy)€[0,1] xR:|y| <x*}
with xo = (0,0). For each (x,y) € xo * (5(0,1) N X), let

H(x,y) = (t(x, y)x, 2(x,y)xy),

where

1/2
t(x,y) it /
X, y) = )
Y x2 + /x* 4+ 4x2y2(x2 + y2)

A straightforward computation yields that on xg * (S(0,1) N X) we
have |0t(x,y)| < % for some positive constant C.

Anna & Guillaume Valette On Sobolev spaces of bounded subanalytic manifolds



tojasiewicz’s inequality
The operator © “f
Key facts The operator 734

tojasiewicz’s inequality

Theorem

Let f and g be two globally subanalytic functions on a globally
subanalytic set A with sup |f(x)| < co. Assume that

tI|mo f(v(t)) =0 for every g/oba//y subanalytic arc y : (0,e) — A
—
satisfying tlmz)g(*y( )) = 0.
=
Then there exist v € N and C € R such that for any x € A:

[f(x)]” < Clg(x)]-
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tojasiewicz’s inequality
The operator ©

Key facts The operator

There is a positive constant C such that:
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tojasiewicz’s inequality
The operator

Key facts The operator &

There is a positive constant C such that:
Q For all s € (0,1) we have for almost all x € M*:

or
O (5,2 < Clx
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tojasiewicz’s inequality
The operator (—)""ﬁ

Key facts The operator 2

There is a positive constant C such that:
Q For all s € (0,1) we have for almost all x € M*:

< Clx|.

or
G0

@ For each v € LP(M?), p € [1,00), we have for all n € (0, ]
and all s € (0,1]:

1 n 1/P n 1/p
2 ([ 1urdc) <l = € ([ vquy6)
0 0
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tojasiewicz’s |nequa||ty
The operator O

Key facts The operator 2’

There is a positive constant C such that:
Q For all s € (0,1) we have for almost all x € M*:

or
G0

< Clx|.

@ For each v € LP(M?), p € [1,00), we have for all n € (0, ]
and all s € (0, 1]:

1/p 1/p
HVHLP NS <||V||LP Mm) <C HVHLP NS .
) ( )

© There exists v € N such that for each v € LP(M?),
p € [l,00), ne€(0,¢), and s € (0,1):

v o rsl|oqamy < Cs™/PIv|| o (wsny-
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tojasiewicz’s inequality
The operator @’Vﬁ"

Key facts The operator 22"

The operator @M

For u € WP(M?) and x € M? we set:

Lo(uor 1 r
oMu(x) ::/O a(as)(s,x) ds :/0 < 6u(rs(x)),%(s,x) > ds.
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tojasiewicz’s inequality
The operator oM

Key facts The operator %M

The operator @M

For u € WP(M?) and x € M? we set:

Lo(uor 1 r
oMu(x) ::/O A s )(s,x) ds :/0 < 8u(rs(x)),%(s,x) > ds.

Lemma

For p sufficiently large, the function [0,1] 5 s — Ha(uors) Lo (M)
belongs to L([0,1]) for all u € WYP(M?), so that @Mu is
well-defined. Moreover, for u € WYP(M®) and n < ¢, we then
have:

1—1
NOMulloqnmy S 17 [ullwron)-
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tojasiewicz’s inequality
The operator @’Vﬁ"

Key facts The operator 22"

Proof of the lemma

For u € WHP(MF), we have:

1 d(uors) 1
/0||85HLP(M6)C/S = /0 </E
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tojasiewicz’s inequality
The operator @’Vf
Key facts The operator 22"

Proof of the lemma

For u € WHP(MF), we have:
d(uor)

uors 1 P 1/p
/|| lLr(meyds = /o </E s (s,x) dx> ds
1 1/p
< / </ 1Ou(rs(x))[P dx> ds
0 €
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tojasiewicz’s inequality
The operator @’Vf
Key facts The operator 22"

Proof of the lemma

For u € WHP(MF), we have:

uor. 1 uor p 1/p
/|| s = [ ([ 252 e0| o) s
0 e S
1 1/p
< / </ |au(rs(x))v°dx> ds
0 £
1 —UV
S /SpHauHLP(MSE)dS
0
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tojasiewicz’s inequality
The operator @’Vf
Key facts The operator 22"

Proof of the lemma

For u € WHP(MF), we have:

uor. 1
/|| K 1) eyds = /0 (/

d(uor)
Os (s,x)

p 1/p
dx> ds

1 1/p
< / </ |au(rs(x))v°dx> ds
0 €
1 —v
S [ sF el ds
< (10l By / s|"/Pds,

which is finite for p > v.
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tojasiewicz’s inequality
The operator @’Vﬁ"

Key facts The operator 22"

Proof of the lemma

1
1Ml < [ ([ outtop
0 N1
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tojasiewicz’s inequality
The operator @’Vﬁ"
Key facts The operator 22"

Proof of the lemma

v 1 ) or p 1/p
1Ml = [ ([ 100)P |5hs0| ax) s
0 N7 S

< ([ uteer dx)l/p ds
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tojasiewicz’s inequality
The operator © .

Key facts The operator 22"

Proof of the lemma

p 1/p
dx> ds

or
&(57 X)

1O ul oy < /0 1 ( /N Ioutr )P
< ([ uteer dx)l/p ds

(3) 1
7 /0 15 /P |0l o eny s
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tojasiewicz’s inequality
The operator @’Vﬁ"
Key facts The operator 22"

Proof of the lemma

v 1 ) or p 1/p
1Ml = [ ([ 100)P |5hs0| ax) s
0 N7 S

< ([ uteer dx)l/p ds

1
< /0 15 /P |0l o eny s

1 ) 1/p 1 1/p
< "(/o \s|up/pds> (/0 H@uH‘L’p(NS,,)ds>
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tojasiewicz’s inequality
The operator @’Vﬁ"
Key facts The operator 22"

Proof of the lemma

v 1 ) or p 1/p
1Ml = [ ([ 100)P |5hs0| ax) s
0 N7 S

< ([ uteer dx)l/p ds

1
< /0 15 /P |0l o eny s

1 ) 1/p 1 1/p
< "(/o \s|up/pds> (/0 H@uH‘L’p(NS,,)ds>

1 1/p
< ([ 10ulants) o o> )
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tojasiewicz’s inequality
The operator @’Vf
Key facts The operator 22"

Proof of the lemma

A

NOMul|pnmy <

1 1/p
S (/ ||8“Hip(/\/sn)d5> (for p>wvp')

i 1/p ‘
= /P (/ H@uHLp(Nt ) (setting t := sn)
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tojasiewicz’s inequality
The operator @’Vf
Key facts The operator 22"

Proof of the lemma

NOMullo(nmy <

1 1/p
S (/ ||8“Hip(/\/sn)d5> (for p>wvp')

i 1/p ‘
= /P (/ H@uHLp(Nt ) (setting t := sn)

)
< 0t VP0ul| e guny.

Anna & Guillaume Valette On Sobolev spaces of bounded subanalytic manifolds



tojasiewicz’s inequality
The operator

Key facts The operator zM

For u € WHP(M?) (and p sufficiently large for ©M to be defined)
we set:
FMu = u—0My.
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tojasiewicz’s inequality
The operator M

Key facts The operator zM

For u € WHP(M?) (and p sufficiently large for ©M to be defined)
we set:

My = u— My

For p sufficiently large, #Mu is constant on every connected
component of M¢, for all u € Wl”’(l\/la). Moreover, ©M and #M
are then continuous projections and, if u extends to a continuous
function on Me then %M u = u(0).
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Poincaré-Wirtinger inequality
Uniform Poincaré inequality

Poincaré inequalities

Theorem

Let Q C R" be a bounded connected open subanalytic subset. For
each p > 1, there exists C > 0 such that for any u € WP(Q) the
following inequality holds

[|lu = uall, < C[IVullp,

where uq := |—512| Jo u(x) dx.
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Poincaré-Wirtinger inequality
Uniform Poincaré inequality

Poincaré inequalities

Lemma

Let Q C R" be a bounded open connected subanalytic subset.
There exists a subanalytic map

h:Qx[0,1] = Q, (x,s) — hs(x)

continuous with respect to the second variable and such that
O hi(Q) C B(z,a) C Q for some o« > 0 and z € Q;
@ dh; is invertible for almost every (x,t) € Q x [0,1], and

moreover there exists C > 0 such that whenever dy h; is
invertible, we have ||dxh; || < C.
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Poincaré-Wirtinger inequality
Uniform Poincaré inequality

Poincaré inequalities

Lemma

Let Q C R" be an open bounded connected subanalytic subset.
There exists a subanalytic family of continuous arcs

Txy 1 [0,1] = Q, x,y € Q, such that v(0) = x, v(1) = y for each
such x and y, and ||y, ,(s)|| < C for all s € (0,1), and some
constant C independent of x and y. Moreover, there is 1 > 0 such
that for almost every x,y € S

{J’aC(Fs,y)(X) >, s>

NI= N|=

jaC(Fsyx)(y) 2 n, s <

where Ts, : Q3 x = Yy (s) €Q and Fsx 1 Q3 y = 1 y(s) € Q.
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Poincaré-Wirtinger inequality
Uniform Poincaré inequality

Poincaré inequalities

For every definable family Q C R" x R¥ there is a constant C such
that for all t € RX and all u € WYP(Q;,68;) we have:

lullir(e) < CI%MMIVullr()-
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Poincaré-Wirtinger inequality
Uniform Poincaré inequality

Poincaré inequalities

Thank you !

illaume Valette On Sobolev spaces of bounded subanalytic manifolds
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