Dirichlet processes associated to diffusions.

P. Mathieu^{1 2}

Abstract: Let (W (t), t ≥ 0) be a reversible diffusion process with values in IR^d. We give sufficient conditions on the initial law of W and on a function f for the stochastic process X(t) := f(W (t)) to be a Dirichlet process.

Key Words: Dirichlet processes, Dirichlet forms, Diffusion processes, Martingale inequalities, Stochastic calculus.

Abbreviated tittle: Dirichlet processes.

1 CMI, Université de Provence, 39 Rue F. Joliot Curie, 13453 Marseille Cedex 13, France.

PMathieu@gyptis.univ-mrs.fr 2 IME. Universidade de São Paulo. Rua do Matão 1010. Butantã. CEP: 05508-900. São Paulo. Brasil.

Pierre@ime.usp.br

I. Introduction

Dirichlet processes: let (W (t), t ≥ 0) be a diffusion process taking its values in a domain of IR^d, say Ω; let f be some measurable function defined on Ω and define X(t) := f(W (t)). We are concerned with the following question: what can one say about the nature of the stochastic process (X(t), t ≥ 0) ?

It follows from Itô’s formula that X(t) is a semi-martingale provided that the coefficients in the generator of W are smooth and provided that f is C_2. This is no longer true if f is less regular, say C_1. In order to be able to deal with more general functions f or with general diffusion processes with non smooth coefficients, M. Fukushima [5] introduced the notion of Dirichlet processes.

Definition 1.1 : Let S > 0 and t^n_0 = 0 < t^n_1 , ... < t^n_{+1} = S be a sequence of partitions of the interval [0, S] such that sup_{i=1...n} t^n_{i+1} − t^n_i → 0. A stochastic process (N(t), 0 ≤ t ≤ S), is said to have 0 quadratic variation along the sequence (t^n_i ) if n∑ i=0 (N(t^n_{i+1}) − N(t^n_i ))^2 → 0 (1.1)

as n tends to +∞ and in probability.

A stochastic process (A(t), 0 ≤ t ≤ S) is called a Dirichlet process along the sequence (t^n_i ) if it can be written as a sum of a square integrable continuous martingale and a process of 0 quadratic variation.

Dirichlet processes therefore generalize semi-martingales. Various properties are known: - the space of Dirichlet processes can be endowed with a Banach structure (See Bertoin [1]).

- if A is a Dirichlet process and f a C_1 function, then f(A) is also a Dirichlet process (See Bertoin [1] and Föllmer [3]). Besides the process f(A) satisfies some form of Itô’s formula (See Föllmer [3]).

In the sequel, S is fixed and t^n_0 = 0 < t^n_1 , ... < t^n_{+1} = S is a sequence of partitions of the interval [0, S] such that sup_{i=1...n} t^n_{i+1} − t^n_i → 0. We shall only consider sequences of partitions (t^n_i ) satisfying:

sup_n n∑ i=1 (t^n_{i+1} − t^n_i ) 1 √ t^n_i < ∞ (1.2) When a process is a Dirichlet process along any sequence of partitions satisfying (1.2), we just call it a Dirichlet process.

Diffusions: let Ω be a domain of IR^d. Let (a(x) = σ(x)^∗σ(x), x ∈ Ω) be a symmetric matrix valued function defined in Ω. We assume that a is measurable and locally integrable.

Let us denote by (W (t), t ≥ 0)(P_x, x ∈ Ω) the Markov process generated by the operator L := div(a∇). This is a formal definition. A more precise one is: consider the bilinear form E(f, g) := ∫ Ω σ(x)∇f(x).σ(x)∇g(x)dx defined for C_∞ functions f and g with compact support contained in Ω. We assume that E is closable in L_2(Ω, dx). Let (E, F) be its closure. (E, F) is then a local Dirichlet form. By definition, W is the Hunt process whose Dirichlet form on L_2(Ω, dx) is (E, F).

Let P_t denote the semi-group associated to (E, F). We use the notation P_x, x ∈ Ω to denote the law of (W (t), t ≥ 0) when W (0) = x, and P_ν for the law of (W (t), t ≥ 0) when the law of W (0) is ν. Let ξ denote the death time of W .

Sufficient conditions for the closability of the Dirichlet form E will be found in [5], chapter 3. In particular if Ω = IR^d and a is bounded from below - i.e. there exists λ > 0 s.t. a ≥ λId - then E is closable.

Following [5], we say that a Borel set has 0 capacity if its hitting time by W is a.s. infinite (when the initial law of W is absolutely continuous). We call smooth a Radon probability measure that does not charge sets of 0 capacity.

Very little is known about the sample path properties of W in such a general context. We know that, under P_x for quasi almost all x, (W (t), t ≥ 0) is continuous, but, unless we require some additional property on a, W will not be a semi-martingale under P_x. Nevertheless, it is proved in [5] that, if the initial law of W is absolutely continuous, then X(t) is a Dirichlet process for all f ∈ F.

Proposition 1.2 : Let f ∈ F, let ν be a smooth probability measure. Assume that, for some p > 2, we have ∫ Ω |σ(x)∇f(x)|^pdx < ∞. Then, under P_ν , the process (X(t) := f(W (t), 0 ≤ t ≤ S) is a Dirichlet process for all S > 0.

This result may be compared with the claims of Rozkosz [8]. Assuming that a is bounded from above and from below, Rozkosz proved that X(t) is a Dirichlet process for any initial law as soon as f ∈ W_{1,p}, for some p > d ∨ 2. Proposition 1.2 and Rozkosz’s Theorems illustrate the interplay between the regularity of the function f and the initial measure that yield the Dirichlet property. Note that we do not need assume that a is bounded to prove Proposition 1.2. We also refer to [4] and the references quoted in [4] for somehow related results when W is a Brownian motion.

As a consequence of the Proposition, we see that the process X has a quadratic variation: under the assumptions of Proposition 1.2, ∑_n i=0(X(t^n_{i+1})−X(t^n_i ))^2 converges in probability towards ∫_S 0 ds |σ∇f|(W (s)). If ν is a smooth probability measure, then, for all t > 0, P_tν is absolutely continuous. Hence, for any function f ∈ F and any t > 0, the process (X(s), t ≤ s) is a Dirichlet process. Nevertheless the extension to smooth measures is not done in [5] and does not seem to follow from the arguments of [5].

The only difficulty to prove Proposition 1.2 is therefore to control the oscillations of the process W for short times. In [8], this is achieved through Aronson’s and Nash’s estimates on the semi-group. Here we cannnot use such tools. Our proof will rely on weighted norm martingale inequalities.

Energy inequalities: as we just said, the proof of Proposition 1.2 relies on estimates on the fluctuations of the process X for short times. These estimates have their own interest. Let ν be smooth. Then the measure P_tν is absolutely continuous w.r.t. the Lebesgue measure on Ω. Let us define ν_t := dP_tν/dx. Then E_ν [f(W (t))] = ∫ Ω dx ν_t(x)f(x). Let Uν(x) := ∫_∞ 0 ν_t(x)e^{−t}dt be the potential of ν, and let e(ν) := ∫ Ω ν(dx)Uν(x) be its energy.

Assume that e(ν) < ∞. We then claim that, for all S > 0, for all η > 0, there exists a constant C = C(e(ν), η, S), such that for all t ∈ [0, S] and T > 0, and for all measurable function f, one has:

E_ν [(X(t + T ) − X(t))^2; t + T < ξ] ≤ C ( T √ t )^η_{1+η} (∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^{2(1+η)}(x) ) 1_{1+η} (1.3)

Aknowledgments: the author wishes to thank the members of Universidad de Chile for their hospitality and J. San Martín for many useful discussions on the subject of this paper.

II. Proof: martingale inequalities

From Theorem 2.4.4 in [5], we know that smooth measures can be approximated by measures with bounded potentials. Therefore we may, and will, assume that Uν ∈ L_∞(Ω).

The proof of Proposition 1.2 relies on the following estimate:

sup_n E_ν [ n∑ i=1 (X(t^n_{i+1}) − X(t^n_i ))^2; S < ξ]

≤ C( ∫ Ω dx ∫_S 0 ds ν_s(x)|σ(x)∇f(x)|^{2(1+η)})^{11+η} (2.1)

(2.1) holds for any η > 0, any S > 0 and a sequence of partitions satisfying (1.2). The constant C depends on η, S, (t^n_i ) and e(ν), but not on f.

Note that the upper bound in (2.1) is finite when η is small enough. Indeed we have assumed that ∫ Ω dx |σ∇f|^{2(1+η)}(x) < ∞ for some η > 0. Besides the function ∫_S 0 ds ν_s(x) ≤ e^S Uν(x) is bounded.

We shall deduce (2.1) from the reversibility property, the Lyons-Zheng representation and weighted norm martingale inequalities.

Proof of (2.1): let P := ∫ Ω dx P_x be the law of W when started from the Lebesgue measure on Ω. (It may not be a probability measure.)

Let us fix T > 0. Let r_T be the time revearsal operator at time T i.e., given a path (x(t), t ∈ IR_+) with T < ξ, r_T (x) is defined by r_T (x)(s) = x(T − s) for s ≤ T , and r_T (x)(s) = x(0) for s > T . We then know from [2], Lemma 2.1 that, for every positive F_T -measurable function F , E[F or_T ; T < ξ] = E[F ; T < ξ] (2.2) According to the Lyons-Zheng decomposition ( See [6] or [5], chapter 5.7 for the conservative case, and [2], Theorem 2.2 for the general case), we have

X(T ) − X(0) = 1 2 (M_T − M_T or_T )

on the set T < ξ. Here, under P and also under P_x, for quasi almost all x, M is a continuous martingale with < M >_t= ∫_t 0 ds |σ∇f|^2(W (s)). Therefore, applying the Markov property and then the reversibility property, we have:

E_ν [(X(t + T ) − X(t))^2; t + T < ξ] =E[ν_t(W (0))(X(T ) − X(0))^2; T < ξ] = 1 4 E[ν_t(W (0))(M_T − M_T or_T )^2; T < ξ]

≤E[ν_t(W (0))(M_T )^2; T < ξ] + E[ν_t(W (T ))(M_T )^2; T < ξ]

(2.3)

Since M is a martigale under P_x, for quasi almost all x, the first term is bounded by:

E[ν_t(W (0))(M_T )^2; T < ξ] ≤E[ν_t(W (0))(M_{T ∧ξ})^2]

=E[ν_t(W (0)) ∫_{T ∧ξ} 0 ds |σ∇f|^2(W (s))]

= ∫ Ω dx ∫_T 0 ds ν_t(x)P_s(|σ∇f|^2)(x)

= ∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^2(x)

(2.4)

To handle the second term in (2.3), we need some weighted norm inequalities:

Lemma 2.1 (Weighted norm inequalities): Let (M_t, t ≥ 0) be a continuous martingale defined on some probability space (X, X , PI ). Let A be a non negative random variable. For all p > 0, η > 0 and δ > 0, there exists a constant C = C(p, η, δ) which is independent of M and A s.t.

IE[(M_T )^{2p}A] ≤ CIE[A^{1+δ}]^{η(1+δ)(1+η)} IE[< M >^{p(1+η)}_T A]^{11+η} (2.5) for any T > 0.

We refer to [7] for the proof. Lemma 2.1 is not stated as here in [7] but it follows from the computation of the proof of Théorème B”.

Applying the inequality in the Lemma to the second term in (2.3) with p = 1, δ = 1 and A = ν_t(W (T ))1_{T <ξ}, we get:

E[ν_t(W (T ))(M_T )^2; T < ξ] ≤C(η)E[(ν_t(W (T )))^2; T < ξ]^{η2(1+η)} E[ν_t(W (T )) < M >^{1+η}_T ; T < ξ]^{11+η} =C(η)( ∫ Ω dx ν_t(x)^2)^{η2(1+η)} E[ν_t(W (T ))( ∫_T 0 ds |σ∇f|^2(W (s)))^{1+η}; T < ξ]^{11+η} ≤C(η)( ∫ Ω dx ν_t(x)^2)^{η2(1+η)} E[ν_t(W (T ))T^η ∫_T 0 ds |σ∇f|^{2(1+η)}(W (s)); T < ξ]^{11+η} by Hölder’s inequality =C(η)( ∫ Ω dx ν_t(x)^2)^{η2(1+η)} E[ν_t(W (0))T^η ∫_T 0 ds |σ∇f|^{2(1+η)}(W (s)); T < ξ]^{11+η} by reversibility ≤C(η)( ∫ Ω dx ν_t(x)^2)^{η2(1+η)} E[ν_t(W (0))T^η ∫_T 0 ds |σ∇f|^{2(1+η)}(W (s))]^{11+η} =C(η)( ∫ Ω dx ν_t(x)^2)^{η2(1+η)} T^{η1+η} ( ∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^{2(1+η)}(x))^{11+η} by definition of ν_t and the semi group property.

(2.6)

Using the bounds (2.4) and (2.6), we therefore get: E_ν [(X(t + T ) − X(t))^2; t + T < ξ] ≤C(η) { ∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^2(x) +( ∫ Ω dx ν_t(x)^2)^{η2(1+η)} T^{η1+η} ( ∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^{2(1+η)}(x))^{11+η} } (2.7)

We first note that, due to Hölder’s inequality, ∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^2(x)

≤( ∫ Ω dx ∫_{t+T} t ds ν_s(x))^{η1+η} ( ∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^{2(1+η)}(x))^{11+η}

=T^{η1+η} ( ∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^{2(1+η)}(x))^{11+η}

(2.8)

Besides, using the inequality ∫ Ω dxν_t(x)^2 ≤^{e(ν)}_{2t} , (see the lemma in the appendix), we also

have: ( ∫ Ω dx ν_t(x)^2)^{η2(1+η)} T^{η1+η} ( ∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^{2(1+η)}(x))^{11+η}

≤C( T √ t )^{η1+η} ( ∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^{2(1+η)}(x))^{11+η} (2.9)

, where C is a constant that depends on η, S and e(ν) only.

From (2.7), (2.8) and (2.9), (1.3) follows, i.e.

E_ν [(X(t + T ) − X(t))^2; t + T < ξ] ≤ C ( T √ t )^η_{1+η} (∫ Ω dx ∫_{t+T} t ds ν_s(x)|σ∇f|^{2(1+η)}(x) ) 1_{1+η}

Thus

E_ν [ n∑ i=1 (X(t_{i+1}) − X(t_i))^2; S < ξ]

≤ n∑ i=1 E_ν [(X(t_{i+1}) − X(t_i))^2; t_{i+1} < ξ]

≤C n∑ i=1 ( t_{i+1} − t_i √ t_i )^{η2(1+η)} ( ∫ Ω dx ∫_{ti+1} t_i ds ν_s(x)|σ∇f|^{2(1+η)}(x))^{11+η}

(2.10)

Using Hölder’s inequality, we bound this quantity by: n∑ i=1 ( t_{i+1} − t_i √ t_i )^{η2(1+η)} ( ∫ Ω dx ∫_{ti+1} t_i ds ν_s(x)|σ∇f|^{2(1+η)}(x))^{11+η}

≤ (^n∑ i=1 (t_{i+1} − t_i) 1 √ t_i )^η_{1+η} (^n∑ i=1 ∫ Ω dx ∫_{ti+1} t_i ds ν_s(x)|σ∇f|^{2(1+η)}(x) ) 1_{1+η}

= (^n∑ i=1 (t_{i+1} − t_i) 1 √ t_i )^η_{1+η} ( ∫ Ω dx ∫_S 0 ds ν_s(x)|σ∇f|^{2(1+η)}(x) ) 1_{1+η}

(2.11)

Therefore, using the assumption (1.2), we get that

(2.1) sup E_ν [ n∑ i=1 (X(t_{i+1}) − X(t_i))^2; S < ξ]

≤C ( ∫ Ω dx ∫_S 0 ds ν_s(x)|σ∇f|^{2(1+η)}(x) ) 1_{1+η}

End of the proof of Proposition 1.2: according to [5], we can write X(t)−X(0) = M_t +N(t) where M is a martingale under P_x, for quasi almost all x, and N(t) is a process of 0 quadratic variation under P_μ, for any absolutely continuous probability μ. Therefore all that remains to prove is that N is also of 0 quadratic variation under P_ν . Let s < S.

We first note that (N(t_1) − N(0))^2 → 0 as t_1 → 0. Indeed the processes X and M are continuous. Therefore N is also continuous.

Also, since P_sν is absolutely continuous, then the Markov property implies that

lim sup n∑ i=0 1(t_i ≥ s)(N(t_{i+1}) − N(t_i))^2 → 0 (2.12)

under P_ν , in probability.

From (2.1), we deduce that, for any ε > 0, we can choose s small enough so that:

lim sup n∑ i=1 1(t_{i+1} ≤ s)E_ν [(X(t_{i+1}) − X(t_i))^2; s < ξ] ≤ ε 6 (2.13)

As in the proof (2.4), we have

lim sup n∑ i=1 1(t_{i+1} ≤ s)E_ν [(M(t_{i+1}) − M(t_i))^2; s < ξ]

≤E_ν [ ∫_s 0 du |σ∇f|^2(X_u)] = ∫ Ω dx ∫_s 0 du ν_u(x)|σ∇f|^2(x) (2.14)

Therefore, by choosing s small enough, we may also assume that this last quantity is bounded by ε/6.

From (2.13) and (2.14), we therefore get that, if s is small enough

lim sup n∑ i=1 1(t_{i+1} ≤ s)E_ν [(N(t_{i+1}) − N(t_i))^2; s < ξ] ≤ 2ε 3 (2.15)

We may also assume that P_ν [s ≥ ξ] ≤ ε 3 (2.16)

Putting together (2.12), (2.15) and (2.16), we deduce that

lim sup n→∞ P_ν [ n∑ i=0 (N(t_{i+1}) − N(t_i))^2 ≥ a]

≤ lim sup n→∞ P_ν [ n∑ i=0 1(t_{i+1} ≤ s)(N(t_{i+1}) − N(t_i))^2 ≥ a/2]

≤ lim sup n→∞ 2 a E_ν [ n∑ i=0 1(t_{i+1} ≤ s)(N(t_{i+1}) − N(t_i))^2; s < ξ] + P_ν [s ≥ ξ]

≤ 2ε a + ε 3 And since this is true for all ε > 0, we have proved that N has 0 quadratic variation.

Appendix: the following inequality is a quite general property of symmetric Markov semi-groups. Let ν be a probability measure with finite energy. Then, for all t > 0, we have: ∫ Ω dx ν_t(x)^2 ≤ e(ν) 2t (2.17)

Proof: reading (2.17) on a spectral decomposion, one sees that it is sufficient to prove that, for all λ ≥ 0 and for all t > 0, we have

e^{−2λt} ≤ 1 (1 + λ)2t

(2.18)

But (2.18) is obvious.

Example: we describe an application of Proposition 1.2 in the one dimensional situation. Let Ω = IR and let W be the Hunt process associated with a function (a(x), x ∈ IR) such that a and 1/a are locally integrable. These two conditions imply that the symmetric form E is indeed closable (See [5], chapter 3). Besides, we claim that the Dirac mass at the origin is smooth. We may therefore assume that the process W starts from the origin. In the next proposition we use the following definition: a stochastic process is a local Dirichlet process if it can be written as the sum of a local continuous martingale and a process of 0 quadratic variation. We still assume that condition (1.2) holds. Note that our definition of ’process of 0 quadratic variation’ is already ’local’.

Proposition 2.2 : Assume that there exists η > 0 such that a ∈ L_{1+η,loc}, then the coordinate process (W (t), t ≥ 0) is a local Dirichlet process under P_0. We first check that the Dirac mass at 0 is smooth. It is sufficient to prove that, for some constants C and C^′, one has:

f^2(0) ≤ CE(f, f) + C^′ ∫ IR dx f^2(x)

, where E(f, f) = ∫ dx a(x)(f^′(x))^2. But f^2(0) =(f(R) − ∫_R 0 f^′(x)dx)^2

≤2( ∫_R 0 dx f^′(x))^2 + 2f^2(R)

≤2( ∫_R 0 dx a(x) )( ∫_R 0 dx a(x)(f^′(x))^2) + 2f^2(R)

≤2( ∫_R 0 dx a(x) )E(f, f) + 2f^2(R)

Since this is true for all R > 0, we also have

f^2(0) ≤2( ∫_R 0 dx a(x) )E(f, f) + 2 R ∫_R 0 dx f^2(x)

≤2( ∫_R 0 dx a(x) )E(f, f) + 2 R ∫ IR dx f^2(x)

We have proved that Dirac masses are smooth and therefore it makes sense to choose 0 has initial point for W .

The function f(x) = x belongs to the local domain of the Dirichlet form E in the broad sense. (See [5], chapter 5.5). Therefore we have

W (t) = M_t + N(t) where M is a martingale additive functional locally of finite energy, and N is an additive functional locally of 0 energy. (Cf [5], Theorem 5.5.1).

For n ∈ IN, define τ_n = inf{t s.t. W (t) = −n or W (t) = +n}. Let f_n be a smooth function with support contained in [−2n, +2n] and such that f_n(x) = x for x ∈ [−n, +n]. There exists a square integrable martingale, M^n, and an additive functional of 0 energy, N_n, such that we have

f_n(W (t)) = f_n(W (0)) + M^n_t + N_n(t)

Since this decomposition is unique, we must have, under P_0, for t < τ_n, M^n_t = M_t and N_n(t) = N(t). On the other hand, Proposition 1.2 implies that N_n has 0 quadratic variation under P_0. Therefore ∑_n i=0(N(t^n_{i+1}) − N(t^n_i ))^2 converges to 0 in probability on the set S < τ_n. Since this is true for all n, and since τ_n tends to +∞, we have proved that N has 0 quadratic variation.

References

[1] J. Bertoin, Les processus de Dirichlet en tant qu’espace de Banach. Stochastics and stochastic reports, 18 155–168, (1986).

[2] P.J. Fitzsimmons, Even and odd continuous additive functionals. In Dirichlet forms and stochastic processes, Proceedings of the Beijing conference, 1993. Eds Z.M. Ma, M. Rockner, J.A. Jan. De Gruyter, 139–154, (1995).

[3] H. Föllmer, Calcul d’Itô sans probabilités., Séminaire de probabilités, Lecture notes in mathematics, 850, Springer, 143–150, (1981).

[4] H. Föllmer, P. Protter, On Itô’s formula for multidimensional Brownian motion. Prob.

Th. Rel. Fields, 116, 1–20, (2000).

[5] M. Fukushima, Y. Oshima, M. Takeda, Dirichlet forms and symmetric Markov processes.

De Gruyter studies in math. 19, (1994).

[6] T. J. Lyons, W. A. Zheng, A crossing estimate for the canonical process on a Dirichlet space and a tightness result. Astérisque, 157-158 249–271, (1988).

[7] P. Mathieu, Inégalités en norme L_p pour le produit des suprema de plusieurs martingales arrêtées à des temps aléatoires. Inégalités avec poids. Annales I.H.P. , série Prob. Stat. , 29/4 467–484, (1993).

[8] A. Rozkosz, Stochastic representation of diffusions corresponding to divergence form operators. Stochastic processes and their applications, 63 11–33 (1996).