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K7L0MON�PRQSPTMVUGWXUZYR[T\^]

g : N3 7→ N _.`6acb [ `Gd ]e\^[ `gf.h \jik\^]>\^l a�h'mnd�_.h>o \^l aqp YR[T\^] h : N4 7→ N r.m�sG` \ a�futvh h(x, y, z, u) =
g(x, y, z) a ] k : N3 7→ N r6m�su` \ a�futvh k(x, y, z) = g(z, y, x) p	w [ ` ] h'a�hyxO_6a�z{a ]y| o [ ` ] fGh \}ik\^]e\~l anoch'mnd�_.h>o \^l anonp� mn`.m�het�� \ o>t ]e\}[ `7�c� [ `.d��j_.o \}[ `7�
K7L0MON�PRQSPTMVUGW���� `�o>_6f.f [ o'ayxR_6a h : N2 7→ N a ] k : N 7→ N o [ ` ] r6a�o�b [ `.d ]e\}[ `Go�f0p hnpj� a ∈ N p YO[T\ an` ] f : N 7→ N
r6m�su` \ akfutvh f(0) = a � f(n + 1) = h(n, f(n)) a ] g : N 7→ N r.m�sG` \ akfutvh g(0) = a a ] g(n + 1) = k(g(n)) p���ano
b [ `.d ]e\^[ `.o f a ] g o [ ` ]'� an�j�^ano�h'mnd�_.h>o \^l a�o�fGh \}i�\~]e\~l anoA�
K7L0MON�PRQSPTMVUGW�� w [ ` ] h'anh�xR_6a��}ano�b [ `.d ]e\}[ `.o�o>_ \^l t�` ] ano�o [ ` ] f0p hnp0�� p Id(x) = x �� p Add(x, y) = x+ y �� p Mult(x, y) = x.y �� p Ck(x) = k � | s6�6m��A�� p !(x) = 1.2....x �� p (f + g)(x) = f(x) + g(x)

[T  b�a ]�¡ o [ ` ] f�p hnp¢ p f ∗ g(x) = f(x).g(x)
[T  b�a ]�¡ o [ ` ] f0p hnp£ p Exp(x, y) = xy �

¤ p Pred(x) =

{
0 o \ x = 0,

x− 1 o \ ` [ ` .
�n¥ p Moins(x, y) =

{
0 o \ x ≤ y,
x− y o \ ` [ ` .

�q� p Zero(x) =

{
0 o \ x = 0,

1 o \ ` [ ` .
��� p nonzero(x) =

{
0 o \ x 6= 0,

1 o \ ` [ ` .
��� p Kr(x, y) =

{
1 o \ x = y,

0 o \ ` [ ` .
K7L0MON�PRQSPTMVUGWj¦§YR[T\^]

R _G`6a¨h'a��jt ]e\^[ ` n � t \ h'aqpG© [�]>[ `.o χR oetcb [ `.d ]e\}[ `ªdntvhet�d ] mnh \ o ]>\ xR_.a«_.o>_6an�j�^aq�ur6m�sG` \ a«futvh��

χR(x1, . . . , xn) =

{
1 o \ (x1, . . . , xn) ∈ R,
0 o \ ` [ ` .

� p YR[T\^] gR r6mnsG` \ aªfutvhg� gR(x1, . . . , xn) = 0 o \ (x1, . . . , xn) ∈ R � � o \ ` [ `�p�¬Eo ]I� d�a � xO_6a χR ano ] h'mndn_6h>o \^l af.h \}ik\^]e\~l a«o>o \ gR ano ] h'mnd�_6heo \~l a¨fGh \}i�\~]e\~l a"�� p YR[T\^] hR _.`6ab [ `.d ]e\}[ ` ]>[�] t��^a l m�h \ sut�` ] hR(x1, . . . , xn) = 0 o'o \ (x1, . . . , xn) ∈ R p�¬�o ]'� d�a � xO_6a χR ano ] h'mndn_6h>o \^l af.h \}ik\^]e\~l a«o>o \ hR ano ] h'm�d�_6h>o \~l a¨fGh \}i�\~]e\~l a"�
K7L0MON�PRQSPTMVUGW� �0a�o�h'an��t ]>\}[ `.o�o'_6h N2 o>_ \~l t�` ] a�o�o [ ` ]'� an�j�^a�o�h>mnd�_6h>o \~l ano�f.h \jik\^]>\^l anoA� ≤ � < � ≥ � > � = p
K7L0MON�PRQSPTMVUGW�®¯YR[T\^]

R _.`6ach'a��jt ]e\^[ ` n � t \ h>a�h>mnd�_6h>o \~l acf.h \jik\~]e\^l aT� f1, . . . , fn r6ano�b [ `Gd ]e\^[ `.o�h'm�d�_6h>o \~l ano�f.h \jik\^]>\^l ano�pw [ ` ] h>a�h�xR_6a�� R(f1(x1, . . . , xn), . . . , fn(x1, . . . , xn) �Eano ] _.`6a«h'an��t ]e\^[ `�h>mnd�_6h>o \~l a«f.h \}i�\~]e\^l aqp
�



K7L0MON�PRQSPTMVUGWS°±YR[T\^]
R(x1, . . . , xn, x) a ] f(x1, . . . , xn) _G`6a&h'a��jt ]e\^[ `¨a ] _.`.a�b [ `.d ]e\^[ `¨f0p hnp�w [ ` ] h'a�h�xO_6a�� S(x1, . . . , xn) ≡

∀x ≤ f(x1, . . . , xn), R(x1, . . . , xn, x) a ] xO_6a S(x1, . . . , xn) ≡ ∃x ≤ f(x1, . . . , xn), R(x1, . . . , xn, x) o [ ` ] f�p hnp
K7L0MON�PRQSPTMVUGW�² �0a�o�b [ `.d ]>\}[ `.o [ _�h'a��jt ]e\^[ `.o�o'_ \^l t�` ] ano�o [ ` ]'� an�j�^ano�h'mnd�_.h>o \^l a�o�fGh \}i�\~]e\~l anoA�
� p D(x, y) =

{ fAtvh ]e\ a«an` ]e\}³ h'a«r.a x/y o \ y 6= 0,

0 o \ ` [ ` .� p √x = futvh ]e\ a«an` ]e\}³ h'a�r6a √x �� p ∑(x) = 0 + 1 + 2 + · · ·x �� p���tch'an��t ]e\}[ ` Div(x, y) �"´ x r \^l6\ oIa y µ��� p��}ano�f.h'm�r \ d�t ] oc´ x ano ] fut \ h�µq�"´ x a�o ]7\ji fut \ h�µq�	´ x a�o ] fGh'a ik\ a�h�µq�"´ x ano ] _.`ª` [Ti�¶ h'a i t ¡T\ xO_6a��·m ¡ t���¸y��t
o [qi�i a«r6a«o'ano�r \~l.\ o'an_6h>o���µ��� p f : N 7→ N r.m�sG` \ a«futvh«� f(x) = 2x o \ x a�o ] _.`ªdntvh'h'mq� 2x+ 1 o \ ` [ `¨�¢ p g : N 7→ N r6m�su` \ a«fAtvh«� g(x) = ��tyo [Tiki a«r6a«o'ano�r \~l.\ oIa�_6h>o�o \ x 6= 0 � 0 o \ ` [ `¨�£ p Π(x) = �}a«` [qi�¶ h'a�r6a«` ¶ f.h'a ik\ a�h>o ≤ x �¤ p��"t�h'a��jt ]e\^[ `{´ x a�o ] �jtko [Tiki a¨r6a � dntvh'h'mno�µ���n¥ p f : N 7→ N

] an�j�^a�xO_6ak� f(n) = �}a«` �9\^³ni a«` [Ti�¶ h'a¨fGh'a ik\ a�h«��q� p h : N 7→ N r.m�sG` \ a«futvh h(x) =
√

2x p
K7L0MON�PRQSPTMVUGW�¹¯YR[T\ an` ] f, g, h : Nn 7→ N r6ano�b [ `.d ]e\}[ `.o�f0p hnp.¬Eo ]I� d�a � xO_6a k : Nn 7→ N r6m�su` \ a«fAtvh«�

k(x1, . . . , xn) =

{
f(x1, . . . , xn) o \ h(x1, . . . , xn) = 0,

g(x1, . . . , xn) o \ ` [ `
ano ] f0p hnpe�
K7L0MON�PRQSPTMVUGWXUOº¯YR[T\^]

f _G`6a�b [ `.d ]e\^[ `{f0p hnpj� k _G`Van` ]>\ a�hk` [ `{`O_.�·� a1, . . . , ak r6a�o�an` ]e\ a�heo�p	�0anoyb [ `.d ]e\}[ `.o g a ] hr6m�su` \ ano�futvh«�» g(0) = a0 � g(1) = a1 �0pjpjp}� g(k) = ak a ] g(x) = f(x) f [ _.h x > k �» h(0) = a0 � h(1) = a1 ��pjpjpj� h(k) = ak a ] h(n+ 1) = f(h(n)) f [ _.h n > k �
o [ ` ] an�}�}ano�f0p hnp��
K7L0MON�PRQSPTMVUGWXUuU<¼¾½�¿2À�P�ÁvQS¿AÀ:ÂkÃ"MgPT¿0Ã:ÄGÅuM.ÆÇ� `�r \^] xO_�È _.`6a�b [ `.d ]e\}[ ` g : N2 7→ N ano ] _G`6aEÉ�Ê�ËAÌnÍ·ÎXÊ�Ë�ÏRÐ¨Ì>Ê�ÏTÑ�ÒRÐ7o \ g
ano ]&¶G\ Ó and ]>\^l a�a ] d�h [T\ o'oetv` ] a�an`ydezut�xR_6a�tvh ¡ _ i an` ] ��d�È ano ] ¸�r \ h'a¨� ∀x, y, g(x, y) < g(x+1, y) a ] g(x, y) < g(x, y+1) p� p�Ô�mnd \ r6anh�o \ �}ano�b [ `.d ]e\}[ `.o�d \~� r.ano'o [ _.o�o [ ` ] r6a�o�b [ `Gd ]e\^[ `.o�r6a�d [ rGt ¡ aqp» g1(x, y) = 2x.(2y + 1)− 1 �» g2(x, y) = 2x.3y.x �» g3(x, y) = (x+ y)(x+ y + 1)/2 + y �» g4(x, y) = (E((x+ 1)/2 + y)2 + x � E(x) ano ] ��tcfutvh ]e\ a¨an` ]>\}³ h'a�r6a x ��p� p�Õ [ _6h7dezGt�xO_6a«b [ `.d ]e\}[ `ªr6a�d [ rGt ¡ a ] h [ _ l m�ak�

�DtT�*r.m�sG` \ h��}ano�b [ `.d ]e\}[ `.o0h'mnd \ f.h [ xR_6a�o��Dtvf.fAa��^m�ano:t�_.o>o \ b [ `.d ]e\}[ `«r6aEr6mnd [ rGt ¡ a�� π1 a ] π2
l mnh \ sut�` ] g(π1(x), π2(x)) =

x �
� ¶ �*��tyb [ `.d ]>\}[ ` gi a ] oIano�h'mnd \ f.h [ xR_6a�o�o [ ` ]'� an�j�^a�o�f�p hnp��

K7L0MON�PRQSPTMVUGWXU6��� `VtvfGfAan�}�}a�É�Ê�ËAÌnÍ·ÎXÊ�Ë�ÏRÐyÖ�ÎD×>Ê�ËAÑTÌeÌ�Î���tªb [ `.d ]>\}[ ` F : N 7→ N r6mnsG` \ a�futvh�� F (0) = F (1) = 1 �
F (n+ 2) = F (n+ 1) + F (n) p.w [ ` ] h'a�h�xR_.a«��tyb [ `Gd ]e\^[ `ªr6a«Ø \}¶A[ `Gt�d�d \ a�o ] h'mndn_6h>o \^l a¨f.h \}ik\^]e\~l aqp
K7L0MON�PRQSPTMVUGWXUO�±Ù �·ÈÚt \ r.a�r�È _.`.a�b [ `Gd ]e\^[ `�r.a�d [ rGt ¡ a C : N2 7→ N ��a ] r.ano"b [ `Gd ]e\^[ `.o	r6a�r.mnd [ rGt ¡ a π1 a ] π2 � iy[ ` ] h'a�hxR_.a«�XÈ [ `�fAan_ ] r6m�sG` \ h7r6ano�b [ `Gd ]e\^[ `.o�r6a«d [ rut ¡ a«an` ] h'a N a ] Nm f [ _6h m ≥ 2 p

�



K7L0MON�PRQSPTMVUGWXUR¦§YR[T\^]
A = {a1, . . . , ak} _G`Ûan`GoIa i�¶ �}a�¸ | mn�^m i an` ] ok� A ano ] tvf.fAan�}mk_.`Çt��^fuzGt ¶ a ] ��p YR[T\^] A∗ �·È an` �oIa i�¶ �}a�r6a�oyo>_ \~] anoysG` \ anokr�È mn�^m i an` ] okr6a A � [ `<r \~] xO_�È _.`<mn�^m i an` ] m r6a A∗ a�o ] _.` iy[�] r6a A � \ ��oIa�het�` [�] mÜ�

m = ai1ai2 . . . aip �GxO_Gt�`.r p = 0 � [ `ªr \~] xO_6a m ano ] �}a iy[�]�l6\ r6a«a ]�[ `��}a�` [�] a ε ��pYO[T\~] �·ÈÚtvf.fu� \ dnt ]e\^[ ` Cod : A∗ 7→ N �:r6mnsG` \ a�fAt�h Cod(ε) = 0 � Cod(x1x2 · · ·xn) =
∑n
i=1(ji)k

i−1 � [T  ji ano ]�·È \ `.r \ d�a ] an�0xR_.a aji = xi �� p�Õ [ _6h k = 3 �Gdnt��}dn_.�^anh Cod(a3a1a3a2a3) a ] Cod(a1a3a3a3a2) p� p7� [Ti fAtvh'a�h n = Cod(x1, . . . , xn) a ] �XÈ m�d�h \~] _6h>a¨an` ¶ t�oIa � r6a n p� p�Ô�mnd [ r.a�h n = 441 p� p�Ô�mnd�h \ h'a��^a�o�t�� ¡q[ h \~] z i a�o�r6a�d [ rGt ¡ a¨a ] r6mnd [ rut ¡ aTp� p�¬E`�r.mnr._ \ h'a�xR_6a Cod ano ]�¶G\ Ó and ]e\~l aqp
$&%9Ý (*)�+�,.-0/1-2+�343657,�89+:3<;>=?7-A@./9=?73<F7Þ&,O@G/9+:8¾89+�34,6B�-057,.36/DCE+�3
K7L0MON�PRQSPTMVUGWXU6àß `áan` ]e\ a�h p ano ] tvf.fAan�}m*r [ _ ¶ �}a � fGh'a ik\ a�h�o \ p a ] p − 2 o [ ` ] f.h'a ik\ anh>o�p�â¾��ano ] ��tvh ¡ a i an` ] tvr ik\ oi t \ o�` [ `�f.h [ _ l m«xO_�È \ �2ãªty_G`6a \ `6sG` \~] m�r6a�r [ _ ¶ �^a � fGh'a ik\ a�h>onpYO[T\~]

T ��tyb [ `Gd ]e\^[ `ªo'_6h N r.m�sG` \ a«futvh«� T (n) a�o ] �}a n �9\}³ni a«` [Ti�¶ h'a�r [ _ ¶ �^a«f.h'a i�\ a�hnp
w [ ` ] h'a�h�xO_6a T ano ] _G`6a�b [ `.d ]e\}[ `�futvh ]e\ an�j�^a«h'mnd�_.h>o \^l a�� ]'[�] t��}a«o \ ��tyd [ ` Ó a�d ] _6h'a«ano ]�l h�t \ a���p

K7L0MON�PRQSPTMVUGWXUO®ä¼¾åÄÇæ9¿AÀ�P�ÁvQS¿AÀçÃ�èjé�PvêuMRN�ëÇÄuÀ:À&ÆÜYO[q\^]
A : N2 7→ N ��tyb [ `Gd ]e\^[ `ªr6m�sG` \ a«futvh��

A(0, p) = p+ 1

A(n+ 1, 0) = A(n, 1)

A(n+ 1, p+ 1) = A(n,A(n+ 1, p))

© [�]>[ `Go An ��tyb [ `.d ]>\}[ `�r.a N 7→ N r6mnsG` \ a¨fAtvh An(p) = A(n, p) p
Ô�m iy[ ` ] h'a�h��}ano�f.h [ f.h \ m ] mno�o'_ \^l t�` ] ano«�� p A0 � A1 � A2 a ] A3 o>t ]e\ o>b [ ` ] � A0(n) = n+ 1 � A1(n) = n+ 2 � A2(n) = 2n+ 3 a ] A3(n) = k2n + c � | a ] d
¸yr6m ] a�h ik\ `.a�h���p� p ∀n, ∀x,An(x) > x p� p�Õ [ _6h ]'[ _ ] n �}ano�b [ `.d ]e\}[ `.o An o [ ` ] o ] h \ d ] a i an` ] d�h [T\ o'oetv` ] ano�p� p ∀n, ∀x,An+1(x) ≥ An(x) p� p ∀n, ∀x,An+1(x) ≥ An(x+ 1)� p ∀n1, ∀n2, ∃m, ∀x,A(n1, A(n2, x)) ≤ A(m,x) p¢ p ∀n1, ∀n2, ∃m, ∀x,A(n1, x) +A(n2, x) ≤ A(m,x) p£ p YR[T\ an` ] m _.`�an` ]e\ a�h�a ] f _.`6a�b [ `.d ]>\}[ `¨� [ `�r \ hetyxR_.a f ano ] m �D¶A[ h>`.m�a«o>o \

∀x1, . . . , xp, f(x1, . . . , xp) ≤ A(m,x1 + · · ·+ xp)

YO\ �·È [ `ª` [�] a M = {f ] an�j�^a�xR_.a ∃m, f ano ] m �D¶A[ h>`.m�a } � iy[ ` ] h'anh�xR_6a M d [ ` ]e\ an` ] �·È an`GoIa i�¶ �^a�r.ano�b [ `.d ]e\}[ `.o
h'm�d�_6h>o \~l ano�fGh \}i�\~]e\~l anonp¤ p�¬E`�r.mnr._ \ h'a�xR_6a Ù `�È ano ] fAt�o�h'm�d�_6h>o \~l a¨fGh \}i�\~]e\~l aqp

�


